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Abstract
In this paper the new type of spline-functions is considered. The principal properties
of these functions are given. The results of approximation of some elementary functions
on the base of the generalized B-spline are also shown.

1 Introduction

The one of the important problems of image processing is the lack of good models for the
representation of signals. From the computational point of view it is convenient to use B_'
splines which have many remarkable properties.[1, 2]. The main advantage of B-spline u‘sm
is the information minimum keeping. But to solve many problems of image processing i%
is needed the approximation of high precision, which the B-spline using doesn’t provide
Therefore, the new models for representation of signals are considered, e.g. B-splines [4]
alternate splines [3], etc. ' i
Now, we propose to consider generalized or parametric B-spline.
Let 7 = {7} be a knot sequence, A: a=m < ... <7y =b.

3jﬂn:.io;:;1. Ganemli.z:: B(py,...,px)-spline (B(py, ..., pi)) of degree k (order k+1,k >
or the knot sequence T and parameters py, ..., € N) de L TR Sl
recursively by the following procedure: PPk (P € N) denoted by G172, is defined

5, [EREED
and
GRATT(2) = Ao (2) ~ Aipuir o () @)

for k> 1 and pe > 1, where

Aspiro(m) = {/,' Glr ™ e) ds/8%", i 637" #0
Tir(T), if 5‘{2';:) =0
where
k=
B1=) pi+1
=]
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£ = f' o Gl () ds
and
(2) = 1, T
i .I) -— 0, T<T
The generalized B(p, ...,p:)-spline is an alternate spline, when py = ... = g = 2

(3),and it is the B-spline, whenpy = ... =p =1 But, also this generalized B-spline has
rmany remarkeble properties: the positivity, finiteness of support, it is invariant to shift and
consists of the (k — 1) and k degree polynomials

Now. let’s consider the examples of B(py, .. ., pi)-spline, when the knots 7 are uniformly
spaced,

Example 1.1.
(x —7;) /AT, T € If;,‘l‘.‘-a:}
5 19 e E‘I’.q,f.’,g.g)
Glr) =141, € [risa: Tis3)
(Tisq — 2)/AT, T € [Tisa,Tiza)
0, otherwise

(emh z € [, 7i41)
%+'—;§:‘L. € [7i+1,Tisa)
145 1€ [Rua i)

Y= %’Et T E [ﬂﬂs‘rl-r‘)

@) =4 1- 5’7‘315):, z € [Tisq, Tiss)

1+08= 7€ [TigsiTiss)

Example 1.2.

L4322 7€ [Tie Tist)
- x € [Tis7, Tiss)
L 0, otherunse

A7 is the distance between two consecutive knots For the case of the uniformly spaced knots

Cr“::f;‘,‘:f") we will denote as G; *;',""”.

9 Cubic generalized B-spline application for signal restoration

In [5] it 18 obtained the decomposition of generalized B-spline by the B-splines. It is held
the theorem.

Theorem 2.1. If -.J:;;::'] is the generalized B{ps.-.-,pe)-spline of degres k (k> 0), for
the knot sequence T = {n}, then there exists g — k nminumbemaf:”],l=0....,q§—k-l
such, that

q=k=1
= k
Ggﬁ-i-l.f“(-’") =y a}.i+1’Bi+l.k+l.r(5-')
=0
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for all z, where af'-”'m,f =0,qc — k — 1 can be recursively defined on k by the following way:
o =1
and
“:(:-H, = “J‘:H) = "'l[f:.l.]&w 1=0,9.—F-1
for k>0
i+l
ke (k)
(k+1) Zastji_i(ﬁ+k o TJJI’AE J' A # 0
By =N g %
1, AP =0
i+qr—1—k
AP = Y aff(ra—m)
Fommi
and
ke+1 k) A R T () =
_a(_"{;‘.z,, =...= a(_,:,.-}m = “L_:—Hl.a ==l g:=0

Using above theorem we try to restore the signal by the given values,

For this purpose we will use the cubic generalized B-spline.

Let f = [f(m1), ..., f(1)]” be the input signal. Now, we consider the signal interpolation
task. using cubic generalized B-spline:

-~ x }
f©) = E N riaeald (9) (3)

£(¢) is the interpolated signal, ¢; are the coefficients, defined by input signal.
From the corollary of the theorem 2.1 [5], we have a relation for cubic generalized B-

spline, when the knots 7, are uniformly spaced

q3—=4
GIP™(¢) = Y afBiinss (C),
=0
where
* * 2
O )02, o Tt
=1
Fp—means the discrete convolution operation, €p, — (1, ..., 1), (p; units) p; are the parameters,
5 € N).

Without generality limitation we will consider the case, whenpy = p, = 1,ps = 3. Taking
into account the theorem 2.1 the generalized B-spline can be represented by means of the
truncated degree functions as:

3 2 4 3
G () = 43" o (Tetjer — €3
ks () E Q’E =) (Tt jtr = Thetttr) 4

—.
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Let .'::.—1+:cA,05::51bistheintarpolationmp‘ Then (3) can be written es

3
fln+zA)= _1_2 b (5)
: 68 =
where
b= ey (6)
b= [bo, by, b2, BT, ok = [Ga-3 t-‘t-z.ck-z-%!-‘*-h&-«zir-
and

= SRV e (G K 56 |
3 -3 0 -3 3 0
= 7= s i B o
R R FEN e EE )

(5) allows to find the interpolsted value in an arbitrary point between the knots. Particnlary.
when { = 73, then

1=

fln)= ﬁ—kf&-s + 56k + BCk—1 + 56k + Cri1)
or %
f=Ec (7)
where
gab 1.0 84
565100
E=l~ 15 6:5 1 0
gAD Al b g bl
g0, 156 6.5
000156

The values of f in (7) they are considered as the values in the knots 7, From (7) coefficients

¢4 can be found, but b by (6). Using the proposed algorithm we have obtained the following
resailts for the approximation of some elementary functions given in Table 1.

Funetion Approx.by cubic gener. B-spline | Approx. by cubic B-spline e
(1’1=P==1-P8=3)(
V=R 0,08 0,08
y=logx ~ ]0,282 0,204
y=A+z+sinz 0, 069 0,085
y = 3sin 2z + 4cosz | 0,043 0,140
y — 3sinz +4cosz | 0,033 0,075
y=sinr 0,03 0,03
Y= cosz . 0,03 0,03
y=ginz+cos2r | 0,028 0,077

Table 1: Approximation of elementary functions by cubic generalized B-spline.

¢ is the mean-ahsohite error of approximation. As it is easy to see from the table the
approximation is more successful for the oscillatory functions.



124 H. R. Tshughuryan

References
[1] Y.S.Zavialov, B..Kvasov, V.L.Miroshnichenko. The methods of spline-functions. M.

" Nanka”,1980.
[2] S.B.Stechkin, Y.N.Subbotin. The splinesin computational mathematics. M.,” Nauka”,

1976.
[3] A.Bien, F.Cheng. Alternate spline:a generalized B-spline. Journal of Approximation The-

ory 51,pp. 138-159, 1987.

[4] T.N.T. Goodman, K.Unsivorth. Generation of B-spline curves, using a reccurence rela-
tion.NATO ASI Series, vol. F17, Springer-Verlag, Berlin Heidelberg, 1985.

[5] H.R.Chugurian. Generalized B-spline. Izvestia NAS RA, Seria Mathematics,1996. (is
accepted)

[



