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outputs is studied. A random coding bound
error probability is constructed. When
region found by Ahlswede.

Thechnnnelwithminpuumdtwo
gormtymgioninthecmofmm

F —» 0 this bound coincides with the channel capacity
1 Introduction
The channel with two inputs and two outputs is defined by a matrix of transition probabilities
W = {W (11, 32]21,22), 71 € 41,72 € X, 11 € V1, 1n € Va}s
A; are the finite input and Y, Y, are the finite output alphabets of the channel.
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Fig. 1. Channel with two inputs and two outputs.

Thechannelismppmdtobemmmylesa,itmemtb&tfo:n—lengthsequmcm
%1 = (Z11, 12, - T1N) € AT, Xa = (T2, 222, -, T2N) € Ay, .

¥i= {Uu.vu.---ame ey{\" Ya= (m:,m,---.m) € yﬂ.vl
the transition probabilities are given in the following way

N
WN(YI- Yal%y, X3) "H W (¥1ns Y2n|21n, T20)-
n=1

WY (vilz1,72) =§ Wy, y2lz1,22),i =1,2; =3 —1i.
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et My = {1,2,...,| M|} and Mz = {1,2,..., | M|} be the message sets of corresponding
asources. The code for W is collection of mappings (fi, f2,91,92), where f : My — XN, fo
M — X' are encodings and g; : Y — M, % Ma, g2 : YJ' — My x M; are decodings.
"The numbers

1 h F
N“IOEIM:'L i=12,
. are called code rates. Here and later we use the logarithmical and exponential functions to

 the base 2. Denote
flmy,ma) = (filma), fa(ma)),
g 1, mg) = {y: : gulys) =ma,ma}, i=1,2,

then
e-irmlnmﬂ)' - MN{W = gi-](mlnm}lf{mllm)}! i= 112

are the error probabilities of messages m; and m;. We consider the average error probabilities
of the code 1
elf, o) = Ml = TMal Y. elm,mg), i=1,2.

my,m;
Let E = (By, By), Bi > 0, i = 1,2. Nonnegative numbers R;, R, are called E-achievable
rates pair for W, if for any 6 > 0,i = 1,2, and for sufficiently large N there exists a code
guch that 1

and
alf, o) <27V, i=1,2.

The region of all E-achievable rates pairs is called E-capacity region for average error prob-
ability and denoted C(E). When E; — 0, E; — 0 we obtain the capacity region C of the
channel W for average probability of error.

Some scientific works are devoted to different types of two-way channels [1-8]. The
capacity region of the channel with two inputs and two outputs is found in [4]. There are
detailed surveys in [9-11]. Our bound when E — 0 coincides with the capacity region of the
channel constructed in [4]. The proof is similar to construction of random coding bound for
restricted two-way channel [12].

2 Formulation of results

Let U, X, X3, Y3, Ya be random variables with values in alphabets U, X1, X3, J1, 2 respec-
tively where U is a set with || < 6 and X; 8 U © X3, U © X1 X3 © V1Y2. The restriction
2] < 6 can be proved with the help of restriction technique for the number of auxiliary
RV’s values, suggested independently by Ahlswede R., Korner J. [13] and Wyner A. D. [14].
Consider following probability distributions :

Py = {Py(u), uell},

P = {P(u,2,22) = Po(u)P(z1,zalu), 21 € X, 32 € Aa},
P, = {P(zilu) =Y P(z1,9|u), =i € 4}, i=1,2,
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P* = {Po(w) P (3, 7alw) = Po(w)P(zalw) Pa(zalw), @1 € &, 72 € 2aby
PoV,= {Po(u)P(zz.zaIu)W(m!zx.zn). 2, € X, ;€ X, i €V} i=12
where V4, V2 arepmbabilitymhrioes. We use also matrix

Q = {Q(zalz1,u) = P(1,73lu)/P*(z1, 7alu), 71 € &1, 72 € X}

The following notations are used for entropies:
Hﬂﬁ(ﬁ'xhxz) = HPM(YIlel»!X’JU} =

- 2 P(u.z;.zzJVa{ﬂd-":.Iz)1051’5(3451:52)1 i=1,2,

w3123, .
Hpy i) =~ % Pl zyza)Viules =) 108 3, P(u, 21, 22)Vi(thlor, 7a), §=1,2,
Jes T I 1,52
for mutual informations:

IP.V;(Xl A de,, U) = HPM{YJXS, U) = HP,V{(Yile y X2, U}, i=12,
Iew(Ye A X1 Xa|U) = Ipvi(Xa A YilXaU) + Ipy(Yi A Xa|U), i=1,2,

and for divergences:
P(z3,Z3|u)
DPIP) = 3 Pl )8 poGe, 2

Vilwlz1,23) . _ 49
)

D(Vi||Wi|P) =m§“ P(u, 21, 22)Vi(3l%1, %2) log Wililem)y

D(P o Vi||P* o W;) = D(P||P*) + D(Vil|Wi| P)-

Let us consider random coding region R.(E) (|a|* = max(a,0)) :
R.(P*,E) = {(By, Ra) :

i QVi:D(PoVi||PoW()<B
. i +
0< R Smin (o Bowi) < HakXeAK 2B D=Vl o W = S
R+R <
min, o omin o \Teu(fAXiXalU) + D(PoViIP" o W) — Bi* i = 1,2,
and

R(E) =LJ R.(P*,E).

The main result of the paper is formulated in the
Theorem. For all E = (Ey, Bs), By > 0,5, > 0,

R.(E) C C(E).

ew(Xa AYi| X3, U) + D(P o VIlIP* o Wa) - Bi[*, (1)

©)

(@)
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We recall here some necessary combinatorial notions and relations. The type of vector
du & U is the PD P, on U defined by the equalities

Py(u) = w:N(uju),u U,

¢where N(ulu) is the number of occurences of u in the sequence u . The set of all sequences
sof type P in U we denote by Tp,(U). Similarly can be defined conditional types Ta (X;|u)
Vor given u € Ty, (U), Tpy, (Yalx1,%,) for given (x;,%,) € Tpy (X3, Xau). We shall use the
{ fact, that the quantity of all different types P o V; of the vectors in XY x X' x YJ¥ do not
 exceed (N + 1)%1%00%4 the inequality

(N + 1)~ *li%ldhl exp{ N Hpy, (Y1| X1, X2)} < [Tew (Yilxs, %;)| <

< exp{NHpy, (Y1| X1, X2)}, (4)
and the following formula: when (x;,%;) € Tp(X3, X3|u) and y; € Tpy, (Yi|x1,x2), then

W (1[xy, %) = exp{—N(D(V||WA|P) + Hpy, (Y| X1 X3)) }-

3 Proof of theorem

The proof is based on the following lemma. (For the second output result can be stated
similarly)
Lemma. For each E; > 0,6 € (0, E;) and any type P* if

0< N 'log| M| € [Ty (X0 A Ya|XaU)+

min
QVi:D(PoV, || P} )<Ey

+D(PoVj||P* o W3) — Ea|* — §,

0< N 'log|My| < [Ipw (Xa AYi|U) + D(P o i||P" o W3) - 4| -6,

min
Q,Vi:D(PoVi|| P oWy )< By

then for any u € Tp,(U) there exist |[M;| vectors fi(m;) € Tp (X;|u) and |Mg| vectors
f:{mz) ETE(Xﬂu)snchthatformntricaVl:Xl x;t',—ryl,Vl’:XleYg—.yl and for
sufficiently large N the following inequalities are valid

Tov, (Yalf (my, m2)) ) U Tpr v (Yal f (mi, m3))| <

J(M1,Ma)ETp(X1,Xalu) (m} ;my)#(ma,ma)
< My % |Ma] X [Try (Yilf(ms, ma))] x exp{~N |Ey — D(P o V{||P* o Wa)[*} x
x exp{~N(D(P||P") - 6)}. (5)

The proof of the lemma is given in the appendix.

To prove the theorem we must show the existence of the code (f1, f2,01,42) for which
edf,9)) < 27V i =1,2 and (1-3) saticfies for any fixed P*. The existence of
fi(my) € Tp,(X1]u) and fa(ma) € Tr(Xalu) satisfying (5) is stated by the lemma. Let
us use the following decoding method: to each yywe put into accordance such (mj,mz) for

which y; € Tpy,(Yilf(m1,ms)) with such P,V; that D(P o Vi||P* o W3) is minimum. A
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decoding error during the transmission of the message (m1,m3) appears if there exist some
(m},m}) # (my,mg) and @', V4 such that -
v1 € Ty (Yil £ (ma,m2)) () Tz (Yal £ (3, m3))
and D(P' o V}||P* o W1) < D(P o V4||P* o W1). Denate

D = (Q, Vo, ¥{: D(P' o V||P* o W) < D(P o Vil [P o Wi}
The average error probability can be upper bounded in the following way:

1 z ex(
_— 1(m1,mg) <
[My] x |Mal f(Ma,Ma)

e B N1 IT, '
= TV < M) e Wi [y ps (Yilf (a1, ma))

U TP.V{MU("*L"‘E)U(’"J,,M))! <
(m?l-‘m'l”(‘“lt“")

1 N
SR 3 W (v1 £ (m1,ma)) X
[Mi] x [My]| Q fw,M,]ezT:b(Xx.X:I‘l) ?

Trw (Ya] £ (ma, ma)) [ U Tpy; (Yalf(m3, m3))| .
(i (s ma)

At least from (4) and (5) we obtain

1
e T R my,my) <
TAET ;mz.:m.) ey )

<3 exp{=N(D(V|IWAIF) ~ D(P o VIIF* o Wi) + Eu)} x exp{~N(DIPIIF") = 8) <

< (N + 1) Wl exp( - N (Ey — 6)} < exp{~N(Ex — 20)}-

Appendix

Proof of Lemma. For some fixed sequence u € T, (U) let us randomly take | M, | vectors
from T, (X,/u) and [Ms] vectors from T, (Xalu). If D(P* o V{||P* o W3) > By, then (5)
equivalent to

|Tp(X1, Xalu) ) £(ma,ma)] _
iM’li X |Ma] : < &xp{—n(D(P||P*) - &}.

Then it is enough to prove that

E Tpw (Ya| £ (m1,my Tov ! ml
oW Q' \V{:D(P'oV]||P*oW1)<E; 2 : ))n["';.lm;)L;L‘lmu} P.Vl(.yl.lf(ml ﬂ'&)) x

x exp{N(D(P||P*) — Hpy; (Y| X1X2"/) + By = D(P' o V{||P* o Wh)) }+
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A |Trthxsi“)ﬂﬂm1;mz)|

{ » exp{N(D(P||P*) -8} < 1.
qzl; @ VI DP V]| PeaWs )2 B M| % [Ma| ¢ i
(6)
For this we estimate expectation gl

| |
E‘ipr,leI![mx.maJJﬂ U Tp v (Y2l f(my, m3))| =

(m ;md Jo(my,ma) ]

| ]
=E Ty, (Yilf(m1,m2)) ) U UTr,v;(Yx!f(mi.m;}J\-f'
| s v,

+E (Tpy, (Ml f(my,ma)) ] U Tr.v,'(lﬁlﬁm'u"h))l-

mygmy
The first summand can be estimated in the following way

E Tpw,

< Y. Pr{yi€ Tpu (Yilf(my,ma))}x Y. Pr{yi€l) Ty (Yilf(m), m3))},
ey myFma m

which follows from the independence of f(m;,m;) and f(m],m5). The first probability will
be positive only when y1€ Tpy, (Yi|u). It can be estimated by the following way

Pr{yi€ Tpy, (Ya|f(m1,m2))} =

[Ty, (X1 Xalys, )| [Tew (Xalys, u)l |Tey (Xalys, x1, u)| <
= Ta (X u)] [Ta (Glu)] [T (X [0)] [Ty (X[ )| T
< (N + 1)l exp{— N(Ipy, (X0 AYi|U) + Ipw (X2 A X3 |U))} =
= (N + 1)~ il axp (N (Ipy (X1 X2 AVU) + Ipw (Xa A X |U))}-
The second probability will be

Pr{y1€l Ty (Yl f(mi, m3))} = Pr{y1€ Tow (Yi]f(m3))} =
my

[T (Xalys,v) g Tl
5 L‘mr‘ SW+1) exp{—NIpv;(X2 AY2|U)}.

Let us estimate the second expectation:

E|TpyuMilf(m,ma)) () U Tey(Yilf(mi,my))| <
m}#my

< {:w Pr{y:€ Try,(Ya|f(m1,ma))}x Z Pr{y,€ Tpy;(Ya|f(m}, ma))}.
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The first probability will be positive when y;€ Tpy (Yilf(ma), u). It is upper bounded by

Ty, (Xalxa, yu)l
Pelyse Ton il e, ma)} = BRI <
<(N+ 1)~ M exp{—N(Ipy (X3 A YiXa|U))} =
= (N +1)~%IM exp{—N(Ipy; (X1 A Y| XaU) + Tew (X2 A Xa|U))}
Thesawndpmbebi]ivcmbeupperbuundedby

) [TRW(XIIYhf(m):u)l{
PI{YIETP‘-Vf(Yllf(mh"‘Z)}}= [TP,V'(Xllf(mﬂ)'u)l =

< (N + 1)~ *l%lP expl— NTp (X3 A V2| XaU)}-

Now we can write

E Tgﬁ(ﬂlf{ﬂh. ml))n U TP.V{(“lf(m;-m;}) <
(mi,m% )¢ (m1,ma)

< |Tew, (Yu)| x Pr{yi€ Tpy (Yalf(m1,ma))} X [Mz — 1] x
x Pr{y1€J Tpvy (Vi £ (m}, m3))} + [Tows (Yilxa, u)| x Pr{y1€ Try (Yalf(m1,ma))}x
my

|Mi — 1| x Pr{y:€ Tpv (Yilf(m},m3))} <

< (N + 1)l expf N(Ipy, (X2 A V2| X3, U) + e (Y1 A Xa|U) + Ipw (X2 A X0|U)-
—Hpy, (Y|U)} x (N + 1)~ exp{—NIp,ys(Xa AYi|U)} %

: D(P o V4||P* o WA) — Byt — 6
xe@(N . min . |l(XaAYilU) +D(PoV|IP* o Wa) = Bil" — 6}+

+(N + 1)l e N(Ipy, (X1 A Ya|Xa,U) + Iy (Xa A X1 |U) — Hpw (Y] X, U)} x
x(N + 1)~ ll2l exp{— NTpi s (X1 A Yi| Xa, U)}x
- D(P o Vi||P* o W) — E4|* —6}.
xep(N | ol L s, TP (X0 AYilXa, U) + D(P o V[P 0 1) — Ea|* -6}

By using the following inequality min f(z) < f(=') the last expression will be not greater
than
(N + 1)~ 18lM02HD) exp (N (Ipy, (X1.X2 A YA|U) + Iew (X2 A Xa|U)} x

x exp{—N(—Hpy;,(Yi|U) — D(P' o V{||P* o Wh) + En) + 6}+
+(N + 1)~ 2% exp{ — N(Ipy (X1 A Yi|Xa, U) + Inw (X2 A X0 |U)} x
x exp{—N(—Hpy (Y| Xa,U) — D(P' o V{||P* o W1) + E} +6)}.
Now note that

E|TP(X1,XQ|“} Nflm,ma)| _ _ [Te(Xy, Xslu)| #

[Mi| x |Ma] e, (X1 )] |Ta (Xalw)| —

< (N + 1)~ (Alk+Halpa) exp{—ND(P||P*)}.
Placing the obtained results in (6) we prove the lemma.
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