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Abstract
Agraphhuﬂodmstchiﬂ!wvemdiﬂoriuawryedgﬂhmisammdm“inmamhjng
containing it. It is shown that line-extremal matching covered graphs contain a perfect
matching.
Let Z*+ denote the set of nonnegative integers. We consider finite undirected graphs

G = (V(G), E(G)) without multiple edges or loops [1], where V(G) and E(G) are the sets of
vertices and edges of G, respectively. For a vertex v € V(G) define the set Ng(u) as follows:

Ng(u)={e€ E(G)/ e is incident with u }.

Theutofaﬂmmdmum;mtchingﬁ[l&}ofthegmthisdenotedbyM(G)‘mdfw
e € E(G) define the set M (e) as follows:

M(e)={FeM(G)/e€F}.

AgmthiscaJladma.tchinseoverediI[oqitaewryedgeeEE(G) M(e) # 0. A vertex
u€E V(G)issaidtobecovered(missed) by a matching F' € M(G) if Ne(w) N F # 0 (
Neg(w)nF=0). A matching F' € M(G) is called perfect if it covers every vertex v € V(G).

Inacomectedgraththelengthoftheshortestu—ﬂpath [1] is denoted by p(u,v),
where u, v are vertices of the graph G. For a vertex w € V(G) and U C V/(G) set:

plw,U) = E-‘EJB plw, u).

Inthispapaithpmvedthateverymdmatdﬁnsmedgmphwnmma
perfect matching. Non defined terms and conceptions can be found in [1,2,3].

Lemma. If G is a matching covered graph, which does not contain a perfect matching,
then
() for every edge e = (u,v) € E(G) there is a F € M(G) such that F' misses either
U OT ¥;
(2) if for edges e, ¢’ € E(G) M(e) = M(€) thene=¢€'.
Proof. (1) For every F € M(G) consider the sets A(F) and B(F) defined in the following
way:

A(F) = {w € V(G)/ F covers w},
B(F) = {w € V/G)/ F misses w}.
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! Clearly, for each F € M(G) the following holds:
V(G) = A(F)U B(F), A(F)nB(F) =8, A(F) #0, B(F) # 0.
For an edge e = (u,v) € E(G) define & mapping p, : M(G) — Z* as follows:
pe(F) = min {p(u, B(F)), p(v, B(F))}, where F € M(G).
Chouse Fy € M(C) satisfying the condition:

Ha(Fo) = min pa(F).

Let us show that Fy, misses either u or v. For the sake of contradiction assume Fj to cover
igoth u and v. Let wy, (wo, w;), wy, ..., Wr—1, (Wr—3, ws), w; be a simple path of the graph G
Jatisfying the conditions:

wg € B(F), {wy,...,we} € A(Fo), {wi—1,wi} = {u, v}, k =1+ p(F), k> 2.

Set ¢ = (wy,ws). Let us prove that ¢’ ¢ Fi. If &' € Fy then consider the matching
i} € M(G) defined as follows:

F = (F\{e'}) U{e}-

It is clear that p.(F;) < pe(Fp), which contradicts to the choice of Fy, therefore ¢ ¢ Fy.
d’ake a maximum matching Fyj € M(e') satisfying the condition:

[Fon Fy| = Plguﬂi(‘_,}annF'i'

Let us show that wg € A(Fp). If wy ¢ A(F3) then assume:
Fy = (Fg\{e'}) u{e}.

.Note that Fy € M(G) and pe(Fy) < pe(Fo), which is impossible, therefore wg €
H(Fg). It is not hard to see that the choice of Fy implies that there is a simple path
o, (Vo, 1), V1, .y Vaty, (Vai—1, vai), v (1 > 1) of the graph G satisfying the conditions:

{(”ﬂr I"'l.)t weey (l‘m—m l“I-l--'.l.)]' g th {(”1: “3)| sy (vﬂ—l! WIJ} g Fﬂu
{(Wv“): seay (”X—!l m-l)} "
v = wy, vy € {wy,wy}.

Set:
F‘ﬂ = (FD\ {{yls uﬂ)t seey (uﬂ-lr ”Jl)}) u {(Vﬂl yl)n ey (yﬂ-a! ll"'2.!-1)}-

Clearly Fy € M(G) and pe(Fp) < jae(Fb),which contradicts to the choice of Fy, therefore
Fp misses either u or v. - :

(2) Suppose e, ¢’ € E(G), e = (u,v) and e # ¢’ Let us show that M(e) # M(¢/). Take
a matching F; € M(G) missing either u or v. For the sake of definiteness let us assume
shat Fy covers u and misses v. If ¢ € F; then M(e) # M(¢), therefore without loss of
generality we may assume that ¢’ ¢ Fy. As Fj covers u, then there is a w € V(G) such that
(u,w) € Fy. Set:
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£ =EMewh v v)}-

' Clearly, Fa € M(G), e € Fa and ¢ ¢ F, therefore M(e) # M(€). The proof of the

is complete.
Iﬂ'!;::o rem. guppmwme g;rathsmsﬁesthefoﬂowinstwopmpmiea:

(DGisamgmhinswvemdD‘ﬂPh.

; mauhingcoveredmphforevuryedgeeeE(G).

perfect matching.

'tywamqymumaGtobecon.nact.ed. Let us show that
such that M(e) = M(€)-
bitrary edge eo € E(G)- Suppose that the edges o, ..., €k (k = 0) are already
deﬁned,mdoonxiderthegmth-—ez. Asitiqnotamazchingcoveredg;mph‘ghmm

adm-ﬁmedseé#usuch that M (ex) 2 M(é). Set exa =é.
s o der the infinite sequence {ex Fi_qof edges of the graph G. Clearly, there are numbers
i je g+, i<jsuh that e; = €;. The construction of the sequence {ex}jooimplies that

Me)) 2 Mles-1) 2 Mes) = M(e;), and ej-1 # &,

therefore
M(ej-1) = M(es)-

Lemma implies that G has a perfect matching. The proof of the Theorem is complete.
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