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Abstract
We prove that there are tautologies of length O(n) that require Frege proofs and
substitution Frege proofs of O(n) lines and O(n?) symbols. We prove also that there

are tautologies of length G(n) that require single substitution Frege proofs of O(n)
lines and simultaneous substitution Frege proofs of O(logyn) lines.

1 Introduction

In the articles [1] and [2] the problem of proving lower bounds on the number of lines in
substitution Frege proofs (SF-proofs) is discussed. In particular, Buss leaves as an open
question the problem of proving superlogarithmic lower bounds on the number of lines in
SF-proofs, and Urquhart proves that there are tautologies of size O(n) that require proofs
containing O(;2;) lines in axiomatic systems of propositional logic based on the rules of
gubstitution and detachment. But still in 1981 we proved that there are tautologies of size
O(n) that require proofs containing O(n) lines in some Hilbert style axiomatic systems of
classical, intuitionist and minimal logics based on the rules of single substitution and modus
ponens [3]. That estimate was auxiliary for another result and its proof is based on the
notion of 7-sets, which were introduced in [4]. In the present paper we show that there are
tautologies of size O(n) that require O(n) lines and O(n?) symbols both in a Frege system
and in Frege system with substitution. The lower bounds are proved by employing the notion
of essential subformulas for any tautology, which will be introduced later.

We shall use generally accepted concepts of Frege system and Frege system with substi-
tution.

A Frege system F uses a finite, complete set of propositional connectives; F has a finite
set of inference rules defined by a figure of the form 4143-4% (the rules of inference with zero
hypotheses are the axioms schemes); 7 must be sound and complete, i.e. for each rule of
inference 4142:4% overy truth-value assignment satisfying A1, Az, ..., Ax also satisfies B, and
F must prove every tautology.

A substitution Frege system SF consists of a Frege system F augmented with the sub-
stitution rule with inferences of the form - for any substitution o, where a substitution
7 consists a mapping from propositional variables to propositional formulas (in particular
variables) and Ao denotes the result of applying the substitution to A, which replaces each
variable in A with its image under ¢. This definition of substitution Frege system allows
to use the simultaneous substitution of multiple formulas for multiple variables of A. If we
allow substitution for only one variable at a time, then we say about single substitution.
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We shall henceforth assume that we have a fixed Frege system F and corresponding

jtuti SF.
su%mms:; does not depend on the details of the language employed, but we
shall assume that our language contains the u:.mn?ctives 1, =, Vv and A perhaps together
with the other connectives. is assumption will sunpli_fy our examples. . |
We shall use aocepfedonnoeptof?roofmf(s.f)uaﬁmteaeq;{mgf
formulas such, thal every formula in the sequence 1s one of the axioms of .F (SF) or inferred
from earlier formulas in the sequence by arule in F (SF). The formulas in the sequence are

the lines in the proof. .
For any formula F we denote by |F| the number of symbols in F.

9 Essential subformulas

In this section we introduce the notion of essential subformulas in any tautology F. Let F°
be some formula and Sf(F) is the set of all non-elementary subformulas of formula F.

For every tautology F', for every ¢ € Sf(F) and for every variable p (F)j, denotes
the result of replacement of the subformulas ¢ everywhere in F with the variable p. If

@ ¢ Sf(F), then (F)j is F.
We denote by Var(F) the set of variables in F.

Definition 1 Let p be some variable that p ¢ Var(F) and @ € Sf(F) for some tautology
F. We say that @ is essential subformula in F iff (F)j is non-tautology.

We denote by Essf(F) the set of essential subformules in F.
If F is minimal tautology, ie. F is not a substitution of a shorter tautology, then

Essf(F) = Sf(F).

The formuls  is called determinative for the F-rule 414g=Ax (k > 1) if ¢ is essential
subformula in formula A; A (A2 A ... A (Ae-1 A Ag)...) = B. By the Dsf(As,. .., Ax, B) the
set of all determinative formulas for rule 41424 is denoted.

We say that the formula ¢ is important for some F-proof (§F-proof) if ¢ is essential in
some axiom of this proof or ¢ is determinative for some F-rule *

Lemmal I Foranyﬂ!yeruleﬁ-‘éﬁd‘ (k>1) of F (SF)
Essf(B) C Ql Essf(A)UDsf(As, Az, ..., Ax, B),

2. For any substitution rule £ of SF Essf(Ao) < {pa/p € Ess[(A)}.
Proof. 1. Let @ € Essf(B) and p be some variable such, that

pé (Uvarad) Uvar(s),

then (B)Z must be non-tautology, hence either (4; A (A2A ... A (Ax-1 A Ai)...) — B)j, must’
be non-tautology, or 3 4; (1 < i < k) that (4;)3 must be non-tautology, too (F and SF are

sound systems) and therefore ¢ € iL_’:ll Essf(A:;)U Dsf(A;, A;, wry Ag, B).

1The nation of important formulas is almost anelogous to notion of active subformules in & proof [1].
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2. Let for some tautology A Var(A) = {p;, p3, ... ;s}, 0 = “"*“) is a substitution,
p# Var(A)u () Var(4,) and ¢ € Sf(4).

Itis obv:ous that if (A) is tautology, then (Ag)?,_ is tautology too, hence if (Ag)z, isnon-
tautology then {A}’ must be non-tautology, therefore if po € Essf(As) then € Essf(A)
and statement 2

Corollary 2 IfFiamytwtalanmd;eruf(F), then
1. in every F-proof of F' ¢ must be important for this proof:
2. in every SF-proof of F, in which the substitution rules employed are

Aoy’ Azay’ " Aoy’

either @ must be important for this proof or must be the result of the successive em-
ployment of the substitutions oy, 05,,...,04, for 1 < 41,1z, .. ,s, < | in any importani
formula.

The proof is obvious.

3 Lower bounds on proof complexity

In this section we reduce some lower bounds on the number of symbols and lines in Frege
and substitution Frege proofs.

We say that the formulasrpsndwaremmpmbleifﬁnaome unelementary farmu]a-y
there are substitutions ¢’ and ¢ such, that ¢ = o’ and 1 = wo.

Theorem 3 For a sufficiently large n if F, are the tautologies of size O(n) and for some
[ = O(n) the formulas @, 3, ..., 1 belong to Essf(F) and

1. fwmwkﬂ<k([ﬂ)§a¢mdmmmtwmmbhfordls(kﬁs-ﬂ —k),
2 i < sl < ... < |al; |ia] = O(n),

then F;, require proof containing O(n) lines and O(n?) symbols both in F and SF.

Proof. From the condition 1. and above mentioned corollary it follows that every ;
(1 £ i < I) must be important both for F-proofs and for SF-proofs, but in every axiom
there are only limited number of essential subformulas, and every F-rule has only limited
number of determinative formulas, hence F, require a proof, containing O(n) lines both in
and SF. P}omthmmnltandtheconditionz it follows that F;, require a proof containing
0(n?) symbols both in F and SF, too.

Example 1 It is known that in the alphabet {a,b,c} for every n there is such a word of size
n, that no ils subword is repeated one afier the other [5]. Let oy, 0y...cx,, be one of such word.
With this word we associate the formula Fy, which is constructing in the following way: if
n =0, then Yo = (pg—tpg),Ietn)ﬂmdwehamcmbwtedﬂufmﬂamlﬂforfhe
subword ayy.n00n (1 <1< n—1), then

J)JO‘-"GUWTlﬂ.n“(PI—’Pi}AWLm
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2) if o = b then Yin = (B V ) = Yisiins

9)ifoy=cthenPin= (FAD V YisLn-
L)et‘fFTbeihefa:n*uhgmtgp‘=%{lsi5n). It isn't difficult to see that for
'tfxefomﬂaandﬂammﬁdmbfomuMpiﬂsiSn)mmdiﬁomLcmd!.'. of the
ﬂmmem,kmﬂlamtemmiofﬂmemJiunbom.

Example 3 For single substitution the statement of the Theorem 4 i tru for the formula
‘l'n‘—'{ﬂ—'P:)f\((m—'m)A((m—*m)f\{---/\((vn—t*'m-xltzpn(m“g;));-}m

e o (Bt = s st A (oo A (Bt — Bact) A (B — Bn))-2)

(os?gn%ﬁ,m%mmwm;ma;mmkmmm

than O(log; n} lines.

Actually, let ¥i;(q) be the formula (i — ) A (Biw1 = Pira) A (- A ((ps = P1) A 9))
involving variables py, pis1, ..., Pj 80d g. Let B be the formula g — Y x(g). It is easy to
prove f; of course. Now suppose that §; has been proved. By using the substitution rule, on
the hypothesis fx, We derive in one step (substituting for ¢) ¥Yi+14(a) — Y1.a(Vri1,2(0)),
i.e, the formula Yes12(q) — %1 x(g). Again using the substitution rule on f, replacing
/s by g8, we derive in one more step g — Yi+1,2¢(g). Using the transivity of implication
gives the formula Bz Thus Bax is derived from S in just three steps. Repeating this gives
& proof of B in O(log; k) steps. At the end, use the substitution of formula @, in O(log; n)
steps.

Hence, the following statement is true. 3
Theorem 4 For a sufficiently large n there are tautologies of size O(n) that require single
substitution Frege proofs of O(n) lines, but its simultaneous substitution Frege proofs can be
had no more than O(log; n) lines.

1 would like to thank S. Buss for helpful comments.
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Stnunpnipjwl Yulnlny Sphobh hudwhwpgbpnud wpnwddwl pupgnpymGGtph
Jbpupbpjug
U U Ompupjub
Uil
Unugmgymd t, np gaynipyni6 mObl 7 bplpupmpyunip pulmAlbp, npolg hodwp whqunpdul
yuilning Sphqbh buniwljungbpnul wpumwdndGbph puiibph pulwln b wnwbmdGhph bpljwpn-
pymifip qlushunnmd bl hudwounuwshaGwpuwp 7 L n? Yupgh $mbghwbhpny: Uuwgmgud &
(iwl, np goynipym mGhG n bphwpmpywl pwiwdlbp, npnlg wmnuttdwE hunfup wwpg WG

Yuwlnlh wolumpudp uwhwlgymd t wnljuwql n puy, dhixbn puqiwih nhnugpmpyuadp
fipwfg Yupbih b wpnwdty oy wby pul log, n pwjbpnud:



