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Abstract

A problem of guessing messages of a discrete memoryless source {X} within given
distortion level A is considered. It is also demanded that for a given guessing list,
distortion level A > 0 and relisbility E > 0 the probability that distortions between
blocklength N source messages and each of first L(N) > 0 guessing vectors are larger
than A, do not exceed 2-NE,

The minimal (over all guessing lists) L(N') and expected number of required guesses
with respect to distortion and reliability criteria are found.

1 Introduction

We investigate the guessing problem with respect to fidelity and reliability criteria. The
messages of & discrete memoryless stationary source must be guessed in the framework of
given distortion and reliability. The problem is to determine the minimal expected number
of sequential guesses until the satisfactory message will be found. The guesser have a testing
mechanism by which he can know what estimate is successful, is within given distortion
level.

The guessing problem was originally considered by Massey [15] and later was investigated
in [2]-[6], [8], [16]. The guessing problem subject to fidelity criterion was considered by Arilan
and Merhav in [4]-[6]. We study the problem with addition of the reliability criterion.

The source {X} is defined as a sequence {X;}:Z, of discrete, independent, identically
distributed random variables taking values in the finite set X, which is the alphabet of
messages of the source. Let X = (X;,X3,...,Xy) be a sequence of messages. Denote by
% the reconstruction of the source message, with values in finite set X, which in general is
different from X and is called reproduction alphabet. Let X and &V denote the N-th order
Cartesian powers of the sets X and X, respectively. We consider a single-letter distortion
measure between source and reproduction alphabets:

d: X x 2 — [0;00).
The distortion measure between a source vector X = (21,22, - Z) € &Y and a reproduction
vector % = (&1, %3, ..., £x) € AV is defined as the average of the components’ distortions:

1 X
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= P ={P(z);z € X}

bethegimprobabﬂiwdmm (PD) of the source messages criation. Since we study

the memoryless source: -
PN (x)= I[lr"(s.}-

The ordered list of sequential guesses Gy = {%(1),%(2),--} (which are vectors in £V) is
called the guessing strategy. For the given guessing strategy Jy we name a guessing function
mdnotaGNthefundimthatmapewﬁvecwrxex"lntoapodﬁww:

Gy: XY = {1,2,3,...},

which is the index 1 of the first such guessing vector %(i) € Oy that d(x,%(i)) < A. i is
themmbarafaequmﬁalgumﬁmamrmvmtorxex”unﬁlthammuﬁﬂeaﬁmabe
#(4) € On will be found. '

For a given distortion level A > 0, positive number L(N), and a guessing strategy Gy
we consider the following set:

A(Ln,Gn,A) = {x € XY : d(x,%(i)) < A, i< L(N)},

and probability for i to exceed L(N):
G(LN)QNI A) =1- P'"(A(LN! GNIA))‘

A pair of "guessing rates” (R, R') is called (F, A)-achievable for E > 0, A > 0, if for every
£ > 0 and sufficiently large N there exists a guessing strategy Gy with function Gy such
that (log-s and exp-s are taken to the base 2)

SIBL(N) < R+,

FBE(GN(X)} < R +¢,

and
S(LNI GNv A} < BXP{—NE}.

Remark that such guessing function Gy may be considered as a ”good” encoding function in
rate-reliability-distortion coding problem, in which achievable coding rate R ensures demands
of receiver both to distortion level and to reliability. This problem (a generalization of
the rate-distortion problem) originally was formulated and solved for one-way system by
Haroutunian and Mekoush [13] and later was investigated for various multiterminal systems
(see for example [12], [14], [17]).

Denote by Rg(P*, E, A) and call it the distortion-relisbility guessing rate region the set
of all (E, A)-achievable guessing rates. When E — co, R = log|X|, Rg(P*, E, A) becomes
the distortion guessing rate function Rg(P*, A), found by Arikan and Merhav [5].

In the next section we specify the distortion-reliability guessing rates region. The proof
is presented in the section 3.
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2 Formulation of Result
Let P = {P(z),z € X} be & PD on X and
Q={Q(z|z),z€ X, 2 X},

be & conditional PD on X for given z.
Consider for given E > 0 the following set of PD P

a(E)={P:D(P| P") < E}.

Denote by ®(P,A) = Qp(% | z) = Qp the function, which puts into the correspondence to
PD P some such conditional PD Qp that for given A, the following condition is fulfilled:

Epq.d(X,X) =Y P(z)Qp(% | z)d(z,2) < A.
Denote by M(P,A) the set of all such functions $(P,A) for given A and P. Below for
brevity we shall just write ®(P). Let us introduce the following region:
Ry(P",E,A) = {(R,R): R2 R(P",E,A), R > mex (R(P,A)~D(P | P)},

where R(P,A) is the rate-distortion function for PD P (see [7], [9] and [10]):

R(P,A) = Inpp(X A X),

min
#(P)EM(P,A)
R(P*, E,A) is the rate-reliability-distortion function for PD P* (see [13]):

R(P*,E,A) = % nmEPA) Ipsip)(X AX).

Theorem: For given PD P* and every E >0, A >0,
Ra(P*, E,A) = Ry(P*,E, A).
Corollary: When E — oo, R = log ||, we arrive at the result of Arikan and Merhav
w2 Ro(P*,A) = max(R(P,A) - D(P || P*).
3 Proof of the theorem
We apply the typical sequences technique (see [9]-[11]). The proof of the inequality
Rg(P*,E,A) C Re(P", E, B) (1)

is based on the following random coding lemma about covering of types of vectors, which is
a modification of the covering lemmas from (1], [10], [14]:
Lemma; Let for € > 0,

L(P,Q) = exp{N(Ipq(X A X) +€)}.
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ThenfcrwwtyperdmndMonddistdbutimenr N large enough there exist the
collections of vectors ;
{:‘q € 'ﬂ’,Q(X): I= I.LtP,Qj},
the sets
vt {Tp.q(x I il)g =1, LEP| Qj ]

To(X). !
wv;rmpée:?ofaﬂmmaiuimﬂartothepmfoflmmnm [1], {1?], [12], [14].
DanotOby‘P(X,N)thasetofnﬂdimibuﬁmP. which for given N are types. Let us

mmx"ua&mﬂyofdiﬂjoiﬂfmﬂ

V= ] “Te(X)
PEP(X.N)

Let some 6 > 0 be given. ‘I‘hsnfm'Nlnrgeenoughtheprobahility_ofappearmceofghg
somceaequmoftypesbsyonda(E+ﬁ)canbeesﬁmtadasﬁ:um

) U Tp(X)) = > PN (Tp(X)) <
Pea(E+INPXN) Pla(E+6NPIXN)

<N+ )Mep{-N min D(P| P} <

< exp{—NE — N5 +|X|log(N + 1)} < exp{—N(E +6/2}.
Consequently, in order to obtain the desired levels of probabilities e(Ly, Gn, A), it is sufficient
to construct the guessing strategy only for the vectors with types P from a(E+6)MP(X, N).
Let us order the types P € a(E + 6) NP(X, N) 8s {P,, P, ...} according to increasing
value ofmpmdingrat&distarﬁmm&omﬂ(ﬂtk):

R(P,A) < R(Pi1,4), 1<i<|a(E+8)NP(X,N)|.
For fixed i let the set {%p, € Ty ggia(X), ! =1, L(P, QE™)}, with
L(P,QR™) = exp{N(, , min  Inee)(X AX) +e)} = exp{N(R(P, A) +e)}
be a collection of vectors for which according to the lemma for NV large enough the sets
{Tp g (X | %), 1 =1, L(P, QE™)}, :

cover g (X).
We construct a guessing strategy as follows:

Or = {{&as | =1, L(R, QED)}, (R, 1 =1, L(P, QED)}, . }.

The number of required guesses Gy(x) for x € Tr(X), P € a(E + 8) N P(X, N), is upper-
bounded by

Gw(x) < Pgs L(P,;, @E™) < L(P, QB™) exp{Ne} = exp{N(R(P,, A) + 2¢)}.
<



E. A. Haroutunisn, A. R. Ghazaryan 87

Hence

L(N) 2 exp{N(R(P*, E+6,1) + 2)}.
Using upper estimate [9], 10] for probability of the set 7p(X) we have
E{Gx(X)} = 2 P (x)G(x) =

x € Tp(X),
PealE+8NPIX,N)

=) > P (x)Gy(x) <
1 x € Tp,(X),
P calE+&NPX,N)

W > P*¥(x)exp{N(R(P,, A) + 2¢)} <
i x € Tp(X),
neut3+3n?(x.i\')
< > exp{N(-D(P || P*) + R(P,A) + 2)} <
PealE+ENP(X.N)

S peats % 1y @PIN(-D(P || P*) + R(P, ) + 3¢)} =

=ep(N(, T )
< exp{N (ng“}{—ﬂ(f’ [| P*) + R(P,A) + 3¢))}

Therefore & pair of guessing rates (R, R') such that

(-D(P || P*)+ R(P,A) +3¢))} <

R> J-]\'r-logL(N)-eZR{P',E+5,A)+£,

R2 max (-D(P| P")+R(P,)+3¢) +¢

is (E, A)-achievable.

Taking into account arbitrariness of £ and 8, continuity of all functions with respect to
E, we obtain (1).

Now we shall prove the inclusion

Rg(P*,E,A) C Rg(E, A). @)

Let ¢ > 0 be fixed and Gy be an arbitrary guessing strategy for which e(Ly,0n,A) <
exp{—NE} for some L(N). We can write:

| A(Lw, G, 8) N To(X)| = 1T6(X)| — [ATTw, G, DY Z2(X)|.
For P € a(E — ) NP(X, N) for N large enough the following estimates take place:

A G BN Th00)| = 22 AT DN o

< exp{N(Hp(X) + D(P || P*))} exp{-NE} <
< exp{N(Hp(X) + E — )} exp{—~NE} = exp{ N(Hp(X) — €)}.
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Hence for N large enough

U G A)NTHX)| 2 (N + 1) M exp{ NHp(X)} — exp{N(Hp(X) - €)} = =

= exp{N(Hp(X) —£)} (sxp{Ne}(N + 1)1 — 1) 2 exp{N(Hp(X) — £)}.

Ly, Gy A)NTp(X) an unique guessing vector X(i) € G corresponds,
m’lbﬁ:%;)s :(s J;‘h?:vec)ﬁordagmminwawndiﬂmﬂtypeq,fmwhidl %(i) € Tpg(X |
x). Since x € A(L.ngﬂiﬁ)l then EP.Qd(x-X} - d‘["-*(‘)) = A. sol Q E.M{P,AJ- The
aaofa]]mmxEA(LN,QN,A)HT}[X)EWMMMM&WM
tional types Q and is the union of all such Q - shells. Let us select the Qp - shell (Qp = &(P))
having maximal cardinality for given P and denote it by (A(Lw, O, A) N7¢(X)) (2(P)).
Using polynomial upper estimate [9], [10] for the number of conditional types Q, we have
for N large enough

VAN, Gy A)NTe(X)] < (N + 1P (AL, G, ) NTR(X)) (2(P))] <

< exp{Ne} |(A(Ln, Gn, A) N Tp(X)) (2(P))] .
Let B(P, &(P), A(Ly,9n,A)) be the set of all guessing vectors (i) € v, which satisfy
GN(X) =1 fm‘ some X € A(L'.ﬂh GN:A}nTP{X)! X€ TP!'(P}(X I i(i))' In accordance with
the definition of the guessing strategy

|B(P| ¢[P)!'A(I‘Nsgj\"nﬁ))l S Gﬂ(x).

max
x€A(LyIn,8) [ Te(X)

Then

(AN, G, B) N Ze(X)) (2(P))| < > |Treee) (X | %)| <
REB(P,&(F), ALy gn,8))

< exp{NHzan(X | K} " AU ) ()T () G ().

From the last inequality, (3) and (4) we obtain that for P € a(E — ) N P(X, N)

e 5 100, ) 2 N Ty (X A £) = 22).

Hence
L(N) 2 exp{ N(R(P*, E — ¢,A) — 2¢)}.
Using inner estimate [9], [10] for probability of the set T(X) we obtain

E{Gy(X)} = Y, PV(x)Gn(x)> > Y PY(x)Gn(x) 2
xexN Pea{B-)P(X,N) xETp(X)

> (N+1)7* Peott™% ey xax {exp{—ND(P || F*)}Cu(x)} >

2 B A 7y L N (P (| F¥) — )} G ()} =

= e PN P e} .ﬁnr.(x)(;“’(x}} >
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2 o8 @D{N(=D(P | P') + Ipair(X AX) — 32)} 2

z M‘%MMN(—D{P | P*) + R(P,A) - 3¢)}.

Hence for N large enough

R> %IgL(N)—& 2 R(P",E~,A) =3,

R 2 <lgE{Gu(X)} —e2 ,_ mex  (~D(P| P")+R(P.A)-3e)—e.

Tnkingmwmumubiumde.mﬁmﬂtybyEufaﬂﬁmcﬁmshabowmm,
we complete the proof of the inclusion (2).
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