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Abstract

Many hypotheses testing for a model consisting of two independent by functioning
objects is considered. It is known that M(> 2) probability distributions are given
and objects independently of other follows to one of them. The matrix of asymptotic
interdependencies (reliability-relinbility functions) of all possible paira of the error

* probability exponents (reliabilitics) in optimal testing for this model is studied.

This problem was introduced (and solved for the casc with two given probability
distributions) by Ahlswede and Haroutunian. The situation with three hypotheses was
examined by Haroutunian and Hakobyan.

1 Introduction

In [1] (see also [2], [3]) Ahlswede and Haroutunian formulated an ensemble of new prob-
lems on multiple hypotheses testing for many objects and on identification of hypotheses.
Noted problems are extentions of those investigated in the books [4] and [5]. Problems of
identification of distribution and of distributions ranking for one object were solved in [2]
completely. Also the problem of hypotheses testing for the model consisting of two indepen-
dent or two strictly dependent objects (when they cannot admit the same distribution) with
two possible hypothetical distributions was investigated in [2]. In this paper we study the
model consisting of two objects which independently follow to one of given M (> 2) proba-
bility distributions. The problem is a generalization of those investigated in [6] for testing
of many hypotheses concerning one object. The case of two independent objects with three
hypotheses was examined in [7]. Recently Tuncel [10] published an interesting consideration
of the problem of multiple hypothesis optimal testing, which differs from the approach of
(6], [9].

Let P(X) be the space of all probability distributions (PDs) on finite set & of cardinality
K. There are given M PDs G, € P(X), m=T1,Mep.

Let us recall main definitions from [6] for the case of one object. The random variables
(RV) X taking values on X follows to one of the M PDs G, m = T, M. The statistician
must accept one of M hypotheses Hy : G = G;, | = T, M, on the base of a sequence of
results of N observations of the object X = (1, vy Zny oy Zn), Tn € X, n = 1, N. The
procedure of decision making is & non-randomized test iy, which can be defined by division
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of the sample space X~ on M disjoint subsets AY = {x: ¥(x) = I}, 1 =1, M. The set
AJ’ contain all vectors x for which the hypothesis Hj is adopted. The probability o, (zy)
of the erroneous acceptance of hypothesis H; provided that H., is true, is equal to GX(AY),
[ # m. The probability to reject H,,, when it is true, is

Omim(ip) £ Eam:l“PN)- (1)

The error probability exponents, which it is convienient to call "reliabilities” of the se-
quence of Lests p, are defined as

Emilp) £ E = %108 ami(pn), mi=T1M. )
From (1) it follows that
: Enmle) = ﬂ'{lﬂni:('ﬂ]. m=T1M. (3)

The matrix E(p) = {Emu()} is the reliability matrix of the sequence ¢ of tests. It was
studied in [6].

Definition 1: We call the sequence of tests " logarithmically asymptotically optimal
(LAO) if for given positive values of M — 1 diagonal elements of the matrix E(¢") maximal
values to all other elements of it are provided.

The concept of LAO test was introduced by L. Birge [11] and also elaborated in [6}, [7]
and [9].

Now let us consider the model with two objects. Let X; and X; be independent RV taking
values in the same finite set X' with one of M PDs, they are characteristics of corresponding
independent objects. The random vector (X;, X3) assumes values (z',z2) € X x X.

Lot (x1,%2) = ({z{:zﬂ! ---J%’n’b-----(”ﬂ-zﬁns 7, €X,i=Tn= L_N, be a
sequence of results of N independent observations of the vector (X3, X3). The statistician
must define unknown PDs of the objects on the base of observed data. The selection for
each object must be made from the same set of hypotheses: H,, : G = G,,, m = T, M .
We call the procedure of making decision on the base of N pairs of observations the test
for two objects and denote it by ®y. Because of the objects independence test ®5 may be
considered as the pair of the tests @}, and ¢} for the respective separate objects. We will
denote the whole compound test sequence by .

Let @y myjiy 1a(®n) be the probability of the erroneous acceptance by the test ®y of
the hypotheses pair (Hj,, Hy,) provided that the pair (Hy,, Hy,) is true, where (my,my) #
(11,4a), mu by = T, M, i = 1,2. The probability to reject a true pair of hypotheses (Hym, , Hyn,)
by analogy with (1) is the following:

Qg mafmy,ma(P) £ Z Qg mally la (P ). (4)
(I da)t{my,ma) .

We have to study correapondmg limits By, mait; 4, () of error probability exponents of the
sequence of tests @, called also reliabilities

Em.mlhh(c’) g E = %losaﬂhm"lh(QNJl "‘hll — m‘ i= 1!2- {5]
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As in (3) it follows from (5) that
By mafmy ma (®) = o h]?‘(‘i:hm)ﬂm.mlhh(‘lj. (6)

Definition 2: The test sequence $* we call LAO for the model with two objects if for given
positive values of certain 2(M — 1) elements of the reliability matrix E(®*) the procedure
provides maximal values for other elements of it.

The paper is devoted to analysis of the reliability matrix E(®*) = {Emmait; 1:(®*)} of

LAO tests for two objects.
In section 3 we formulate and prove the results on {wo objects testing and in section 4

we present an example of calculation of reliabilities for one and for two objects.

9 LAO Testing of Hypotheses for One Object

We define the divergence (Kullback-Leibler distance) D(Q||G) for PDs Q,G € P(X), as
usual (see [8]): 96
D(QII6) = £ Q@) g &r3-

For given positive elements Eiy1, By, . . ., Ep—1ar—1 let us divide P(X) on M subset.

Ri2{Q: D@QIIG) < Ey}, 1=TM—T1, (7.0)
Ru 2 {Q: DQIIG) > By, 1=T,M—1} =P(¥X) - MJR., (7.b)
=]
and consider the following values:
Ejy = Ejy(En) £ B, 1= M-I, (8.a)

B = Eqy(Eu) égg;‘D(Qile}. m=T,M, m#l, 1=T,M—1, (8.b)
Eyne = Enypa(Bupsy o+, Egtja—1) £ QE}!& D(Q|IGr), m=T,M—1, (8.)

Av % :
Exm = Bygue(Baps -« Bue-1jue—1) = g, . By (8.d)
The main result of paper [6] is
Theorem 1: If the distributions G,,, m = T, M, are different, that is all elements of the
matrix {D(Gi||Gm)}, are strictly positive, then two statements hold:
a) when the given numbers Eyy;, Egjp, . . ., Ex—1jas—1 satisfy conditions

0< By < %D{G{I'Gﬂ, (9.a)

0 < Enjn < min| min, Byy(By), min, DGlIGn)l, m=ZM=1  (94)
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then there exists a LAO sequence of tests *, the reliability matrix of which E(p") = {E..;}
i defined in (8) and all elements of it are strictly positive;

b} even if one of conditions (9) is violated, then the reliability matrix of any such test
include at Jeast one element equal to zero (that is the corresponding error probability does
not tend 1o zero exponentially).

It will be useful for the sequel to formulate the following corollaries of Theorem 1.
Corollary 1: From definitions (8) and conditions (9) it follows that

Erm=Enuy, m=1LM-1. (10)

Proof: Applying theorem of Kuhn-Tucker in (8.b) we can derive that the elements Ey,
| = T, =T may be determined by elements E;,;, m # I, m = T, M by the following inverse
funection

B Ban) = ¢ it pe DIQUG.
From conditions (9) we see that E7, . can be equal only to one from EBapwl=m+1,M.
Assume that (10) is not true, that is Ey,,, = E;, for | = m+1,M—1. From (8.b) it
follows that
B B) = Qo(qe!lgf.)ss;,, D(@iie) = eptaug’.{)ss:u- DIQIIC:) = By

m=1M-1,1=1,M-1,m#1,

but from conditions (9) it follows that Ej, < Ej, for m = T,T—1. Our assumption is not
true, hence (10) is valid.

Corollary 2: If in contradiction to conditions (9) one element Epjm, m = T, M — 1, of the
reliability matrix of an object is equal to zero, then the corresponding elements of the matrix
determined as functions of Emim, will be given as in the case of Stain’s lemma [8]:

Etyn(Emim) = D(GmllG1), 1=T,M, L #m, (11.0)

and the remaining elements of the matrix E(p)*) defined by Ey > 0,1 #m, [ =T, M -1,
as follows from Theorem1:

D(QIIG), (11.6)

B qodcsy
Bl = inf D(Q|IGx). 11.
HM = QO e THT (QIIG¥) (1L.c)
That is there exists LAO sequence of tests ¢/, the reliability matrix E(¢’) of which is defined
by (11).

Remark 1: The number of elements Epr, taken equal to zero may be any between 1 and
M ~ 1, corresponding generalization of Corollary 2 is straightforward.
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3 LAO 'lesting of Hypotheses for Two independent Objects

Let us consider the case of two independent objects and M hypotheses concerning each of

thm;;;,w let us denote by E(ip') the reliability matrices of the sequences of tests @', i = 1,2,
for each of the objects. The following Lemma was used in [2] and [7].
Lemma: If elements En(y'), m,l = 1, M, i = 1,2, are strictly positive, then the following

equalities hold for ® = (¢',¥%):

2
By malty 12 (®) = E'E‘ﬂli!li (@), if m#h, ma#b, (12.a)
Ell'll.ﬂl‘lllln‘l(@} = Bﬂulk('lo‘}l if ma—i=la—;, my # L, i=1,2 (12&}

The equalities (12.a) are void also, if the reliabilities Eny(ip*) = 0, for several m, [ and several
i.
Proof: It follows from the independence of the objects that
umxm]hh(‘bﬂ) = Gmy iy (Soj\f} a’ml‘:((f’?\')! if m#hL, ma#i, (13.a)

%1m:ﬂ:.h(¢ﬂ) = Cl'mg[h{'PiN) [1 = nﬂu—nﬂs—l(W}]; if ma_y = lg—y, ™y # I (13.5)
Remark that in the case of two objects we need to consider also the probabilities of right
(not erroneous) decisions. According to the definitions (4) and (5), and we obtain (12 ) from
equalities (13).

Our aim is to find LAO test from the set of the compound tests {® = (', ¥*)} when
strictly positive elements En mjm,p 80d Emmisam; ™ = ,M —1, of the reliability matrix
are given .

The elements Emmjm,sr 80d B missm, m = 1, M — 1 of the test for two objects can be
positive only in the following two subsets of tests {® = (', ¢*)}:

A2 {® = (¢",¢?) : Enim(¢") > 0, Bpim(¢?) > O,m =T, =1},

B2 {®=(p',¢?): one or several m' from [1, M — 1] exist such that

Ewim(¢') = 0,Ewmw(p?) = 0, and for other m < M, Epim(¢') >
0, Emfm(‘ﬂg) > n}'

Let us define the following subsets of PX for given positive elements By, miasm:
R £{Q: D(QIIGm) < Bmmirim}, m=T =1,
RY £ (Q: D(Q||Gm) < Emmimar}, m=TM =1,
RY £{Q: D(Q|Gm) > Emmpptms m=T,M =1},

RSP £ {Q: D(QIIGm) > Emsmimpr, m =T, M =T}.
Let also 2
E;u,:nlm,M = Em.mlm.M | E:n,mlM.m £ Em.mu{.m: m= W—_l. (14.a)
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& il ' = AR =
Eoimaitiin = i o D(QiGm), mi#k, myi=lpy i=12, (14.5)
E;ll.mhh & E;l;.mﬂmla + E:H:m'h.ma' my#E L, i=1,2, (14.c)
4 - .
B ot = ﬂ:h)ﬁi‘-ﬂ;.m] En, mallyda” (14.d)

The main result of the present paper is formulated in
Theorem 2: 11 all distributions G, m = T, M, are different, that is (D(G}||G..) > 0.
I # m, l,m = 1,M), then the following three statements are valid:
a) when given elements Epmmu a0d Emmistm, m = T, —1, meet the following
conditions
0< By < ’E;%D(Gd'(;!.)- (15.a)

0<Epm< ,E?%‘D(G‘”G’}' (15.5)
0< Enmitom < min{ min_Eomym min_D(Gil|Gm), m=2M =1,  (150)

0 < Emmimp < mi“ﬁ..’r’?..% B mimits Lo DGCm)], m=2Z M =T,  (15.4)
then there exists a LAO test sequence @ € .4, the reliability matrix of which
E(®") = {Em;maft, 1y (®*)} is defined in (14) and all elements of it are positive,

b) when even one of the inequalities (15) is viclated, then there exists at least one
clement of the matrix E(®*) equal to 0,

¢) [or given positive numbers Ep mim s, Emmistom: M =T, M —1 the reliability matrix
E(®) of the tests ® € B necessarily contains elements equal to zero.

Proof: a) Conditions (15) imply that inequalities (9) hold simultaneously for the both
objects. Really, using equalities (10) we can rewrite inequalities (9) for both objects as
follows:

0< Byuly*) < min DGIIG), (16.)
0< Byu(g*) < min D(GIICy), | (163)
0< Eniu(y') < minl, min_ Biy(p'), min_DGIGn)], m=TH=T, (160

z » * 3 bl AE i -
0 < Em(") < min|_min_Ep(¢%), min_D(G|Cm)l, m=2,M=1.  (i6.d)
We shall prove, for example, the inequalities (15.d), which are the consequence of the
inequalities (15.d). Let us consider the tests & € A such that B mim 34 (®) = Epn mjm,ar and
Emnima(®) = By, imas | = T =1, m = TTM — 1. The corresponding error probabilities
i p (Pn) A0 O ojen (P ) are given as products defined by (13.b). Because ® € A,
then .

T — 5 108(1 ~ Coim(B)) = 0, m =Z 7T, (17.0)

T ~ 2 108(1 ~ Oim() = 0, m =TI =T, (17.)
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According to (5), (13) and (17) we obtain that

By mimat(®) = Eppp ("), m=2,M 1T, (18.0)

By mimi(®) = Epy(¢*), m=2M—1. (18.5)

So (16.d) is consequence of (15.d).
Et fodows from (10) and (16) that conditions (9) of Theorem 1 take place for both objects.

According to Theorem 1 there exist LAO sequences of tests " and *? for the first and the
second objects such that the elements of the matrices E("') and E(¢"?) are determined
according to (8). We consider the sequence of tests ®*, which is composed of the pair of
sequences of tests ¢, "2 and we will show that ®* is LAO and other elements of the
matrix E(®*) are determined according to (14).

1t follows from (16), (10) and (9) that the requirements of Lemma are fulfilled. Applying
Lemma we can deduce that the reliability matrix E(®*) can be obtained from matrices
E(e*") and E(¢*?) as in (12).

When conditions (15) take place, we obtain according to (12.b), (8), (10) and (18), that
the elements Emymalty 2(®), i # Ly ms—i = lay, i = 1,2, of the matrix E(®") are
determined by relations (14.b). From (12.a) and (12.b) we obtain (14.c). The equality in
(14.d) is a particular case of (6). From (14.b) it follows that all elements of E($*) are

itive.
pmNow let us show that the compound test ®* for two objects is LAO, that is it is optimal,
Suppose that for given Epmim,, Bmmism m =1, M —1, there exists a test & € A with
matrix E(®’), such that it has at least one element exceeding the respective element of the
matrix E(®*). This contradicts to the fact, that LAO tests have been used for the objects
Xi and X;.

b) When one of the inequalities (15) is violated, then from (14.b) we see, that some
elements in the matrix E(®*) must be equal to zero.

¢) When & € B, then from (10) and (12.a) it follows that the elements Byt s, = 0.

Remark 2: For every ® € B, from independence of two objects, the definition (4) and
equalities (10) we have that

Bt it (®) = ;Jll_{l:— ji\l' log(1 = amme (%)) > 0, (19.0)
Bt it 24 (®) =E—%los(l — amym (")) > 0. (19.b)

For ® € B we obtain
Emy,mally iy (®) = Eﬂnlh ('P‘) + Emalta (‘Pﬂ)- my#h, my#El, (20.a)

B maimga (®) = Enslta (‘P’)n By mjtym(®) = Emin ('PLJ‘ mi# L i=1,2 (20.5)
From (19) we obtain that,
Bt ot 12(®) = Eimglts(¢*) + Bttt ity ™2 # b, (20.c)
By tjtn ! (B) = Byt (") + Bt i bty ™1 # . (20.d)
But in this case the elements EmJ.quJ‘(QJ —i

From (20) we that LAO test @' = i s i .
Bt au see, tha (¢",¢), is composed of the tests /1, /2 discussed
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4 Example

Let us consider for example the set X = {0, 1} of two elements and the following probability
distributions given on X: Gy = {0,10;0,90}, G, = {0,85,0, 14}, Cs = {0,23:0,77}. In Fig,
1 and Fig. 2 the results of calculations of functions Eg1(Eyy) and E-;.;",,(Em;,l,.ﬁ‘uuj are
presented. For this distributions we have min(D(G;, G, ), D(Gs,G;)) =~ 2,2 and
min(Fz 22, D(G3, G3)) = 1,4. We see that when the inequality (15.b) and (15.c) are
violated, then 32 = 0 and, when the first inequality in (9) is violated then Ey; = 0.
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Bplynt opjhnbhph qoiygh Gunndwip puqiwlh JupyuoGbph
LUO uvwnmgiwi dwuhl

B. U. dupmpmbui L . U, {dwynpjui
Uithothnd

Loinjwd t bpym wliwju opjbipnGbphg Ywqijwd donhjh hwdwp pugiwbh
Juplwdtbph unmqiwG uGnhpp: M(> 2) hajwlwlwlwihG puwfunniGhpp hupnGh b6,
L opjblpnGiphg jmpwpwiympp wijwmpkl pinmind £ npulghg Welp: Wu dnghih
hudwp numdGuuhpyly £ poop hGwpunp qnijgbiph ufuwgGhph hudwGwlwGoupmGGbph
gnighsGliph (hawunhmpymGGbph) thnfuljupnjwénipymbp: Wu funghpp wowgwnnby &6 (L
1maty bpln hwjwlwlwGwihG pwzumdGhph nhwph hunfop) LwpntpniGywin L Wugbnha:



