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Abstract

Optimal fixpoints extract maximum consistent information from recursive pro-
grams. However, optimal fixpoints, although they elways exist for a recursive operator,
aren't necessarily computable.

Wahn\rehtrodueadumodiﬂadmtlmnftheopﬂmnlﬁxpolnt. where the recursive

operators are restricted to computable inputs, Existence results for and properties of
this fixpoint are summarized in the article,

1 Definitions and Comments
The notation and comments differ somewhat from [2]. We explicitly deal with the restriction

of recursive operator to computable inputs instead of introducing the notion of an optimal
fixpoint of an extensional function.

Definition 1 Wcmythatpaﬁdfumﬁmfprwedagmbaﬁmﬂv,jjg},i{
Va(g(z) L= (f(2) & g(z) = [(x))).
The following definitions are taken from [1].
Definition 2 Partial functions { and g are called consistent if
Va((f(2)) & g(z)l) = f(z) = g(z)).
A set of functions is called consistent, if any two functions in the sel are consistent.

Fbraconmtentset:‘!offunctionswemdsﬁnea_fm i.e. a function f such that
J(z)=y & 3g€ Aand g(z) =y.

The set of fixpoints of a recursive operator @ will be denoted as Fiz(®). Fiz(®) is not,
generally speaking, consistent,

The set of computable fixpoints of a recursive operator ® will be denoted as CFiz(®):
Definition 8 A fizpoint of ® is called fzp-consistent if il is consisient with all the functions
in Fiz(®): A fizpoint is called frc-consistent if it is consistent with all the functions in
CFiz(®):

21



On Restriction Optimal Fixpoints

of a recursive operator will be denoted as Fixc($):

Sin;ir:bfﬂl;ﬂdaﬂwﬁwuwmhdmuduCFiu(ﬂ;

Definition 4 if the set of fop-consistent fizpoints of ® has a greatest element, it is called

the optimal fixpoint of ®:
WI(ZMMA.SM.[IDMMMwMMW&
point.
Ihus,opthndﬁxpohkﬁhthelnﬂﬁxpdnhhuniqnd}‘dﬂminedfmammﬁw
openmr.Genmﬂyspukhag.itismtmpuuhle.
Deﬂnttbn&ﬂﬁesdoffm—mﬁ:deWMsammfw.uncd{d
the restriction optimal fixpoint of ®:

In the sections below we will discuss the existence and behavior of the restriction optimal
fixpoint.

2  Existence of restriction optimal fixpoint

In [2], the following propositions have been proved (formulated in terms of optimal fixpoints
of extensional functions):
Pmpoﬁthn?ﬂmaﬁsbumnﬁcopﬂw&ddmnﬂhaunmhcﬁmcpﬁmd
fizpoint.

Proof. The proof uses a variant of "search operator”, defined as follows:

. 1; if T(x, x, ¥);
0[ﬂ{<:.v>)={ 2% f(<z,y+1>), otherwise. )

The operator essentially checks sequential step counts to see if the ¢.(z) converges. For
z € K, this reduces to
Of|(< z,y >) =277 @

where g is the exact step count at which ¢.(x) terminates. For z ¢ K, we obtain

Pfl(<zy>)=2+f(<z,y+1>) 3)

The solutions set for this has two elements: Ay.0 and Ay..L. The set of fixpoints is formed
by a cartesian product over all z. Fize(®) = Fiz(®). The greatest clement is the function
that has 0 for all x € K and it is uncomputable,

Every computable fixpoint is formed by selecting a recursively enumerable subset of K
and assuming the function 0 for < z,y > pairs where x is in that subset,

There is no greatest recursively enumerable subset of K (there aren't even any maximal
recursively enumerable subsets, since K is productive). This concludes the proof. m

An uncomputable optimal fixpoint doesn’t mandate having a large set of computable
fixpoints (and lacking greatest computable element). We modify the definition of 1 as follows:
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1+ de faround|f](< z,y >), if T(x, x, y);
Pfll<zy>)={ 22 f(< Z,Y + 1 >) # defaround|f](< z,y >), (4)
otherwise,
where de faround is & recursive operator thus defined:
de faround|f](z) = def(fl(z+1) = def[fl(z—1) (5)

So any fixpoint is either total or totally undefined (wh.ichnownlwaysisaﬁxpoint}. So we
have a total uncomputable (optimal) fixpoint and a totally undefined restriction optimal
fixpoint.

Summarizing the behavior of uncomputable optimal fixpoints when we restrict the oper-
ator to computable functions, we conclude that the the greatest elements of consistent sets
either disappear or give way to a computable restriction optimel fixpoint.

Several existence properties for restricted optimal fixpoints are given below.

Proposition 3 If all the uncomputable fizpoints of recursive operator ® belong to Fizc(®),
then

CFize(®) = Fize() ne (6)
where P is the set of all computable functions.

Proof. 'When we restrict a recursive operator, the new set of fixpoints is the subset of
the former. Therefore, the set of computable fixpoints consistent with all others can only
become larger. Thus:

Fizc(®) (P C CFizc(®) (7)

We now show the opposite inclusion. Pick a function f from CFizc(®). Assuming
I ¢ Fizc(®), we conclude that f is inconsistent with an uncomputable fixpoint g. But
g € Fizc(®) according to the premise, 80 it is consistent with all fixpoints. The contradiction
means that [ € Fize(P): m
Corollary 4 If all the uncomputable fizpoints of ® belong to Fizc(®) and the optimal fir-
point is computable, then restriction optimal fizpoint ezists and coincides with the optimal
Jizpoint.
Proof.  According to the previous proposition, CFizc(®) = Fizc(®) N P. Therefore, the
greatest elements of these two sets coincide. ®
Proposition 5 If the join of the set CFizc(®) is a computable function, then restriction
optimal fizpoint exists.

The proof uses a mix of ideas from the proofs of the first recursion theorem and the
theorem about existence of optimal fixpoints.
Corollary 6 If the set of functions in CFizc(®) is enumerable, then the restriction optimal
fizpoint ezists,
Corollary 7 If the optimal fizpoint is computable and can’t be extended to an uncomputable
funclion, then the restriction optimal fizpoint exists.
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Proof. optimal fixpoint is in Cfizc(®), the join is equal to it. Whatever new
WmmdddwtbesuCﬁ:dN.lhﬁnmwlpmmmwm
: . when the computable optimal fixpoint can't be
hhtamnmsﬂimmm S 't b

tmdedtomunmpu‘l&blefunﬂion.
3 Ordeﬁngofoptimnl fixpoints
“’hatmthepmibkm;duhmbﬂmthopﬁmﬂﬁxpoimmmemm

optimal fixpoint? :
Proposition 8 Uﬁzmﬁcﬁaﬂopﬁmdﬁrwwmdthcophmdﬁawmmmw’

then the latier precedes the former. ¥
Proof. Consider the set Fizc(®)NP: We have that:
Fize(®) (P € CFize(®) ®)

The optimal fixpoint, since it is computable, belongs to Fire(®) NP. Therefore, it must
precede the greatest element of CFizc(®): W

The :t::e of uncomputable optimal fixpoint is different. The restricted optimal fixpoint
may precede the optimal fixpoint (as in the case of operator 4). By definition, the optimal
fixpoint is consistent with the restricted optimal fixpoint. However:

Proposition 9 The optimal firpoint and restricted optimal firpoint of a recursive operutor
can generully be incomparable.

Proof.  The construction method used in this proof will be used later as well. Given
two recursive operators, we can consider them acting simultaneously on a pair of functions,
producing another pair. The set of fixpoints of the operator pair is the cartesian product of
the Fiz sets for the two operators. It is clearly possible to construct a single operator that
acts on a disjoint union of functions and has the same behavior as the pair.

However, considering simple cartesian products of fixpoint sets isn't always useful, as
their properties are straightforward: the optimal fixpoint is the pair of optimal fixpoints of
the component operators, elc.

We introduce a kind of interaction whereby the fixpoints of one operator depend on the
fixpoints of the other. This interaction is unidirectional, i.e. the first operator acts as normal,
whereas the second operator gets as a parameter the function passed to the first operator.
The behavior of the second operator thus depends on both input functions. When applied
to fixpoints, this means that the second operator can adjust its set of fixpoints by checking
properties of the fixpoints of the first operator.

The following example will clarify the construction.

0, ifz#0
Y[f,gl(x) =4 0, il z=0and g(x) =0; (9)
1, ifz=0, g(x) =1 and def[f](r).
The main function here is g, the auxiliary parameter is f. The operator is recursive in
their disjoint union. r is an arbitrary fixed number.
The fixpoints are defined as g such as g = ¥[f, g]. Those are:



o g = Azl
ot g
B iffisddinadaxr.thmalsothefollmﬂngﬂmcﬁon:
0, i -
mf=)={ s (10)

Note that ¢; and gy are not consistent. Wenowmeopm4ntheﬁxutinthepair,and
¥ as defined above as the second. ¥ has two fixpoints: the undefined one and the totally
uncomputable one. The undefined one (denoted A) peirs only with g; and g;, whereas the
totdl one (denoted A: with all three. The resultant set of fixpoints is:

s hy=<Ag >
s ly=<Agp>
o hy=<A g >
e hy=<A, g >
o hg=<A, gy >

The optimal fixpoint is hy, it is uncomputable. Only h; and h, are computable, and the
restricted optimal fixpoint is ;. The two are incomparable,
m

A more elaborate construction shows that an uncomputable optimal fixpoint can precede
the restriction optimal fixpoint as well,

4 Computable optimal fixpoints and restriction optimal fixpoints

We further consider the behavior of restricted optimal fixpoint in the presence of computable
optimal fixpoint. The two optimal fixpoints can coincide (e.g. when there is only one
fixpoint). The following proposition shows that they can also differ.

Proposition 10 There ezists a recursive operator such that its optimal fizpoint is com-
putable, the restriction optimal fizpoint exists, but they differ.

Proof.  Fixro and sy from K and denote r =< ry,0) >, s < 85,0 >. Consider the following
operator:

1, if f(r)=1;
o) = { O def[f|(s), otherwise L
For other points, ® is defined as follows:

= | deflf](r), if T(z, z,y);
W< zy>) = { i >) def[f](r), otherwise: (12
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mdeﬁﬂmwhmmmmd 1. We now definc a new operator

¢ 9ifiz) = ®lfi(z) = de faround. [fi(x).
de faround, is & modification of the de

h point dependent on .
m:-r::mmmhthtmﬁmutd*hdmmmwmrwt@www.
for r. Fatﬁ:pch:umdoutﬁderwhm@[!}n@[ﬂ.nmhﬁxpdnumﬂmm
of &. wmwmrm:mwmmrﬁm.

Fixpoints in the latter category are:
L f; = h-J.

1, MHemr
nh:n\:.{l‘ therwi

Theﬁxpoimcsn‘tbeﬁinthismuﬂbundﬁnedins. :
There are also two fixpoints in the first category. They are total, uncomputable and
coincide outside r. One of them is 0 in r (we denote it by f3), the other is 1 (we denote it

-

L) .
- Thus the set of fixpoints has 4 elements. f; is nol consistent with f; and fj, so the optimal
fixpoint is fy (computable). CFir includes only f; and f; and the restricted optimal fixpoint
isf,, ® )

Proposition 2 states that the restricted optimal fixpoint may not exist. However, the con-
struction of the proof uses an operator that has an uncomputable optimal fixpoint. We ask
whether the restricted optimal fixpoint may not exist if the optimal fixpoint is computable.

Proposition 11 There exists a recursive operutor with computable optimal firpoint that does
not have an optimal firpoint.

Proof. We will construct a witness recursive operator.

To do this, we combine two operator constructions from previous proofs.

¥ operator from the previous proof has four fixpoints (denoted fi to fg). We will also
reuse the r point mentioned there. E

& operator (1) has its all fixpoints consistent. They [all into two classes:

e [/ - uncomputable functions. This class has a greatest element.
» (' - computable functions. There is no greatest element in this class,

We define a new operator in terms of ¥: Q|f, g|Wlg] * def[f](r). Here, we again use a
parameter to modify the set of fixpoints of ¥. We now combine ® with £). This results in
the following set of fixpoints:

» S =< fi, AL >
o S =< fu,U>
® 8§ =< fn,C>
o Sy=< fj,U >

* §=<[5,C>



L &'E(I‘!U}
® 5:=< f;,C>

Only 5 and 53 consist of computable functions. Inconsistencies between f;, f; and f,
means Fizc = S). CFizc=8;U 8.

The optimal fixpoint is totally undefined. The restriction optimal fixpoint doesn’t exist.
o

5 Complexity of fixpoint-related sets

Since we deal with computable functions, it is natural to consider the- corresponding sets of
Gédel numbers and their complexity in the arithmetical hierarchy.

The following main results have been obtained in this regard.
* Theorem 12 The set CFXP = { < z,y > | @y is an element of the set of frc-consistent
fizpoints of recursive operator determined by enumeration operator ®.} is Il;-complete.
Theorem 13 The set CGFP = { < z,y > | @y is the greatest element of the set of
Jee-comsistent fizpoints of recursive operator determined by enumeration operator ®.} is 13-
complete.
Theorem 14 The set COPT = { < 2,y > | ¢, is the restricted optimal fizpoint of recursive
operator determined by enumeration operator ®,} is [Iy-complete.

We omit the proofs of these statements here as they are rather lengthy.
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