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Abstract
In the paper the Shannon function are defined, which characterize the power of
essential subformulae sets for a formula with a fixed number of proofs steps. It is proved
that the Shannon function for Frege proofs has linear estimate, while the Shannon
function for substitution Frege proofs has exponential estimate.

1 Introduction

In several reviews of the major results in the area of the complexity of the proofs the relation
of Frege systems (F-systems) to Frege systems with substitution (SF-systems) is discussed.
It has been proved that SF-systems have an exponential speedup over the F-systems by
steps ([1}-[3]). It has been shown that there are tautologies with substitution Frege proofs
(SF-proofs) of O(n) symbols, while its Frege proofs (F-proofs) require O(n?) symbols ([1]-
[3]). In [4] it is prove that there are tautologies of size O(n) that require O(n) lines and
O(n?) symbols both in the F-systems and in the SF-systems. These results are proved by
introducing the notion of essential subformulas for tautologies.

It is interesting how great can be the power of the essential subformulaes sets for a
tautology, which has a fixed number of proofs steps in the F-systems and in the SF-systems,

In the present paper we introduce the Shannon function, which characterize the power
of the essential subformulaes sets for tautologies of fixed proofs steps in F-systems and in
SF-systems. We prove that the Shannon function for F-proofs has a linear estimate, while
the Shannon function for SF-proofs has an exponential estimate.

2 Basic concepts, definitions and notations

‘We shall use generally accepted concepts of Frege system and Frege system with substitution.
A Frege system F uses a finite, complete set of propositional connectives; F is described
by a finite set of inference rules defined by the figures of the form 4142-4x (the rules of
inference with zero hypotheses are the axioms schemes); 7 must be sound and complete, i.e.
for each rule of inference 4142-4x every truth-value assignment satisfying A;, Ag, ..., Ay also
satisfies B, and F must prove every tautology.
AmbxﬁhdimﬂvgeaymmSFomdmdaﬂqemmFaugmentedwﬁththemb-
stitution rule with inferences of the form 4 for any substitution o, where a substitution
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o consists & mapping from propositional variables to propositional formulas (in particular
variables) and Ao denotes the result of applying the substitution to A, which replaces each
variable in A by its image under ¢*).

We shall henceforth assume that we heve a fixed Frege system F and corresponding
substitution Frege system SF.

The result proved here does not depend on the details of the language employed, but we
shall assume that our language contains the connective — together with the other connec-
tives. This assumption will simplify the example, on which are based the lower bound.

‘We shall use the generally accepted concept of proof in F (SF) es a finite sequence of
formulas such, that every formula in the sequence is one of the axioms of F (SF) or inferred
from earlier formmules in the sequence by & rule in F (SF). The formulas in the sequence are
the lines in the proof.

The proof of a given formula in some system is called the shortest if it hes the minimal
number of lines among all proofs of this formula in this system. The number of the lines in
theahwtestprodoffmmuhﬁmthe}'mtmwfm)mﬂbadmnhdbyi"(Ts’)

In [4] the notion of essential subformulas in any tautology is introduced. Let & be some
formula and Sf(%) is the set of all non-elementary subformulas of formula ®.

For every tautology ®, for every ¢ € Sf(®) and for every variable p (®)Z denotes the
result of replacement of the subformulas ¢ everywhere in ¢ with the variable p. If @ € Sf(®),
then ()2 is ®.

We d-ot.ebyVnr(é) the set of variables in 9.

Definition 1. Let p be some variable that p ¢ Var(®) and € Sf(®) for some tautology
b, Wemythattpmusmdsubfomuhinéxﬁ(ﬁ);mnm-mmlogy

We denote by Essf(®) the set of essential subformulas in ®

It is obvious that if ® is minimal tautology, i.e. ﬁmmtawbahtutianofnahmher
tautology, then Essf(®) = Sf(®).

The formula  is called determenative for the F-rule £4142=4x (k > 1) if ¢ is essential
subformula in formula A; A (Az A ...A)Ag_1 A Ag)...) — B. By the Dsf(A,,...,Ax, B) the
set, of all determemﬁmfomnﬂmformleélﬁ‘i"—‘lisdmoud.

In [4] the following statement is proved.

Lemma 2.

1. For any F-rule A=A of F (SF)
Essf(B) C ‘g Essf(A)UDsf(Ar, As, ..., Ax, B),

2. For any substitution rule ;& of §F.
Essf(As)C U  {po}.
$CBasf(A)

To evaluate the powers of the essential subformulaes sets for a formula of a fixed F-proofs
lines and of a fixed SF-proofs lines two Shannon function are defined:

Sh* (n) = L oo |Essf(®)],

Sh5% (n) = 11?};“ |Essf(®)].

This definition of substitution Frege system allows to use the simuitaneous substitution of multiple
formulas for multiple variables of A.
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3 Main result
. Wmmﬁmmammmmm
second function has exponential estimate.

Theorem 3. For a sufficiently large n

1. Sh%(n) =O0(n),

2. SKS7 (n) =200

is based on the following statements:
:ﬂ:o;m-yaﬁmnoffﬂm (SF-system) there is only a limited number of essential

subformulas,
b)evary}‘-nﬂehasalimitednumbarofdemmm:lnson]y,
t:)ifmsomaS}'-proofthelast&:rmulaA,ishfemdﬁnmAvlmdaarﬁerfmmﬂas
A‘IA‘,...A;,bynnyf—rula,andA._llalnfemdbythewbsﬁtuﬁonnﬂe&om An_g, then

|Essf(An)| < 2Essf(An-2)| +g |Essf(A)| + |Dsf(An-1, Aiyy - - Aiy, An)|

(see Lemma),
d) for the formula

Bp=121— (T2 —... = (B3 = 2)...)) (M>1),

|Essf(®m)| =m+1,

e) for a sufficiently large m the formula ®,, can be proved using only O(m) lines in
F-proof and only O(log, n) lines in SF-proof [1].

The upper bound for the function Sh*(n) follow from statements a) and b), the upper
bound for the function Sh5% (n) follow from statements a), b) and c). The lower bound for
the function Sh” (n) is obtained from the formula $,, by m = O(n), the lower bound for the
function Sh5F (n) is obtained from the formula &, by m = 29®). 4
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