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Abstract
Thispnpuindudicatadmthaduigndth!hybﬁd(ﬁnw-mﬁnm)mm. It
hh@umdnwtmd:pﬁn&ﬂmoﬁmmdthninﬁummﬂﬁmﬂththsmﬂﬁ-
splines is obtained. In this paper it is also defined the discrete analogue of the proposed
function. The algorithm for hybrid spline- FIR - median filtering is elaborated.

1 Intoduction

%nfmdevdopmmdthmufspﬁn&ﬁmnﬁmhmmmw,bymhm,
mmdy,npﬁnmhnmﬁnemnmgmmmtheapp:mdmuadobjmmdtheymdmph
for realization. Thmeforstheappamtusofupﬂm-ﬁmcﬁmismcwdu]hruaedwm
sumepmblm,mchmappzudmmrsptmﬁmmdmaﬁanoﬁipah,mothhg,
information preliminary processing (filtering, compression)[1, 2, 3]

Duehmmshelpﬁﬂpmputiﬂ(ﬁnimufmppmhnmmthin;dmmddb
tortion) the spline-functions have the wide application in digital filtering [2, 8, 6, 7].The
B{phnesueapeddmtmuﬁns,puﬁmhﬂymlﬁcﬂ-splhe,uiththahnpdmmd
Jnown Parsen window[3]. However, in some cases the use of the B-splines does not provide
mqﬁradapprmdmnﬁmpﬁdﬁm.Therdure,mtyp&nuﬂgmﬂh&ﬁmq{theB*pﬁm
are studied. So, there were introduced B-splines[4], which are used to construct visually
smooth (i.e. mixfyinsmthaomdiﬁonofseoonddegteegaometriwlwnmnﬂty}am,
almnenplina,beingﬂ-cpﬁnmatthupeddchoﬁmafmts[ﬁ].

In section 2 new type of B-spline, namely the generalized or parametric B(py, - Pr)-
s]ﬂineiaduﬁmdmdtbainteromecﬁonwiththemual&apﬁneisobhinei

In section 3 it is introduced the discrete generalized B(p,, ..., px)-spline and the algorithm
of hybrid spline-FIR-median (Finite Impulse Response) filtering is given.

9 Parametric or generalized B(py, ..., pi)-spline

Let’s 7 = {r} be the sequence of knots.
Definiition 1.1
Generalized  B(py,...,ps)-spline  (B(py,...,ps)) degree k (order k+l,
k > 0) for the knot sequence 7 and parameters py, ..., Pk (p;EN)dmtedbyGfg;{'?’,ia
defined recursively by the following procedure:
Gi.l.'r(’)“-Bu.r(z)" { h 35[‘1‘7&1] Lo

0: z ¢ [ﬂ'!ﬁ'l'l) _“..
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and
GO (@) = Aupssi () — Ausm b () @

for k>1 p > 1, where

yeeriPl=1) b—:)‘ if 6{&—1) 0
PR A el Ol L ok
mie(®), if 65 =0
where e
G1=2 p+1
b=
6(‘:;1) =£“°"- Gi”i.;“-’){ﬂ}d&
and
e ={o 2%a
The generalized B(p; ...,ps)-6pline is an alternate spline, when p; = ... = pp = 2

[5),and it is the B-spline, when p; = ... =p; = 1 . The generalized B(py, ..., px)-spline has
many remarkable properties: the positivity, finiteness of support, it is invariant to shift and
consists of the (k — 1) and k degree polynomials(8] .

Now, let’s consider the examples of B(py, . . . , px)-8pline, when the knots 7 are uniformly
spaced.

Example 1.1
(z-m)/Ar, =€ [n,m4)
1, Z € [fi41,Tita)
Ga(z) =41, Z € [ni4a, Tiss)
(‘ri-l-l 252 z)fA-r, zE [n-Hl ﬂ-H)
R otherwise
Example 1.2

[Iﬁ.u zE[ﬂiﬁﬁl)
i+%1' ze[mhﬁ-l—ﬂ)
+5arh T € [ma, )
1- %-‘ ! SE[M-T )
%@ =1 1- et =E[m-4.n:)
*+%r=' "-'E{M:"H-u)

§+3ES  z€[niem)
T Z € [Tiyr, Tivs)
L0, otherwise

Ariathedishmebetwemtummmemﬁveknuts.ﬁbrthecasedthaumformly‘ spaced
knots Gy we also denote as Gy,
ItwobtainndthedwumpmiﬂmufgmeralisadB-aplinebyE-epﬁnm[&]. It is held the

Theorem 2.1. HG&',‘?’ is the generulized B(py, ..., px)-spline of degree k (k > 0), for
mwfqn},mnmm.n-k real numbers ofs 9, 1=0,...,q,— k-1
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qu—k—1
Cre) = % ol Busnr()
Jor all z, where ofy 1 =0,ge—F— 1 can be recursively defined on k by the following way:

agi =1
and
aﬂ\-’l-l] v a's:‘-“ e ul(:‘:,bpnl = ﬁ:qi" E =
Jor k>0
L (k) (k) (k)
sty ) D osia(me—m)/B B #0
Qi = Y 4d
1, ﬁsi“ =0
a1~k
AP = Y ofima—n)
=
and

k41 k41
“‘—ulp. ol “"Lu}m ““ﬁ:-m.i "t ---=°21-u—u'°

From the corollary of theorem 2.1 [8],wnhmtherdnﬁnnfurgmmdiaed£(p;,...,p;)—
spline,whanthnknatsnmunifmlyspwad

—k-1
G (z) = g al*)Byy pi1+(2)

where ) i
: P

k-1

p=1l»
=1

+—means the discrete convolution operation,

ep, — (1,4 1), (p; units)
p; are the parameters, (p; € N).

3 Discrete parametric or generalized B(pi, .. ., px)-spline using for spline-
FIR-median filter design
Uaingthewrd]mdthemmll,let'uhﬁodmthsdhumﬂ(m,...,m}ap]m
Definition 3.1. Let g1.(j)- the discrete B(pi, ..., ps)-spline of the first degree
i) = tl) i=0,...,t-1
gﬁ{_‘;""}(j) is expressed on the reccurence relation throug g,,("'“"“"‘")(j) by the following
way:
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dE ™ G) = 95 ) # g # 1
k22 (Prremen) (5 the :
The length of vector girii " (7) depends on parameters py, ..., px spline degree and
step t as

d=d(p1,- - Put k) =tk+1)+q—2k—1
So,formrmpls.undurp;wa,t=4,k=1
o8} =[1,3,6,9,10,9,6,3,1]

Asitmmtedhinﬁodmﬁm,thenplheﬁmcﬁom‘mwiddyuudfmth?pmbmd
digiﬂﬂtaing.ﬂm,ld'smﬁdathemuﬂmdnoﬂlgmgmmmmmm
dincrategenemlimedB(p;,...,p..)—splina.butatﬁrstwapv?hhscc:noeptfqnofmmm-

mwdmﬂmﬂm,wMEmwMMp@emmum
mammmmmmmeﬁmmmmmmmmw
J.W.Tukey for the smoothing of statistical time series [7].

Let’s assume that M is the number of samples, which are arranged by increasing (de-
creasing). Then median Xmeq is defined as

Xer1, M=2k+1
Yir = Xmed[Xis -+ Xl = {%(b}b"" Xey1), M=2k

So, for example

med|0,1,5,3,8] =3

med[0,2,4,6,7,0) =24 =3

The median filter is defined by the following way:

Y; = med [Xi—,., X, Xir] ;
where med-median operation and the sequence to which median operation is applied- filter
window.

The hybrid FIR-median (linear-nonlinear) filters, which were elaborated by Heinonene,
Y.Neuvo[6],are classified to the class of generalized median filters. The principle of hybrid
FIR-median filter is: the filter window is splitted on IV subwindows (/N is odd) in each impulse
response is finite (it may be done, as FIR filters are linear and superposition principe is held),
then median from N outputs of subwindows is taken. Thus, outputs of hybrid FIR-median
filter is expressed as:

Y (z) = med[Yi(z), Ya(=), ..., Y (2)]

where Y;(z) - output of subwindow.

Usually, the number of subwindows is taken equaled to three, because of the number
of operations required to obtain median is significantly decreased. This filter is defined by
meens of the following three structures: L

Yi(z) = £ (X +... + Xae);

Yi(z)=1;

Ya{!ﬂ)ﬂﬁ(Xu‘m+...+Xm+1J.

Now,wacmddqthawiegtedlvbﬁdﬂﬂ;madimﬁlﬁm.whmthemﬂizeddi&a&e
generalized B(py,...,ps)-splines are used s weights. Then, weigthed by splines hybrid
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*IR-median filters are defined by follows:

Yi(z) = %;[mxl +...+auXu)
Yalz)=1; (3)
Ya(z) = -;:(ﬂuxana + ...+ ;X))

where
5> 2
A, s — 00 (M +1)

I

o= girii ™ @)
and i, 1, prare taken odd. Filter, defined by (3) we call as spline -FIR-median filter.
Ebrainomﬂmﬁomwndiﬁonisheld:
1 M
— St
L (-la‘
Undakwﬂ,t=Mspline—FIR—me¢imﬁltuooinddﬂwithhybﬁdF[RFmsdimm The
results of the experiments of hybrid spline - FIR - median filtering of the signal, corrupted
wit.hGauaaimnoise.mgim!ntsblea.l. As we can see from the table, the absolute
fiitering error is minimal, when

p=p= <
Table 3.1

P, | Ps | P, [ absolute error
5 3 1.189474

5 511 1.129032

7 7 1.089888

7 5 1.098901

5 1 1268041 |
3 1 1.454645

7 ToleT: 1.096386

9 919 1.116883
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