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On One Problem of Finding Optimal Test for Permutations
Vahagn R.Tonoyan

Abstract
Themicledeﬁnes&uomptofd-mﬁrisﬂ.Fwthemofpummﬁms
#:{1,2,...,n} > {1,2,...,n} it constructs an optimal d -test for x(i)= j (1<i,j<n)
type of set of questions, when @ =0 or 1.

Let’s define some concepts used in the problem discussed below (1331,
We will define the concept of a 2-tree 7, = (¥,X) through induction.

1. T, =({u},@) is a 2-tree. It has a marked vertex u, which will be called leaf.

2. U T, =04%) and T, =(V,,X,) are two distinct 2-trees without common
vertex, then the tree 7, =(V,X), V = {u} U¥, u¥,, X=X, UX, U} {uu,}, obtained
through adding new vertex u and sides {w,u,}, {u,,u,}, is a 2-tree.

The vertex u will be considered a marked vertex of a tree — root, and u; and u, will be
correspondingly considered as left and right descendants of the root.

If T,=(V,X) is a leaf of a 2-tree, then it is clear that there is only one sequence
W= U, Uy, Uy ¥y =V, 50 that fu,u,, }€ X . We will call that sequence a branch, connecting
root u to leaf v. The number k will be called the length of the branch.

We will call the length of the longest branch of a 2-tree 7, = (¥, X) height.

Suppose M is some finite set and the distance d(m,n) is defined between the elements of

that set, which satisfies to the axioms of metrical space.
We will call the reflection 4 : M — {01} a question regarding the elements of M .

The set of questions of M is a set of different from each other questions / = {hyhysnh},
through which it is possible to separate the elements of M . For any elements m,m, e M there
is he H , so that h(m,) # h(m,) .

Suppose the set H of questions and the 2-tree T,=(V,X) are given and a rule ¢ is
indicated, which corresponds each inner vertex u of the 2-tree to a question 4, € H , in a way,
that the questions corresponding to vertices located on the same branch are different from each
other. In that case we will say that a search tree (7,; H; ) is given in the H set of questions.

Suppose v is some leaf of the search tree (T;H;0) and w=uy,u,,u,,..,u, =v is the
branch connecting the root to the leaf. }

We will say that the element meM corresponds to the leaf u,, if for the values
i=02,..k-1 the following conditions are satisfied:

if the vertex u,,, is the left descendant of the vertex , , then h, (m)=0,
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if the vertex ¥y, is the right descendant of the vertex u;, then A, (m)=1.
ughthaabove-meuﬁoned rule each element me M will correspond

;= obvious that thro!
tusonlntellse:f':zdmhleafu willconupondwsomambw(mi?beﬂmpty) M(u).

Let's fix the number d 2 0. " .
w,wi]]saymnuheswchuee (T;H;p) is2 d ~test for the set M , if for any leaf u of
that set the followin g condition is true:
H’”’EM(‘,) mdmleM(ll) (ﬂﬁ*lmg)'mm d(m,,m,)Sn'.
Tiﬁsisthesmcasﬂlemrchmis d -test for the set M, if the elements M(u)

ing to any leaf ¥ arowithinmnsphmofmdius d in the metrical space M .
Wewillcallthnh@igh!ofthez-mewnupondiqsw.lhn d -test of the set M the
complexity of the test. d-mmﬁnsmemﬂutmmplmw,mnbecﬂledopﬁmu d -test.

The problem is the following: e
For the given set M and H sdofquesﬁona,itunmmﬁndtheopﬁmal d -test.
i in the case d=0 the above-mentioned problem is NP -complete,
Thus, it is natural to discuss the possibility of solving the problem in particular cases.
Let's observe the set of all permutations 7 = 1,2, 1} = {L.2,...,n} of the set {1,2,...,n} -
S,

L]

Let’s define the distance d(xL32)=mw2tIx,(i)—:r,(i)| of permutations ,,7, €S, and
H={h‘.,.-"15i,j5n} set of questions, where h}." =1,if #(7)=j and hy(x)=0,if m())=j.
Wewilldiscussﬂiepmblanofﬁndingopﬁmal d -test for the set S, .
It has the following meaning. Suppose an unknown permutation 7 €S, is given. It is
allowed to ask x(f)=Jj typeaofquestionsmdobminmwm. It is necessary to find the given
permutation 7 €S, (0O-test) or at Jeast find some 7’ € 5,, 5o that d(z,z")<d (d -test), through

smallest possible number of questions.
The complexity of the optimal d -test in S, set of questions will be denoted by g(n,d).

mfouowingsmmmmpmvminmewurk.

Theorem 1: g(,0 ="(”2'1) ]

Theorem 2: g(n.l)=Pz—'-l—n. where [a] is the smallest natural number, to which a does
not exceed. ;

Proof of the theorem 1. >,

Let’s discuss the algorithm of finding the permutation 7 € §,. We find the value of #(1)
through questions #(1) =1,7(2) =2,... (asking n—1 questions in the worst case). Then, using the
same method we sequentially decide the values 7(2), x(3),....x(n—1) (x(n) is decided
exclusively using the answers from previous questions).

The complexity of the mentioned algorithm is (n=-1)+(n-2)+..+2+1.

As g(n,0) is the complexity of the optimal algorithm finding the permutation x € S, , then

n(n-1) i

(n,0)s———
g(n0) 7
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In order to prove the inequality g{n,ﬂ)z-"iﬂz—--g.wewillmpose“w~nﬂesof
selocungbmchﬁinthemchmllwillindimeahrmchinmymhmsolvingthe
problem, which will have a length of at least i'-‘"?‘ﬂ

Let’s define the following strategy:

In meﬁmmmc"mm”obmthemdedm G, =(V,X,), where

V ={1,2,..,ap o fl(1),1(2),...i(n)} ,

X, ={(,Ij)/1Si<n1<j<n}.

In the step k it observes the graph G, =(V,X,) (k=123,..) and in the case of asking
question z(i,) = j,, selects:

a) the branch 0, if there is a matching in the graph G, , which does not contain the side
(i;,/(J;)) and composes the graph G,,, =(V,X,.,), where Xpn=X, M@ 10003,

b) the branch 1, if any matching of the graph G, contains the side (i,,(j,)) and
Gy =G; .

It is clear that the “guesser” with such strategy indicates a branch, connecting root to some
leaf in each search tree finding O-test in the set S, , and the length of the branch is at least #° — = _
Here z is the number of sides of the graph G answering to the last question.

Let’s note that the graph G has the only matching {1,1(4)},{2,/(i,)},.... {n,(i,)} and the
permutation #(k)=1(i,), k=12,....n is the one that corresponds to the case selected by the
= We will denote the maximum number of sides in above-mentioned types of graphs by z,.

It is casy to check that in the graph G', containing the only matching, there is a vertex,
which has a degree of 1. Suppose {/,/(})} is the side of the matching passing through that
vertex. If the vertices (/,/(/)) and the sides passing through that vertices are removed from the
graph, whose number does not exceed n,ﬂ:mthnnewgrapha!mcontainstheonlymatching.

Thus, z, Sn+z, ,, z,=1 and therefore g(n.O)zu—mz;ll.

Proof of the theorem 2.

Let’s observe the following method of composing 1-test for the set S,.

We find the approximate value of #(1) (by accuracy of 1) through sequential questions
#(1)=1,7(1) =2,.... Then, using the same method, we decide the values 7(2),7(3),.... It is easy
to see, that the number of questions will be the maximum (let’s denote by h(n)), when n—2
questions are asked for finding each of the values (1) and 7(2), and therefore
h(n)=h(n—2)+2n-4, n24, and h(2)=0, h(3)=2.

2
Through the method of induction it is proved that h{n)=[—';—}-n. and therefore

g(nl) < [%] -n.

Let’s show that the “guesser” composed for proving the previous theorem finds a branch in
the search tree corresponding to each 1-test of the set §,» which has a length of at least 4, .
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Suppose G’ isﬂ:sgrnphmwmdi@mwerinswﬁmmquuﬁonselmbyme
“guesser’.
Let's note that the graph G satisfies to the following conditions:
1. Itisatwo-sidedgnphwithh vaﬁcumditwmdmam.tuhins.
2. That : is onlyonoor.sstheme,formymmmhm
{1,1(1.)}.{2.!(1,)}.---.{N.I(i.)} and {LIU.)},{Z.I(j,)}....,{n,l(j_)} the condition |‘a‘J}lSl.

k=12,..,n ismet.

Suppose G =(V,Xo) i8 a graph satisfying the conditions 1 and 2, and having maximum
sumber of sides. If || =, then it is clear that the length of the branch selected by the
“guesser"isatlesﬂ nt =y,

Let’s observe some matching
There are two possibilities:

b) Each matching of the graph G, contains the side {k,,/(1)}. In that case the number of
vertices of the graph G,, that are neighboring to one of the vertices k,, /(1) and are different
(n-1) and, therefore, ¥, SN+ Yeq-

b)'I‘hareisamnichins {“|J{l)h{uzll(z)}’"‘r{"n“n)} in the graph G, so that u, # k. It
easy to check that u, =k, and u,=k,.1tmbed:mﬁumtheoondiﬁonhhatthe:numt;q:f
vertices of the graph Go ﬂnlmneighborhstomyofthe vertices k;, k,, /(1) and /(2) and are
different from each other, does not exceed (2n-4), and therefore y, <2n+y, ;.

Usingmeobtsinedmcmmcas.itcmbecheckedﬂmmenumberofsides of the graph G,

0

(LD} (2} ()} OF the graph Gy =(V,.Xs).

is {%J+n (here |a is the largest natural number not exceeding a).

Thus, actually g(n,1)= Pzi.l—u i
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StnunpnpnGGbph hwiwp owwhidw) phun quibynt dh fulnph SwuhG
oL Snbojwl
Withnhwghp

Wuwnulpnd vwhdwbimd t puqimpjwi d phunp quiqunhwpp: ShunpmipmGGbph
72} —> {L2,...,n} puqinpul hwdwp 7()=j 1<i,j<n huwpgwzwpmy Gunnggws t
jwugml d pbuwm, bpp @ =0 Guwd 1:



