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Abstract

For bipartite graphs the N P-completeness is proved for the problem of existence
of maximum matching which removal leads to & graph with given lower(upper) bound
for the cardinality of it maximum matching.

1 Notations and definitions

We consider finite undirected graphs G = (V(G), E(G)) without multiple edges or loops 1],
where V(G) and E(G) are the sets of vertices and edges of G, respectively. The greatest
deg;reeofavurtuofGisdenotedbyA(G). The 'Wofama:dmummsmbinslllof
G is denoted by A(G). ;

Let X = {21,...,Zn} be & set of boolean variables, D = {D1, ... D,} be a set of disjunc-
tions, each of which wnsisbso{thelit.eralsnfvaﬂablesofx. Forj=1,..7let us denote by
7(D;) the set of indices of the variables which literals are in D;. Define a conjunctive normal
form K (21, ..., Tn) in the following way: K(21; s Zn) = D1&...&D;, . For i = 1,...,n we de-
note by M((i, K) the set {Dm(1,9 Drsig} of disjunctions from D, which contain a literal
of z;, without loss of generality supposing that m(1,4) < ... <m(s(i),). Foro € {0,1} and
i=1,...,n define: y
_ [ 25 # c=1

e E, if =0,
M,(i,K)= {D;1<ji< r,D; € M(i, K), D; contains z{ }.

For & sequence & = (@1, ..., @) in which o; € {0,1},i=1,...n and & conjunctive normal
form K(Z1, ..s Tn) W define the set Sat(K,&) C D in the following way:

Sat(K,&) = {Dj|1 < 7 <7, Dy(ar, v0m) = 1}-
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DEFINITION. The graph of the conjunctive normal form K(z;, ..., Zn) = D1&...&D,
& a graph G(K(zy, ..., %)) for which the sets VI(G(K(z;, ..., Zn))) end E(G(K(z1,...,25)))
W[ vertices and edges, respectively, are defined as follows:

V(G (K (zy,Z3; .-y Zn))) = ;U1 V (D;), where for j =1,...,7

V(D)= {v’1<i<n, ier(D)};
E(G (K (21,72, %)) = By (G (K (21,23, -, Za))) U B2 (G (K (21, 73, wnr Zn))) s
where E; (G (K (z1,Z2, .-, Zn))) = ‘}_J1 Ey; (G(K (21, %2, -1 Zn))) , and for j =1,...,7

Ey; (G (K (21,23, . Zn))) = £(u. w) | {w,w} C V (D), u+# w},
By (G (K (21,22, Zn))) = ’L_Jl E3 (G (K (z1,%3,..1Zs))) , and for p=1,...,n

By (G (K (21,22, 7)) = { (v 0) 1 € s S 1 St Sms £ tp € 7(D) N7 (D).
Non defined conceptions, terms and notations can be found in [2-5].

2 Auxiliary results

ILet 6 be a rectangular coordinate system which is defined on & plane . We denote by P, (6)
ithe set of all points of 7 which coordinates are integer. For any graph G with V(G) c B (6)
ywe imagine a vertex of G as an ordered pair (z,y) where z and y are its abscissa and ordinate
iin @, respectively.

Lemma. Let G satisfy the condition V(G) C P,(6). If the number of edges
(2, ), (z",y")) for which |/ — 2| = |y’ — ¢"| (mod 2) is even on an arbitrary simple cycle
.of G then G is bipartite.

Proof is evident.

PROBLEM1. Maximal 2- Satisfiability.

CONDITION. Given a set X of boolean variables, a conjunctive normal form
K(23, %) = D1&..&D, , for which |7(Dy)| = 2, j = 1,...,r, and & positive integer [,
il<r. :

QUESTION. Does there exist a sequence & = (a1, ..y @) With oz € {0,1} fori=1,..,n
guch that |Sat(K,a)| =1 ? :

Theorem1. [6] The PROBLEM1 is N P-complete.

Now let us define the following particular case of the PROBLEM1

PROBLEM2. Connected Maximal 2- Satisfiability.

CONDITION. Given a set X of boolean variables, a conjunctive normal form
K (21, .0y ) = D1 &...&D, , for which |7(D;)| =2, j = 1,...,7, the graph G(K (2, ..., Zn)) i8
connected, and a positive integer I, I < 7.

QUESTION. Does there exist a sequence & = (ay,..., ) With a; € {0, 1} fori =1,...,n
such that |Sat(K,a)| =1 ?

Theorem2. The PROBLEM2 is N P-complete.

Proof. Evidently, the PROBLEM2 belongs to the class NP. Let us describe a poly-
nomial algorithm, reducing the PROBLEM1 to the PROBLEM2.

Suppose, that in the individual problem I of the PROBLEM1 X' = {zy,....Zn} is
the set of boolean variables, K (21, ...,@n) = D1&...&D; is the conjunctive normal form, for
which |r(Dy)| =2, j = 1,...,v and I' is the positive integer, <.

Set:
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X" = X' U {Zns1}, Where Zni1 ¢ X"

It is not difficult to see that for every )1 ST ST there exist zig, 5) € X1 %i21) €
X', 010, 5 € {0 1}, gia. 5 € {0, 1} which gatisfy the conditions:

1<i(l, 4) sn.lﬁiiﬂ,j)}:;ﬂ;
T(Dj) =i"(11 J)Ii 21 j} 3
D=5 v i

Forj=1,aT assume:

K"(D;) =
i A PR Vo ATV o ARV WS 200

Consider the conjunctive normal form K"(Z1, s Zns Zns1) 80d the positive integer I
defined as follows:

K" (1 o3 Ty Tnt1) = &5 K" (Ds);

"=10+3r

Note that every disjunction of the conjunctive normal form K" (%1, s Ty Tnt1) contains
mmctlytwo]jt.emlsofthemiab}enofthesetX"andl" < br. Moreover, as for every
K"(D),1<i<T, there exists & disjunction containing & literal of the variable Zns1 € X",
it is not hard to see that the graph G(K"(%1, +s Tns Zn41)) is connected. |

Consider the individual problem I" of the PROBLEM2, for which the set of variables
is X", the conjunctive normal form is K"(zt,...,z.,,z,m), and the positive integer is I".

Let us show that the individual problem. I’ has & positive answer if and only if the
individual problem I” hes a positive answer. i

Suppose that the sequence B = (B1,-Bn) (Bi € {0,1}, i = 1,..,n) of the values
of the variables Zi, ..., Zn satisfies the inethJityﬁSa:{K',ﬁ” > I'. Consider the sequence
a= (al,...,a,.,a..“), where o = fi fori = 1,..47, and opy = 0. Let us show that
|Sat(K",&)| 2 I". Note that for j =1, a7

|Sat(K"(Dy),&)| = { ;: ﬂ Bj : iﬁﬁ";lg;.

Therefore

|Sat(K", &)| = 4|Sat(K", B)| + 3(r — |Sat(K", B))=3r+ |Sat(kc’,B)| 2 3r +1 = 1"

Now, suppose that the sequence & = (@1, .-, Om ans1) (o € {0,1},i=1,., 0+ 1) of the
values of the Variables 1, ..., Tn) Tnt1 Satisfies the inequality |Sat(K”, &)| = I". Consider the
sequence B = (Bi, s Bn), Where B =i for i =1,...,n. Let us show that |Sat(K',ﬁ)] > 1L

First of all note that for j = 1,...,7 ; .

3 < |Sat(k"(D;),8)| < 4

Assume
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T(a) = {Ds|1 < j < r,|Sat(K"(D;),5)| = 4}.
Now we have
P+ 3r = I" < |Sat(K”, &)| = 4 [T(&)| + 3(r — |T(&)]) = 3r + |T(&)),
therefore
iT@i2"r.
It is not hard to see that

Sat(K’, f) = T(&),

|Sat(K", B)| = T(@)| 2 I

As the individual problem J” is constructed from the individual problem I’ by a polyno-
mial algorithm, the proof of the Theorem?2 is complete.

§3. Formulation of the main problems and investigation of their complexity

PROBLEMS.

CONDITION. Given & graph G and & positive integer k.

QUESTION. Does there exist a maximum matching Fp(G) of G such that
B(G\Fo(G)) 2k ? :

PROBLEM4.

CONDITION. Given a graph G and a positive integer k.

QUESTION. Does there exist a maximum matching Fy(G) of G such that 8(G\Fo(G) <
k?

Theorem3. The PROBLEMS is N P-complete for connected bipartite graphs G with
A(G) =3. :

Proof. Evidently [7,8], the PROBLEMS belongs to N P. Let us describe a polynomial
algorithm which reduces the PROBLEM2 to the PROBLEMS restricted to connected
bipartite graphs G with A(G) = 3.

Consider an individual problem I of the PROBLEM2, in which X = {Z1, ..., Tn} i8
the set of variables, K(Z1, ..., Zn) = Di&...&D, is the conjunctive normal form and ! is the
positive integer.

Fori=1,..,nand j = 1,...,r define the set V (i, j) as follows:

i V("s.?) = " -
{ {'ull(ivj)!”lﬂ(ilj)t”ﬂl(i:jL ”ﬂ(iij)n“ll{inj)!“‘l?(iij]tuﬂl(irj)r‘m(i|j)}: if Dj € M(“ K)|
9, if D, ¢ M(i,K)

Assume:

vix, K) = 0 U VG.3)-
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For j=1nT define the set V/( j) in the following way:
v( ) = {wi( 4),wal b
and let
vi(x,K) = O V()
Denote

v(GW) = (X, K)V Va(X, K)-
Fori=1,af and j=1,00T define the set E; (i, 7) as follows:

El(ilj) =

{(Uu(l'..f),‘-’li("-jn- (1-'11("|.1'),0n(i;j))- (”ﬂ{‘t.ﬂl Uﬂ(‘;]))l
{‘m(‘i; J)I “ﬂ(irj)}r (“ﬂ(‘i J)I “ﬂ(i: J))I (‘“11 (‘! J)| ﬂm(‘i, J))|
(“ﬂ(‘-lj)ruﬂ(i!j)) ) |
{{tl'-n(i, J)t uﬂ(il J)): (“ll('r’)l uﬂ(‘.l J))! (ﬂﬂ(‘.‘! J)I b (i| J))'
(um(il j)l“m(iij))l (Uu(i,j},thg(i,j))‘ (1*11(1-3)- ”ﬂ(‘lj))l
{m('nJLm{‘:J})}’ if Dj € MDG‘: K}i

if D;j¢ M(i, K).

f Dj € Ml{i, K}]

Assume:
B K= U U B
i=1 j=1

For j = 1, ..., define the set Ez( j) as follows:
Ea( ) = {(wr( 3),wa( D}

and let
Eq(X,K) E_}_JlEa( 3):
Fori=1,.,nand j=1,.,7 define the set Es(i, j) as follows:
RN (16 Rt ICE))) B D; € M(i,K);
ma={ § g by MK
and let 2
Ey(X,K) = }_Jul;llEs(i' 3)-
For i = 1,...,n define the set Ey(i) as follows:
Eq(i) =
{{”‘i{il m(l. i))! U1 (i; m(l")))]'! (‘) if 3(1) =13

{(tmfii,m(l.i}).vu{i,m(2,i)}),(um(i,mfz, ) 011 (i, m(3, 1)), o
(vas i (@) = 1,80, v s (), ) tvuci.mt;('i),i))';)lﬂi.mu,im}' it s(i) > 1
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Assume:
E(X,K)= U Ei).
Denote

E(G(])) = Ey (X, K)U Ei(X, K) U Es(X, K) U E4(X, K).

The definition of the graph G(I) is complete. Clearly, [V(G(I))| = 18r, |[E(G(I))| =
197, |8(G(I))| = 9r, A(G(I)) = 3.

The definition of the PROBLEM2 and the construction of G(I) imply that G(J) is
connected. It is not hard to see that Lemma implies G(I) to be bipartite.

Consider an individual problem I’ of the PROBLEM3 where G = G(I) and k = 5r +1.
Clearly, I’ is constructed from I in & time which is bounded by a polynom from Length|[T]
[5].

Let us show that I has a positive answer if and only if I’ has & positive answer. Suppose
I has & positive answer and the sequence £ = (¢1,...,€n) Where &; € {0,1} fori = 1,...,n
satisfies the inequality [Sat(K )| > I . Let us show that there is a maximum matching
Fy(G(I)) of the graph G(I) such that BIG\Fy(G(I))) 2 57+ 1.

Fori=1,..,nand j = 1,...,r define a subset Fo1(G(I),i,j) of the set E(G(I)) in the
following way:

FO.J(GU)J‘J') =
{(uy (3,7)s uya(i, 7)) (uﬂl(inj)l un(i, 7)),
(uﬂl(ilj)l 1’#(‘:3))! ("11(1'-3"),111:("»5))}- if Dj € M('sm and g = 0:
{('“ll.{il j}:uﬂ(i!jn’r (u!l("J)l ﬂm(“. J))|

(v12(3, 7), vaa(i, Nk if D;jeM(i,K) and &=1;
0, if D;¢ M(iK),
and let

Faa(@(0) = 0 U Foa(G(Dind)

For j = 1,...,r define a subset Fo3(G(J), 7) of the set E(G(I)) in the following way:
and let

FoalG(D) = U Foa(G(D).3)-
For i = 1,...,n define a subset Fo3(G(J), 1) of the set E(G(I)) in the following way:
rac={ g® § &

and let
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Fos(G(D) = U, Foa(GD )

Assume:
Ro(G() = Foa(GU) U Foa(G(N) U Fos(G(D)-

is easy to see that Fo(G(D) iaaperfectmezchinsdthe graph G(I)- Let us show that

It
ﬂ(GF(‘o?\iFi(?,(f.).)v)z i::l j=1,..,r define subset Fi1(G(),i,7) of the set E(G(I)) in the
following way:

if D; € M(i,K);

if Dj€ Mo(d, K);

if Dj ¢ M{ir K)-

{(ﬂﬂ(i| J')mm(i"f))' (ﬂm(ia.?)sﬂn(id))}»
Fia(G(D),ind) = { é(“m("- )16, ), (umlis ), v (i,

and let
F1’1(G(I)) = icl-':ll jgl FIJ(G(nv i’r J)

Clearly |F1a(G(D)] = 4r-
Fori=1,.,nandj= ke

{wl{ilj)l”ﬂ(“lj)}i if D}EMI(‘.!K];
Ul(il J) =

+ define a subset Us(, ) of the set V(G(I)) as follows:

{uﬂ(‘.‘:j)-”ﬂ(ilj}}: if Dj £ Mo(i| K);
0 it D¢ MG, K).

For j = 1,...,T assume:
U(4) = (0 U3 U e 0}

Clearly [Up( 3)| = 5,5 = 1, n T Let G; denote the subgraph of the graph G(\F(G(D))
induced by the set of vertices Ui(7), j =1, Clearly 1 < B(G)) £2,5=1,-T-

As for i = 1,..,n and p = 1,..., 8(i) the vertices (4, p) and uz(i, p) are endpoints [1] of
the graph G(I)\Fo(G(1)), there is 8 maximum matching F of the graph G(I)\Fo(G(T)) such
that Fy(G(I)) € F. Note that for j = 1,...,r the set F N E(G}) is & meximum matching
of the graph G, thus ;

BCUNF(GD) = 4r + £ A(G)-
1t is easy to see that for j =1,...,T the equality Dj(€1,.1€n) =1 implies B(G}) = 2, and
therefore
BENR(GUD) 4+ 21Sal(E, B+ (r = |Sat(K,)) = br + |Sat(K. )] 2 5r+ 1= &

Now suppose that the answer of the individual problem I’ is positive. Let us show that
the answer of the problem I is positive.

Lfa; Tiand T; be matchings of the graphs G(I) and G(N\T1, respectively, satisfying the
conditions :
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ITh| = B(G(])), |Tal = BIGU\T}) 2 6r +1=Fk.

Let us show that there is a sequence 7 = (1, ..., vn) With 1 € {0,1} for i = 1,...,n, such
{that |Sat(K,P)| 2 L.

Fori=1,..,nend j =1,...,r define a subset Ex(i, j) of the set E(G(I)) in the following
away:

é{Un(i.j)a“n{i..i))-(tm(i..f}.un(i,j)]}' if DjeM(i,K),

Eﬁ“!j}E { if DjﬁM(‘l’,K}'

and let

Es(6(1) = 0((0 Esli- 1)) U Ea( 5)-

Clearly |E5(G(I))| = 5r. As the graph G(J) contains & perfect matching, the following
 holds: Es(G(I)) C Th, therefore, without loss of generality, we may assume Lhat Fa(G(I)) c
T

Fori=1,..,nand j = 1,...,r define a subset V;(i, j) of the set V(G(I)) as follows:

- _ [ {vuli, ) 2, 3),vn (i 3),va(i 5)), H D; € MG, K);
V'{"J}={ﬂ.“ i vl ), vl )}, 8 D,qEME:,.{g.

For i = 1,...,n assume:

vit) = U ViG.d)
and let '

view) = U Vi6).

For i = 1,..,n let G(i) denote the subgraph of the graph G(I) induced by the set of
vertices V4 (i), and let G; be the subgraph of the graph G(I) induced by the set of vertices
VA(G(I)). It is easy to see that

V(G| = 1B(G)] = & K()] =r.

Clearly, G(1), ..., G(n) are connected components of G\, and for i = 1,...,n the subgraph
G(i) is an even simple cycle containing two edge disjoint perfect matchings F*(i) and F"(i).
Without loss of generality we may assume that for i =1,...,n

)N Ed) # 0, F(8) N Ea(i) = 0.

Evidently, Gy has a perfect matching containing (G1) = 4r edges. As (T)\Es(G(I))) C
E(G,) and |Ty\Es(G(I))| = 4r, the set T;\Es(G(I)) is a perfect matching of the graph G,.
therefore (T)\Es(G(I))) N E(G(i)) is & perfect matching in G(#),i=1,..,n.For i=1,...n

set
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1 i (M\ES(GD)) NEGH) =F(i);
M { 0, if Eﬁ\&(amn n E(G(i)) = F" (),

and
7= (-1 Vn)-
7 j = bgraph of the graph
Let us show that |Sat(K,7)| 2 L. For J 1, ..., denote by Gj the su
G(I)\Thinduced by the set of vertices Ui( 7). As Fi1(G(D) € Ty, we have

5r+1< Tl = IRa @D+ EACH=4r+ 2069,

and therefore
r+ISJ§ﬂ(G‘;).
Itisnothardtosaethatforj=1,....r 15,6(6’}) < 2. Set
J={D;1<j<nBG) =2}

Clearly |J] 2 L. Let us show that J € Sat(K, 7). It is not hard t.ocheck.t.hnt if Dy
Sat(K,7), 1 £ j <, then B(Gy) = 1, and therefore D; ¢ J. Thus |Sat(K, )| Z |l =2
Thepmofofthz'l‘heoremaiscompluba.

Theoremd. The PROBLEMA4 is N P-complete for connected bipartite graphs G with

¢
L

A(G) =3.

-( Proof. Evidently [7,8], the PROBLEM4 belongs to NP. Let us describe a polynomial
algorithm which reduces the PROBLEM2 to the PROBLEM4 restricted to connected
bipartite graphs G with A(G)=3. ‘

Consider an individual problem I of the PROBLEM2, in which X = {Z1,-Zn} I8
the set of variables, K(z1, .- z,) = Di&..&D; 8 the conjunctive normal form and [ is the

positive integer.

Fori=1,..,nand j=1,..,7 define the set V (i, 7) as follows:
V(i,4) = '
{ {ﬁi(iuj)-ﬂu(".j);”zl{i.J')-‘l’n{‘i‘.f)sﬂu(",j)'ﬂmﬁ-.f): “ﬂ{irj)l uﬂ(‘!i)}! if Dﬁ € M(‘!, K}
; if D; ¢ M(,K)
Assume:

v(eW) = Q} ng V(i 4)-

 Fori=1,..,nand j =1,..,r define the set Ex (i, 7) as follows:

Ei(i,7) =

{[Vl){il j)‘”ﬂ(‘.iﬂ)! (uli(i:j)r"ﬂ(i:.ﬂ)l (”m(‘-.?):”n(hb‘))u

(Wl(‘,JL “li(inj})l (”n(i'ﬁ-ﬂm(i-ﬂ)a (“11(‘-| j)l“ﬂ(i| J))v

(W(“j)luﬂ(i!j))}! if Dj € M],(‘i, K);
{(ﬂu'(l".j),ﬂm-(‘i,.j)), (‘hl(i-J)'ﬂn{i;J‘))t (ﬂﬂ(i!j)iull{il J))'

(ﬂﬂ('I J)l Lo (‘1 J])! (ull(i! Jd)i Uli(i: J))l ('?Il(‘} J): vﬂ(il J'))!

(”la(i'j)n U'B(i!J))}l if Dj € MD{‘.: K]:
9, if D, ¢ M(i,K).
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Assume:
Ex.K) = 0 U Ei.j).
=] j=1
For j = 1,...,r define the set E5( j) as follows:

EJ( J) = {(ﬁ?(ilnj)!ulﬂtiﬂvjn}l

where 7(D;) = {1, 12}.
Assume:

awmngﬁ

For i = 1,...,n define the set Es(i) as follows:

Esfi) =
{(’-ﬁl(ﬁ mtlli})| Va1 f'.mﬂ:'m}- if 8{1) — 1;
{f"’l!(i- m(l. ‘]Jt vu{i.m(2, i}})a (“ll{inmﬂbinu ”ll(i.m{& 'I))J, sasy
(v (4, m(s(i) — 1,1)), v1a (3, m(8(3), 1)), (va (3, m(s(3), 1)), v (&, m(L,3)))}, if  s(i) > 1.

Assume:
Ex(X,K) = U Ex(d).

Denote
E(G(I)) = Ei(X, K) U E3(X, K) U E5(X, K).

The definition of the graph G(I) is complete. Clearly, |V(G(I))| = 16r, |E(G(I))| =
17r, |B(G(I))| = 8r, A(G(I)) =3. - .

The definition of the PROBLEM2 and the construction of G(J) imply that G(I) is
connected. It is not hard to see that Lemma implies G(I) to be bipartite.

Consider an individual problem I’ of the PROBLEM4 where G = G(I) and k = 6r —1.
Clearly, I is constructed from [ in a time which is bounded by & polynom from Length[I].

Let us show that I has a positive answer if and only if I has a positive answer. Suppose
I has a positive answer and the sequence & = (£1,...,n) Where & € {0,1} fori =1,..,n
satisfies the inequality |Sat(K,€)| = I . Let us show that there is & maximum matching
Fo(G(I)) of the graph G(I) such that B(G\Fo(G(1))) < 6r — L.

Fori=1,..,n and j = 1,...,r define a subset Fo1(G(I),i,3) of the set E(G(I)) in the

following way:

FO.I(GU}-"-J') =
{{“ll(i-j)u “IE(itj)): (ﬂzl(iJ)‘"m("-j)]'.
(vfli (‘l!j)| m(i-j))n{"ll(il J)lvl’(‘l J))}| if D.f € M(“ K) and &=1;
{ (w1 (3, 3), wia(3, 7)), (uas (3, 5), uza(i, 7)),
(vaa(d, 5), vaa(i, )} if DjeM(i,K) and &=0
if D.f g M("! K)»

L]

and let
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Fia(G) =, 0 Faa(GD:6.3)
For i = 1,..,n define 8 subset Foa(G([), %) of the set E(G(I)) in the following way:
FoalG(D, ) = { i ;
and let
FoaGD) = U FoalG(D)3)- ;
Assume: ‘ :'

Ry(G(D)) = Foa(G(N) U Foa(G(D)-

It is easy to see that Fo(G(I)) is a perfect matching of the graph G(I). Let us show that

BG(D)\Fo(G())) S k-
Fori=1,...,7 and j =

following way:

1, .7 define & subset Fi2(G(1), ) of the set E(G(I)) in the

{(usali 3),on 6 ), (uaa(is 3), v s if Dje€ M(i, K);
FI.I(G(I]|i|j) = {(uli(i:j)‘”ll(inj))l (m(’:.?)d&l(‘:.ﬂ)]’- if D.f € Mﬂ(“! K);
0 if Dy ¢ M(, K),

and let
Fia@m) = 0, U Fu(GD,63)

Clearly |Fi11(G(1))| = 4r-
For i = 1,...,n and j = 1,...,r define a subset Ui (i, 5) of the set V(G(I)) as follows:

{vuli, i), vali,9)}, i Dy € Mi(i, K);
UG, 5) =4 {vuali,3),vali N} i D; € My(i, K);
9, if D;¢ M(,K).

" For j =1,...,r assume:
Ui(4) = 0 Ualird)-
i=1

Cleatly [Ui( )l =4, 5 =1, Let G, denote the subgraph of the graph G\ Fo(G
induced by the set of vertices Uy( 7), 7= "i, .y Clearly 1 < 8(G) £ 2, ?= 1n\r° e
As for i = 1,..,n and p = 1,..., 8(i) the vertices t19(i, p) and ug(i, p) are endpoints of:
:E:tpaphF : &%))\ﬁuf(ﬁ)ghg i.l; s maximum matching F of the graph G(I)\ Fo(G(I)) such:
1 . (a] t j = 1, ey the i i ing:
e g‘,:'nph % s or j T set F' N E(GY) is a maximum matching;

BGID\F(G() = 4r +  A(G):
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It is easy to see that for j = 1,....r the equality Dy(z;, ....£s) = 1 implies 3(G}) = 1, and
stherefore

V8(G(1)\Fo(G(D))) < 4r + |Sat(K, E)| + 2(r — |Sat(K,£)|) = 6r — |Sat(K,E)| <6r—1=F.
Now suppose that the answer of the individual problem I’ is positive. Let us show that

sdhe answer of the problem I is positive.
Let T; and T; be matchings of the graphs G(I) and G(I)\T, respectively, satisfying the

izonditions :
[T1] = BIG(I)), |Ta] = BIG(D\T1) S k= 6r — L.

Let us show that there is a sequence 7 = (v, ..., un) With v; € {0, 1} for i = 1,..., n, such

ikhat |Sat(K,7)| = L.
Fori=1,..,nand j = 1,..,r define a subset E,(i, j) of the set E(G(J)) in the following

way:

) E{ {(u11 (3, 5), w1a(4, 5)), (ua (3, 5), uml(i, 3)) }, g D; Eﬁg,m

and let
E(Gm) = 0 U EdG,j)-
i=] j=1
Clearly |E4(G(I))| = 4r. As the graph G(I) contains a perfect matching, the following

tholds: E4(G(I)) € T, therefore:
1) without loss of genamlity. we may assume that Fy;(G(I)) C T3,
20T, N Ba(X, K) =
Fori=1,.n a.nd _1 = 1,...,r define a subset V;(i, 7) of the set V(G(I)) as follows:

ViGi, J) — { {"ll(‘vj)lﬂll(‘d)tﬁl(‘l j)r'”ﬂ(‘s’)}l 1f D: : ﬁg , K);

For i = 1,...,n assume:
Vi) = U Vilirs)
and let
Vi) = 0 vi6).
For i = 1,...n let G(i) denote the subgraph of the graph G(I) induced by the set of
vertices (i), and let Gy be the subgraph of the graph G(I) induced by the set of vertices
VA(G(I)). Set Ga = Gy \E3y(X, K). It is easy to see that

|B(Ga)| = V(G| = 3 M) =8r



T4 OnSpuﬁdMnﬂmnmmthWﬁns ,.:
..,n the subgraph |

dfori=1,.
Clearly, G(1), - G(n) are connected components qf Ga, an 1 ‘
G(i) s a:lly even simple cycle containing two edge dm_]omt perfect matchings F'(i) and F"(i), i
Without loss of generality we may assume that for i = 1,47 !

F(i) N Eai) # 0, F'() N Ba(i) =0-

vidently, Ga has a perfect matching containing B(Ga) = 4r edges. As (T\E«(G()) €
E(gg) and ]T;\k(G(?)gi =air. the set Ti\E4(G(I)) is & perfect matching of the graph Gy,

therefore (Ti\E4(G(]))) N E(G(3)) s & perfect matching of the graph G(i), i =1, - For
i=1,..,n sel 4
(o, if (B\E(GW)NEGE) =E0); ‘

w=11 i (B\EGW)NEGH) =F'0)
and :
7= (Vyes Up)- '
Let us show that |Sat(X, 7)| 2 I. For j = 1,...,r denote by G the subgraph of the graph '
G(I)\Ti induced by the set of vertices Ul( J] As F1'1(G{I}) C T, we have ]

br — 12 1T = (RGO + £ A(G) = 4r + £ A(CD.

and therefore
T AG) <2r -1
j=1

It is niot hard to see that for j =1,..,7 1 < B(GY) < 2. Set
J={Djl1 <5 <nAGH =1}

Clearly |J| = I. Let us show that J C Sat(K, 7). It is not hard to check that if D; ¢
Sat(K,7),1<i<sT, then A(G}) = 2, and therefore D; ¢ J. Thus |Sat(K,7)| 2 =L
The proof of the Theorem4 is complete.
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Zunnnil wmhujh dwpuhdw) gmquigmiGhph junmgiw dwuhl
00 Lot b, Ll Uljpngwi

Udthathmy

bpyynniwlh guwplbph hwiwp gnyg t wpdb wylwhup dwpuhdwy qmowlgdw
Yuwnmgiwl fuGnph NP-jppunipjmbp, nph htnwgnuihg uwwglwd gnuph dwpufniug
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