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Abstract

For & given graph disjoint pairs of matchings the union of which contains as many
edges ss possible are considered. It Is shown that the relation of the cardinslity of a
maximum matching to the cardinality of the largest matching in those pairs does not
exceed 3/2. A conjecture is posed which states that this coefficient can be replaced by
5/4 . Finally, a family of graphs is presented which shows that the abovementioned
enefficient can not be replaced by a constant which is smaller than 5/4.

All graphs considered in this paper are finite, undirected and have no loops or multiple
edges. Let V(C) and E(G) denote the sets of vertices and edges of a graph G, respectively.
The cardinality of & maximum matching of G will be denoted by 8(G). Define v(G) as

v(G) = max{|H| + |H'| /| H, H' are disjoint matchings of G}.
Assume:
a(G) = max{|H|,|H’| /| H,H' sre disjoint matchings of G such that |H| + |H’| = »(G)}.
It is clear, that for every graph G the folimﬁng inequality is true:
a(G) < A(G), or equivalently, 1 < A(G)/a(G) -

If we consider a matching covered tree G, i.e. every edge of G belongs to a maximum
matching, then it can be shown that the equality 3(G)/a(G) = 1 holds [1]. Complete
characterization of these trees can be found in (2,3].

A natural question that arises here is the following: how large the relation 3(G)/a(G)
can be for an arbitrary graph G ? In this paper we show that for every graph G the inequality
B(G)/a(G) < 3/2 holds. After that a family {G} of graphs is presented which satisfies the
equality lim B(G')/a(Gy) = 5/4. This shows that the abovementioned constant 3/2 can
not be replaced by a constant which is smaller than 5/4 no matter how large the graph is.
Finally, in the end of the paper, we pose a conjecture which states that for any graph G the
inequality A(G)/a(G) < 5/4 is true. Non defined terms and conceptions can be found in
(2,4,5).
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Theorem. For every graph G the inequality §(G)/a(G) < 3/2 holds,
Proof. Let ' be a maximum matching of the graph G. Among pairs (H, ') of disjoint
matchings of G with |H| + |H'| = v(G) and |H| = a(G), choose one which satisfies the

condition
IanHUH’)I — max.

It is not hard to see that there are |F| — |H| = B(G) - o(G) alternating paths
wo, (wo, ), Wy, ..., War—3, (War_g, Way—1), wey_; of the graph G with odd length such that

{(wo, wn), ..., (wat-a, war-1)} € F, {(wy, wy),..., (a3, wy_9)} C A,
The choice of the pair (H, H') implies that for each such a path we have:

1> 3, {(wﬂiwljn (wﬂ—ﬂ’wﬂ-l)} c H’l {(%: ”-'l)r---.(um..g, wﬂ—l)} z H',
Clearly, these properties imply that

2(8(G) - a(G)) < |H'| < (@), or
B(G) < 3a(G)/2.

The proof of the Theorem is complete,

A natural question that arises at this point is the following: can the coefficient 3/2 in
the above inequality be replaced by a smaller one? The following example shows that no
matter how large the graph is, 3/2 can not be replaced by a constant which is smaller than
5/4.

For every natural number n, n > 3 consider the graph G, shown in the figure below:

G, (n23)

where C,, is the simple cycle of the length n. Note that

Do [5k42, i n=2kt1 k>0,
ﬁ(G")‘{sk, if n=2kk>2

On the other hand,
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[k, i n=2%+1,k21,
"f("""{ak, if n=2kk>2

Therefore,

w@ B(Gn)/a(Gya) = 5/4.

[t seems reasonable to pose the following
Conjecture: For every graph G the inequality g}% < f is true.
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Qpupmy gmqulgnmiGhph qmygbphG wnGsynn vh wihwywuwpmpjul dwuhl
k. Pwdwpui, <. Uypngwé

Withnhmd

Apwnuwplby b6 gpubh shwwynn gniquijgnidGbph wl qnuyqbipp, npnlg Shunjnpouip
wwpmbwynd & hGwpwdnphf juth wn Gon: Snyg © wnpdb), np gpudh Swpufiug
gniquligiml hgqonpmipjwl hwpwpbpmpjmbp wyn gmyqpoud wibGwzuwn pim] Ynnbp
yuwpmGulnn qmquijgiw@ hqnpnipjwtp sh qbpwquilgnd 3/2-p: Unwownlby & Jupljwd,
hunfwdw)G nph wju qnpdwlhgp Gupbih E thofuwphlb] 5/4-m): Qb E qpupGhph oh
pluwGhp, npp gnyg k£ wwihu, np nppwl by dbd (hGh gnubp, Jbpnhhzjuy gnpowihgp
hiwpunnp 3t thojuwphGly 5/4-hg thnpp pyny:



