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the receivers.

Wespecifymmtgeneﬂlﬁmction—mta-reli&bﬂiﬁm—dmﬁm. that is the minimal
achievable coding rate of the best codes ensuring reconstruction of original messages
within given distortion levels and error probabilities exponents (reliabilities) at each
decoder. Enmplshgimahuwingthntinmhastwiththeuuﬁ}:ﬂ(thaﬂsthe
case of rate-distortions function) for rate-reliabilities-distortions function decisive role
myphythedmmdofroeﬁmwﬁhmtwtmﬁsbﬁﬁn«.dthoughmdistorﬁonlwﬂ
may be great.

1 Problem Statement

%epurpouufhheprmenﬁmkistodemlopagmaﬂiuﬁmof%mmmb&djstoﬂim
mnueptforthembustdeamipﬁonsyabmofﬁﬂGnmnlandCom[?].Theidea.istoeonsider
achievability of coding rate R in relation with demands of receivers not only to distortion
levels, but also to error probability exponents (reliabilities). Earlier some models of multiple
description systems were studied in (1], 3}, [4], (7], 8} [10], [11], [14]

We consider the following information transmission system (see Fig. 1.). The messages
ofadisuetemamorylasswmmwdedbymemwdarmmtbetrmsmittadtoKdiﬁermt
receivers. Hmaimknowinghhemmdmduymmtheoﬁ;inalmmagemder
the condition of different demanded distortions levels and reliabilities. :

Let {X;}2, be the sequence of discrete independent, identically distributed random
variables taking values in the finite alphabet &, which is the set of all messages of the
source {X}. The finite sets X*, k = T, K, are the reproduction alphabets of corresponding
receivers, in general they are different from &'.

Let the probability distribution (PD) of the source messages is

P* = {P*(z), z € X}.

Since we study the memoryless source, then
N
PN (x) =[] P*"(zn)-

na=l
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$
d*: X % XF - [0;00), k=T K,

i, distortion measures between source and corresponding reconstruction alphabets. If the

2 X coincides with the set X*, k = 1, K, we suppose, that d*(z,2*) =0, k =T,K. The
Jstortion measures for N-sequences are averages of corresponding per letter distortions:

N
25, ) = 5 3 denah), k=TK.

Fig. 1. Source with many receivers.

For the considered system a code (f, F) = (f, i, Fa, ..., Fx) is a family of K+1 mappings:
ne encoder:
f: (@)Y ={1,2,..,L(N)},

nd K independent decoders:

Fe:{1,2,...L(N)} = (X", k=T,K.
set us consider the following sets ”of correct reconstructions”:

A= {x € () : Fu(f(x)) = %", *(x,x*) < A}, k=TK.

irror probabilities ex(f, F, A%, N) of the code (f, F) at the corresponding receivers are de-
mned as follows:

‘k(stiAan) =1- .P'N(Ag), k =_|K-
‘or brevity we will write

(E,...B*)=E, (A,..,A%)=A.

A number R > 0 is said to be (E, A)— achievable rate for E* > 0, A* >0, k=1K, if
:orcverye>0andmﬂicimﬂylargel\'thnreaﬁstsacoda(f,ﬁ‘),mchthat(log—smdexp-a
wre taken to the base 2)

LIgL(N) < R+,
and the error probabilities at all receivers are exponentially small with given exponents E*:
ci(f|Ft Ak:N) EQCP{-NE*}, k=_sx
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ing Shannon we call E* "reliability” &t the k-th decoder, k = T, K. We call dependence
Following S n ven E and A rate-reliabilities-distortions function and note

minimal achievable rate on gi

;fR{E,A).m\ﬁm !3* — 0, f = LK, the function R(E,A) becomes the |
rate-distortions function R(A), which was specified for considered case by El Gamal anq
Cov;h;n rg];]t of the paper is formulated in the next section. Proofs are given in section 3, I
the Appendix for the case K = 2 an example of calculation of tl_le rate—_re?mbsmiwdj.gtorﬁom_:
funcﬁonforbimrysoumeandﬂammmgd‘mtartionmeuwmmnmmd. -

The preliminary result was presented in the Scientific Session of Armeniaq l\r_!athema.tiul
Union [12] and at the 13-th Prague Conference on Information Theory, Statistical Decision
Functions and Random Processes [13].

2 Formulation of Result

Let P ={P(z),z € X} bea PD on X and
Q=1{Q(",...,a¥|2), z€ X, 2* € 2" k=1, K}

be a conditional PD on A1 x ... x XX for a given z.

We also need vl
Q(z* | z) = Sins Q= ...z* | z), k=T, K.
SRS, jm1 K, jitk
5 P(z)
D | P = 5 Ple) og
be divergence of PD P and P*.
Consider the sets:

a(E*)={P:D(P|| P') < E'}, k=TK.
Since the system is symmetrical, we assume without loss of generality that
0<E'<F<..<E*

Denote by ®(P, E*, A) = @% the function, which puts into the oorrespondenee. to PD P
some conditional PD Q% such that for given A, the following conditions take place:
for ®(P, B, A) = @b if P € a (E"), then

EP'Q}'d*{X' Xi) T Z’:‘ P(’)Q‘P‘(Ik | z}d‘(z, zk} < ﬁk, k= I,_K, {1}

and for ®(P, B, A) = @} if P € a(EY) — a(E-Y), j =3, K, then
Epgyd*(X, X*) = Z-; P(z)Qb(z* | 2)d*(z,2*) < AF, k=F K. (2)

Denote by M(P, E*, A) the set of all such functions ®(P, E*, A) for gi
T ' ? ] ] mmA,Pdel,
k—I.K,andbyM(A}thesatofallfunctionsQ(P’.A}forthecase,whenE"—-oOfora.ﬂ
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% = T, K. Below for brevity we shall write simply ®(P, E*) and ®(P*). We use the following
nmotations for entropy and informations:

Hp(X) ==Y Plz)log P(z),

. x! Ky, 1 Qe(z,....z% | z)
Ipg (X N X, ... X¥) n}%ﬂ?{:)qp(z,...,z" | z)log SPEQE, o* T3]

JLet us introduce a function

R (E- AJ ] mu{‘p?.ﬁi] Q{P.E’)%HE‘-AJ

Ipgipeny (X A XD, .., XK),

3 K
PealBhalEY) B(PEREMIP.E,A) Iewien(X A X%, XT),

max min I X A XK)).
e iy aim e S oy TR E AL )

"Theorem: For E* >0, A* >0, k=T1,K,
R(E,A) = R'(E, A).
) Corollary: When E* = E, k =1, K, we receive

= i 1 X
R(E,A)= max oDl s IpeeE) (XA X, ... X7).
*When E* — 0, k = 1, K, we arrive to the result of El Gamal and Cover [7] on rate-distortions
{ function:

R(A) = Ip- g(pey)(X A X7, e g

otr-?éfd(m
' Remark: We shall show by an example that in contradistinction to the case of calculation of
' the rate-distortions function (where the decisive role has the rate demanded by the receiver
- with smallest distortion level) for the rate-reliabilities-distortions function decisive role may
play the rate of transmission to the receiver, which requires the greatest reliability.
3 Proof of the Theorem

We apply the typical sequences technique [5], [6] and the following random coding lemma,
which is a modification of covering lemmas from [2], [6], (8], [11].
Lemma: Let for € > 0,

J(P,Q) = exp{N(Ipq(X A X*,... X*) +€)}, k=LK.
Then for every type P and conditional distribution Q there exist the collections of vectors
{6, s XK) € Tg(X",... X5), ie =1L, A(P,Q)}, k=LK,
such that for N large enough the sets
{(Tra(X | % ,...x5), i =L W(BQ)}, k=TK,
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are coverings for T(X).

Theproofofthstheoranwebeginwiththeineqmlity
R'(E,A) 2 R(E, A). @)
Letusdmoteby?(x.ﬂ)thssetofaﬂtypa}’. We can present (X)" as a union of all
disjoi of vectors:
S @)= U 7e(X).
PeP(X,N)

For given § > 0 and every k=T, K,

PY U TX)= 3 PMIRX)<
Pea(B15) Pga(B*+5)

<W+1)Mep{-N mn D(P || P)} <

< exp{—NE* — N6 + || og(N + 1)} < exp{—N(E* + 2)}

for N large enough.
Consequently, to obtain the desired levels of error probabilities, it is sufficient to construct

an errorless encoding procedure only for vectors of the types P from a(E¥ + 6).

Let us fix some type P € o (EX +6). If P € a(B" +6), let us fix some &(P, E') €
M(P,E,A). P € a(B*+6) —a E*1+6), where 2 < k < K, let us fix some
®(P, E*) € M(P, E*, A). Denote (P, E*) = Q%.

According to the lemma for any k = T, K, there exists & covering

{TP.Q}(X l #p."-tx;ﬁ): jl =1, J!(Pl aP)}

for 7p(X). Let us consider

C(P, Qf’:jl‘} -
- ?..P.Q}(X | x;p "'JxJK.) _fU T}.’.Q}(x l xtl ...,IJ,J:J, Jk=1, Jk{Pl QP}! k= m-
;.(ﬁ .
We define a code (f, F) = (f, Fi, ..., Fi) as follows:

51, when x € C(P,Q},5), P € o(E" +9),
f(x) =14 jr, whenxe€C(P,Q%,5), P € a(B*+6) —a(E*' +6), k=2, K,
Jo, when x € Tp(X), P ¢ a(EX +6), |
and decoding functions:
xt, fors=k,

FkUlJ=[
X, loras#k,



E. A. Haroutunian, A. N. Haroutunian and A. R. Kazarian 103

1 Filjs) =%, k= LE.

Aceording to the definition of the code (f, F), to the lemma and the inequalities (1) and (2)
we: have for P € alE* + 6)

P(x,x’) = N1 n(z,7 | x,x7)d(z,27) =
22

=Y P(z)@5(« | 2)d(2,77) = Epge (X, X7) < A, j =K K.
z2
For fixed type P and its conditional type ®(P, E*) the number of symbols used in encoding
(denote it by Lpgpex(N)) is

Lpspsy)(N) = exp{N(Ipapem(X A X*, ..., X¥) +€)}.

The "worst” types among a(E* + 6), (which number have polynomial estimate) and their
optimal (among M(P, E*, A)) conditional distributions ®(P, E¥), k = T, K, determine cor-
responding bound for transmission rate:

Lo ) e 2BV 4D)

< max[ max Ig.(p,ga,(XAX‘,...,X“},

min
PealE'+§) #(P,E' )eM(P,E',A)

i XAX3, ... XX 4
G dpmwmm‘ﬁ}gﬁgﬂanfn«w;( A XY X, (4)

I ).
mn(sxq-la])u—lf{s*-lu) ocp.sxjgﬂ?nsx A) pacpm) (X AXT)]
Tuking into account arbitrariness of £ and , continuity of expressions of information in (4)
with respect to E*, k =1, K, we receive (3). :
Now we shall prove the inequality

R'(E,A) < R(E,A). (5)

Let a given code (f, F) of blocklength N has (E, A)-achievable rate R. It is enough to show
that for some ®(P, E¥) = Qb(z,...,z* | z) € M(P,E*, A), k = LK, for N large enough
the following inequality takes place

1
I—VIOSL(N) 2 M[N%)Ini(ﬂk')(x AXY . XE),

I X AX2,.., X5),
rea e TPt ) ®)

X5
Mﬂ%‘y_,’fﬂowp*)(x A X¥)]
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W write: : X
o ﬁmnmx;|=m(xu—]}_)1 xnfpm|.
=1 .
Let & > 0 be fixed. For P € o E! —€) the following estimates are valid:
& P8 ZNTo00)
O &N B0~ — Sy <
k=1
< exp{N(Hp(X)+ D(P | P‘J)}E exp{-NE*} <
< Kexp{—NE'} - exp{N(Hp(X) + E* —€)} =
- ap(N(Ep(X) + 25K — 0)} < ep{N(Hr(X) = ¢/2)
for N large enough.
~ Hence

[ K AN :;(xJ| > (N + 1) exp{ NHp(X)} — exp{N(Hp(X) — £/2)} =
k=1
0

= exp{N(Hp(X) — £/2)} (%%{ffTﬁ,} - 1) > exp{N(Hp(X) — €/2)}

for IV large enough.
To each x € ﬁ AxN7p(X) a unique collection of vectors (x',...,x*) corresponds, such

thntx*=F.(f{:c-)1J,k=_,K This collection of K vectors determines a conditional type
Q, for which

(%, .0y X¥) € Tpo(X?Y, ..., XX | x).
Since x € 'ﬁ Ay, then Epgd*(X, X*) = d*(x,x*) < A%, k=T, K. So, Q € M(P, E*, A).

The set of all vectors x € n&nﬁa(X)mdlndedmtoclaaseseonmpondmgthm
conditional types Q. Iﬁtusselectﬁomthemthedass(let:tbeQP—@'{PEl)} which for
given P contains the greatest number of x, and denote it by .!’_]l.A;n‘J}(X} (®(P, EY)).
Using the polynomial upper estimate [5], [6] for the number of conditional types Q, we have

| ﬁ,‘“*”ﬁ‘x’l <
P Uy (4 ANTH0) (@25 < ®

< (i) |(f 4 NT(x)) (2P B)
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dor N large enough.
bt.r.‘D,  be the set of all (x!,...,x*), which satisfy Fi(f(x)) = x*, k =TK, for some

xE ﬂ A NTp(X), % € Tparpry(X | %, ..., x¥). According to the definition of the code
mnark that |D;__ x| < L(N). Then

‘(ﬂ (A nmx)) (®(P,EY)| <

< ¥ |TemeyX 1%, %) < LN)exp{NHpapsn(X | XY, ... X¥)}.

(x*,.x¥)ED; . x

From the last inequality, (7) and (8) we receive that for P € a(E* —¢)
L(N) 2 exp{N(Ipa(pen)(X A X, ..., X*) —€)}.

Hence

1
I—V']DSLUV) 2 Feﬁl&.g;(_‘)fg‘(p,sl,(X)\xl, ...,X") —E.

Similarly we can show that for N large enough and P € a(E*—¢)—a(E*—¢), for k = 2K,
the following inequality takes place

> exp{N(Hp(X) — ¢/2)}. (9)

By analogy with the selection of the class in (8), for each k =2, K we can choose the classes
X
(i 4nm0) or e, x-2%

Then for any k = 2, K for N large enough

| f4nT00|<

cen) "|Cn ANT0) 0L, B < (10)

< eptvera)|(f 4 NT00) @224

Fbrmyk=_'1?1ezusdenotebym . the set of all (x*,...,x*), for which there exists
X € nA,n'Tp(X),xEqup.p)(X | x,...,xK), such that Fj(f(x)) = %/, j = K, K.

ek

.....
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<

w (!'-—-.!“')Gm_-.x
Taking into account (™,
k =3, K, we receive that

L(N) = exp{N(Ipa(pz») (X A X% X%) =8}

[Toacpsn (X | %", x5)| < L(N) exp{N Hpa(50) (X | X", X5},

(10)mdthelutinaqualityﬁ:rPEa(E*—e)—a{E*‘l—g)'

Therefore

1 I X A X", ... XX) —¢.
NN 2 B T )

Teking into account arbitrariness of ¢, continuity by E*, k = T, K of all functions in above
expressions, we complete the proof of the inclusion (6), hence of (5) too.

3.1 Example
Latusunnsidarahimrysouree,nharacterizadbythaalphnbeta:‘t’=x‘=x’={0,1},with
genexicprobahi]itydistﬂbuﬁonf"=(p‘,1—p‘) and Hamming distortion measures

= 1 0, =‘2’,,
#ey={ % 235 fa={} 22
Denote by Rp(E, A) the binary Hamming rate-reliabilities-distortions function, by Rpg(A)-
the binary Hamming rate-distortions function. Let us assume that A' < A? and B! < E2,
Bymdogywiththucdwhﬂmofthabmuyﬂmmingmtedintmﬁmfuncﬁon(m[a]}it
hmtdiﬁcdtwahmthntfmthhmtmthebinmy}hmmingmtedistorﬁmfuncﬁmh

determinedbythsdamandsoftheoutputwiﬁhsmaﬂmtdjsmnionlevel:

Hp-(X) — H(A), if A’ < min(p*,1-p")

R“(A)‘:{ 0, if A! > min(p*, 1 — p°),

where H(A!) = —Allog Al — (1 - Al)log(1 — Al).
the theorem we

y A) = i 1
Ran(B, A) = max| max, | o oD ) TP (X AX X%,

PeatBI ) oy Sl 0 TP X A XL
Similarly to the calculation of the binary Hamming rate-reliability-distortion function (see
[9], [11]) we can show the following equalities.
For E" such that (1/2,1/2) € o (EY)
_ _ [ 1-H(AY), when A'<1/2
Peo(By) o(p..sl)a?am..m) Ipspmn(X AX, X%) = { 0, : when Al > 1::2.,

For E* such that (1/2,1/2) ¢ o (EY)

IP.‘(P,S‘)(XAXI,x’) == { (’)H'Pll(x) _H(Al)'p when Al < DE1,

max min
Pea(E') &(F,B')eM(P.E,A) et AN S0
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*  For E? such that (1/2,1/2) € a(E*) — a(E")

1— H(A?), when A2<1/2,

i (X AXY =
Jfr_argfl?fots- ,qnxl,wp.sﬂ.m Tpetpen (X ) { 0, when A? > 1/2.

For E? such that (1/2,1/2) ¢ a (E?) — a(E")

Hp,(X)— H(A?), when A? < pg,

I H =
P"nfu%axnfﬁl ,q-tPs"jeMt‘P.s’.Aj P'{PPJ(XAX ) { 0, when A? > Pea2.

In above expressions Pge = (pge, 1 — ppt) and pg: is the nearest to % solution of the equation

D(Pg: || P*)=F, i=1,2.

It is not difficult to show that Rpg(E, A) as & function of E? when (1/2,1/2) € a(E")
is constant and equals to its possible maximal value 1 — H(A?).
Let us assume that
A’ < min(p®,1-1"). (11)
Then Rpu(A) = Hp-(X) — H(A').
Let us consider the following two cases for fixed A', satisfying (11) and E* such that
(1/2,1/2) ¢ a(E"), A < pg:.
For E? such that i
(1/2,1/2) € a (E?), A%< 5 (12)

we receive that
Rgu(E, A) = max{Hp,, (X) — H(A'),1- H(A%)],

and when

Hp,, (X) - H(A') < 1- H(A?), (13)
then Rpu(E,A) =1 - H(A3).

For E* such that
(1/2,1/2) ¢ «(E?), A? <pgs, (14)
we obtain that
Ryu(E, A) = max{Hp,, (X) - H(A"), Hp, (X) - H(AY),

and when
: Hp,, (X) — H(A') < Hp, (X) - H(AY), (15)

then Rpn(E, A) = Hp,,(X) — H(A?).
Remark that RBH{E A) as a function of E? when (1/2,1/2) ¢ a (E") and (13) does not

takes place is constant and equals to Hp,, (X) — H(A?).

Rpn(E, A) es a function of B2 when (1/2,1/2) ¢ o (E") and (13) is valid, is presented
in Fig. 2.

In the Table I some values of parameters P*, A', A?, E', E? meeting the condition (12)
are choosen such, that inequality (13) tekes place. Inthlstsblethecalculatadvuluesfor
ps, Hpy, (X) — H(AY), 1— H(A?), Ren(A) and Ren(E, A) are given.
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variants of values of parameters P*, Al, A?, E', E? meeting the
cunﬁti?:mencr;:enm,that(m)takmﬂm Inthisr.nblethecslclﬂat,edmmh
e, Hep (X) — H(AY), Hp,, (X) — H(AY), Rpu(A) and Rpu(E, A) are presented.

1
|

Ru(B.A)
0.46 |
0.44

0.42

04

0.38

RiRE

02 03 04 05 O6F

Fig. 2. Ran(E, A) for P* = (0.15,0.85), A' =0.1, A% = 0.13, E' = 0.09.

Parameters Variants of values

s 0.15 0.2 0.25

Al 0.1 0.16 0.2

5 A? 0.13 0.2 0.22

B 0.09 0.05 0.05

B 0.49 0.4 0.24
Corresponding calculated values
P 0.288782 | 0.311464 | 0.369015
| Hp,, (X) — H(A") | 0.398147 | 0.260547 | 0.227985
— H(A?) 0.442562 | 0.278072 | 0.239832
Ren(A) 0.140845 | 0.0876185 | 0.08935
Rea(E, A) 0.442562 | 0.278072 | 0.239832

Table I. Some variants of parametars P*, A', A?, E', E? and calculated values of pg:, Hp,, (X) —
H(AY, 1~ H(A’}'RBK{AJMRBB{EA)MWM(H} Pite e

That is the binary Hamming rate-reliabilities-distortions function Rpp(E, A) in the case
8) when (13) and in the case b) when (lﬁ)takeplwe:sdetennmedb;thed&mdsofra-
ceiver with greatest distortion level, although the binary Hamming rate-distortions function
Rgu(A) is determined by the demands of the receiver with smallest distortion level.
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- | Parameters Variants of values
7 015 | 02 | 02
AT 0.13 0.13 02 |
[ A? 0.14 0.14 0.23
[ E' 0.08 0.12 0.07
| o il 0.13 02 | 013
PE 0.28025 | 0.376975 | 0.391722
‘_ P 0.319374 | 0.432429 | 0.445716 |
[Hp,, (X) — H(AY) | 0.298353 | 0.398439 | 0.205734
[ Hp,,(X)— H(A?) | 0.319461 | 0402547 | 0.213460 |
Ran(A) 0.0524021 | 0.16449 | 0.0511106
Ren(E,A) 0.319461 | 0.402547 | 0.213469

‘Weble I Some variants of parameters P*, Al, A?, E', E? and calculated values of pgi, pga,
WHp,, (X)— H(AY), Hp,(X) — H(A?), Rpp(A) and Rpp(E, A) in the case (14).
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