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Abstract

The paper presents three approaches to the construction of cluster systolic arrays.
A careful analysis of these approaches based on the comparison of the running times
of earresponding systolic arrays was carried out. A method to minimize the running

time is proposed.

1 Introduction

A new approach to the modeling of one-dimensional systolic arrays of n cells on a cluster of
m < n processors is presented. The new approach is initially based on the mapping of the
given systolic algorithm graph onto the cluster processors. As a result, a one-dimensional
systolic array of m cells is constructed, which holds to be analogous to the given array from
the standpoint of functioning of the array.

Consider now the class of one-dimensional systolic arrays of n cells, whose every non-
boundary cell is interconnected according to Von Neumenn’s or Moore’s classical concept on
1-radius two-way neighborhood and each boundary cell is interconnected according to the
game concept on one-way neighborhood [1]. Further we’ll consider a systolic array in this
class and denote it by A. ]

Let A = {aij}1<i<s, 1<j<n be the table which describes the algorithm graph of the systolic
array A taking s steps and let C be a cluster of m processors. The elements in the table
A are connected by the relation <, so we may denote the algorithm graph of the systolic
array A by (A, <). A cluster-based implementation of the systolic algorithm requires that
the work of corresponding one-dimensional systolic array given by table A be distributed
among the cluster processors.

Consider now the mapping @ : A — {1,2,...,8,} x{1,2,...,m} , where 1 < s, < 5. For
V.4 €{1,2...,8}, p,F € {1,2,...,m}ifq# ¢ V p#p, then the following conditions
hold:
el (g,p)| = [~ (¢, Pl
s 0o '(g,p) and ™' (¢’,7) are isomorphic with respect to relation <.

Let ©(A) denote the s, x m-dimensional table obtained from partitioning of table A. If
table @(A) is & homomorphic image of table A with respect to relation <, then it presents
the work of a systolic array of m cells. The k-th column in the table ¢(A) describes the work
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inthismnyandthek—thcellper[ormstheworkdescl:ibedin
thet-t.hmwoft.hetable(lﬁtﬁsw)at&het-thmommtofﬁme. Weca]l_thesyatohcanqu
obtained by  mapping cluster systolic arroy and denote it by Ay. w(A) is the table which
describes the graph of the systolic algorithm that corresponds to A,. For a cluster-based
implementation of the systolic array of m cells, a one-to-one correspondence should be drawn
betwmnthetomlworkofacaﬂinthemﬁynndmchpmcmofthecluam.
LetRbetheaetofa‘xn’-dimenaionnltablea.wheres’<s A n' < n. For any
rER.ifaEr.&hunaeAsndtheulementalnthetablermconnectedbytherelaﬂon

<. As an counter example, consider the mapping , where for any g € {1.2....,3,,_} an_d
pe{,2..m}h ¢ (ep) ER Itis evident that the condition of homomorphism is
violated here. Hence, this mapping doesn’t allow construction of cluster systolic array.

To set the problem, we proceed with some. additional conditions and notations that can
be helpful to characterize the cluster and the systolic array. To describe a homogenous
cluster C of m identical processors provided to implement the systolic array A of n cells,
we'll use the system < m, V, 6o, n, Vi, Vi, Vi, A >, where
1)%iathemax‘lmald&t&siuhhatcmbatransmittadbetweentheprooeasnrsofthedusw
in & session within the required transmission time do;
2)‘ViandKmthedmsizmoftheoaﬂain'Asysto]icmaytrmumitted in the left and
right directions, respectively;
3]V.,iathet.ota.lsizeoflocalvaﬁnb]minthesysto]ic-mayA(itmﬁesdependingon the
type of cluster processor);
4)Aisthet;imerequiredtopeﬂormtheworkofewryoeﬂinthea}'stOﬁcaImonnac]usber
processor (it depends on the way of software implementation and type of cluster processor).

Let C be a cluster, where the conditions Vi +V, < V; and V; +V;, < V; are satisfied, and
let 5(V) be the time required to transmit data of V size between the nodes of the cluster,

defined by the equation:

of the k-th cell (1 < k <m)

g it V<V,
“(V)‘{ 8V —=Ve) i V>V

Then, ibinclearthatthenmninghimeofthecluste}systo]ic array A, of m cells can be
determined by the formula:

tp = 8p(l¢7 (2, 9)|A + 8(%5,)),

where s, is the number of steps in the algorithm, g € {1,2,...,3,}, p € {1,2,...,m} and
V,, is the data size transmitted between the steps.

Now we can set the problem.

The problem of C' cluster-based implementation of the systolic array A is : given a (4, <),
to find such a mapping g : A — {1,2,...,845} X {1,2,...,m} that t,,, <1, for an arbitrary
cluster systolic array A,. : '

2 Comparison of cluster systolic arrays
Let A be a systolic array, In this section we'll try to analyze three approaches to work

distn:buti‘_m of the systolic array A on cluster C. To this end we'll estimate the length of
running times of obtained cluster systolic arrays and try to draw a comparison of them.
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Define the numbers z > 2 and m':
Jif nmodm = 0n[n]mod2 0
+1 ,if [2] mod2#0
+2 ,if nmodm#0 A [2] mod2= 0
a

L 2 Jf nmodz=10

"1 [2]+1 ,otherwise :
where m' < m gives the actual number of processors in the cluster among which the work
of the systolic array should be distributed. Consequently the number of cells in the cluster
systolic array is m’.

In the formulas below, the time required to transmit data of size V between the cluster
nodes will be defined as follows:

s
]
!bihih

S Vi V<V
LTI (- 2 AL

where 8y, Ly and Vp are constants defined by the structure of the cluster.
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Fig.1 Systolic algorithm graph partition by “rows”

1°. Consider a very simple mapping ¢ : A — {1,2,...,5,,} x{1,2,...,m'}. We call the
table @, (A) a partition by z-length “rows”. Fig.1 gives the graph partition of the systolic
algorithm corresponding to A.

The number of steps (s, = &) in the algorithm remains unchanged and every cluster
processor sequentially performs the work of neighbor cells |¢7*(g, p)| = 2 in number of the
systolic array A. Every step of the algorithm ends in an interchange of data of V| and V;
sizes between the neighbor processors.

Further calculate the running time of the cluster systolic array A,, on a cluster of m’
processors:

ty, = 8(zA +2 6(V) + 2 8(V;)) = s(zA + 4 ).

2°. Now consider the mapping @2 : A — {1,2,...,5,} % {1,2,...,m'}, which was
constructed by flow event structures (FES) [2] in [3]. We call the table ©2(A) a partition
by “squares”. A [ragment of this partition is given in Fig.2 (z = 4). In this case every
cluster processor sequentially performs the work of a group of cells in the systolic array ‘A
at different steps, which is actually the work of one cell in amount of |3 (g,p)| = —‘;— The
number of steps is defined by the formula:

L1 ,if smodE=0 vV smod§=1
ﬁ-HZ , otherwise <



On the Construction of Cluster Systolic Arrays

Fig.2 Systolic algorithm graph partition by “squares”

i i of the algorithm ends
Suppose that we start counting the steps with 0. Every even step
byanl;gchanseofd&taoft.hamVg=zl¢+§i4’.andeveryoddatepam’:lsbyane:mhmg:
of data of the size Vi = =W+§Ebetweanthepmmors._ Dal_J.ol:aK. = V. + 5% an
V! = Vi+1V;. In this case Ve = zV/ and Vi, = zV/. The running time of the cluster systolic
m&yA,,isdescﬂbudbythufonnula: y

b = ($A+2600) + 5 (§A +28(04) = 8 (T4 +608) + 6002).
&(Vz) and 5(V7) are defined as:
yif VR<Wo
8(Vr) = { 2.5.}_’,0(3]/‘{-%) , if Vj:) VE :

bo i Ve <W
a{v;,]={ 6o+ LoV = Vo) , if Va>Vo

Assume that 8,,, = 2 and calculate the relation “5-;
If Vg < Vp and Vg < Vg, then
%=%=m<{dﬂw4%<4ﬁz,m}<%=l.

If Vg > Vp and Vi <V, then

e — u(g 42 otlo(eV; W) _ 4 od Lolitd LoVis  {gince V! < Vp and
LoVo = LoV; = b then} = 441 fex — Z2 5042) < (since 2(1+ ) < 4s,
=1

then} < 52

vags%andV;,)%,thenmimjlnﬂy,wehavaE:<1.
If Vp > Vp and Vi > Vi, then - .

: F' o d ¢ o
X (Fa+2 tla(e YA W) _ PAH bt IOV WS _ (aince 7 < Vi, Vi < Vi

and LoVp = LoV = LoV = by, then} = 544242 < S4tihs — 1 a5 2 Gz < 4 foz:
These considerations imply that in general case

on S

3°. Consider the mapping @3 : A — {1,2,...,8,,} X {1,2,...,m'} and the table @3(A)
of graph partition of the given systolic algorithm, which is obtained from partitioning by
A 2 2-length and w > 2-width “rectangles”, where A +w = z and éither A\< §z > w > iz
orw < §z = A > 1z. In this case as well every cluster processor sequentially performs the
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work of & group of cells in systolic array A at different steps, which is in fact the work of
one cell in amount of |3 (q.p)| = 2)w. I we try to give a lower-bounded estimate of the
number of “rectangles” in the algorithm graph, then we have this number equal to £=. The
number of cells in the modified systolic array will be 32, hence for this case the number of

steps is characterized es s, = 455,

Fig.3 Systolic algorithm graph partition by “rectangles”

In this case as well the size of transmitted data at the end of even steps differs from the
size of transmitted data at the end of odd steps, i.e., Vguw(2V+V)dez,—4\(2V+V)
A fragment of systolic algorithm graph partition by “rectangles” is given in Fig.3, where
A=56and w=3.

It is easy to see that thecasea\=wmntches with the systolic algorithm graph partition
by “squares”. Estimate the running time of the algorithm on & cluster of m’ processors for
the case of partitioning by “rectangles”:

tys = 83 (20w + 8(Vi) + 6(V)).

Now examine the function f(w) that characterizes the running time of the algorithm.
Our desire is to find for what relationship between A and w the running time stand for
the minimum? This examination will' be also helpful to compare the current and the prior
approaches.

Since A = z — w, then

f(w) = ————(2w(z — w)A + 6(Vr) + 8(V1)).

21.:(: w)"
5(Viz) and 8(V) are defined as:

RIZ A o+ Lo(w(@V, + Vo) = Vo) , if Va>Vp '

6(V)= 60 IHVLS%
& oo+ Lo((z —w)@Vi+ Vo) = Vo) , if VL > Vg °
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If Vg < Vp and Vg, < Vg, then
azdg

From the equality f'(w) = —s20o2=24;y = 0 we obtain that w = § is the minimum

point of function f(w).
If Vg > Vo and Vg > Vo, then
f(w) = g (w(z — w)A +2 6 + Lo(W(2V, + V) + (= — w)(2Vi + W) — 2W0)) =

= szA + gy, | dslo,

In this case from the equality f'(w) = 5758y + 3= = Jsgh Zmegy — 0 we also obtain
that w =  is the minimum point of function f(w).

This means that in above mentioned cases if A = w, then the systolic array A,, has the
best operating rate. Hence the partitioning by “squares” provides the best running time of
the algorithm in the class of partitioning by “rectangles”.

In cases Vg > Vo, Vi, < Vp and Vg <V, Vi, > V) nothing could be said about minimum
point of function f(w). However, from comparison of the running times of the cluster systolic

array A, with £, we have
by < by
The conclusions drawn here and the fact that ; provides the best speedup [3] make some

background to state that the proposed mapping ¢, is an effective approach to construct
cluster systolic arrays.

3 Minimization of the running time

Now consider the function g(z) that characterizes the running time of the cluster systolic

array A,,, where
z3

0(2) = (G- A+ 6(Vi) + (V1))

Examine the function g(z).
cHEVe<V,, VLgbﬁmds,,=3=l+1,then

g(z}:aA=+£:3+§A+%. .

Calculate the derivative of the function:

g’(z)=sA—_'iz_?fg+Az.

this equation we may find the minimum point of the function.
When s,,,=3=!+2,Weobta.lnthecubicequatiunz.r‘+az’—%ﬂ=
HVR)%! VLS%WVRS%: ﬁ.>%.3ﬂdﬂw=%+l,then

g(z):sAz+?;;‘°+2360+§A+60z+60.

_LFrom the equality g(z) = 0 we obtain the cubic equation 2+ 522 — 42k — 0. By solving
0.
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Calculate the derivative of the function:

g(z) =sA - -4-2;:3 + Az + bg.

iFrom the equality ¢'(z) = 0 we obtain the cubic equation Az®+ (sA +Jo)z? — 256, = 0.
By solving this equation we may find the minimum point of the function.

When s, = % +2, then the cubic equation 2Az* + (sA +2 do)z” — 256y = 0 is obtained.

In case Vg > Vi, Vi > V; the function g(z) hes a unique extremum point with a negative
value. Hence for this case nothing could be said about the minimum point of the function.

In cases, when there exists a possibility to find the minimum point of function g(z), one
may define the number of cluster processors m’ for which the running time of the systolic
algorithm A on & cluster is minimal.
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YuuwbpwihG vhumnihl quGqyudthph Yuengiwl twuhb
E. U, Qunjpjwé :

Uithminid

Uphowwmwpnul ghowplpfwd b yumnbpughl vhunnghl quiiqywottph Junmgiwd tpkp
dmnbgnu; Gwwnwpjwd t wjy innbgmdGhph hoibiunnmpmG pun hudwunwuiul
upuwnghly quiquwdtbph wahnmnwbplbph Yunupiwl dunfwGwlyGbph: Unmowplpjud k
wuunnwph juunwpiul dwiwGuip shGhihquglnn hpnn: -



