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Abstract

Thhpaparismathmptwucklethepmblemofdminﬂimofdmdnumbe:-
thmﬁcpmdimtasnpmmbedbymeamofgmenlfommcumiwaqmiom. By

repmontaﬁonofnnmbw-themaﬁcpmdicatebymemafmenlfnmmcumive
equation the suthor suggests the existence of system of recursive equations ,which
in the class of number-theoretic functions one of which is the

ahmwinﬁcﬁmcﬁmofthepnd!mtagim. Thepmcinanotionofmpmtn.tionof

[6] itisnhmchemds!»enceofmmweaquationwhidl represents the set K. Here it is
shown that arbitrary arithmetical predicate P(z31,...,2x) representable by the system

of recursive equations.

1 Introduction

The aim of this article is to prove that arbitrary arithmetical predicate is representable by

general form recursive equations. The general form recursive equations has been introduced
in Marandjian [6]. To be more precise in our considerations we will define the language
Rec of recursive terms. Each recursive term of language Rec will denote a partial recursive
functional. The definition we will now give for the language Rec is not symbol by symbol
a8 in Marandjian [6], but in fact the set of functionals denoted by the terms of the language
" Rec coincide with that of 1 Definition in Marandjian [6].

Definition 1.1 For arbitrary i,41,...,4n, 1, ¢, k,0<j<n:
1. S(z;) € Rec .
2. C} (%iy, 1 Ti) € Rec .
8. Pp (i, - Tiy) € Rec .

4' ﬂ'{zﬁ,...,ﬁ-) € Rec .
5. 17 05 (Wi s Yiu)i-f (T s hs) € Rec for 0< j < m then
Sub {f (zhl "'!zh) H) ! ('yi;u "'tyim} sy Gn (mu ---rﬂ‘-)) € Rec .
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6. Jf S @iy %) 1 9 (Ziry s Tinss) € Rec andiy, .., in # j then
Pr [J':f(z;,, ...,z..);(_z.,,...,zm,)‘_. € Rec .

7 !,; flzi,....zs,) € Ree for 0 < k < n then pz,, [f (24, ..., 2,)] € Rec .
Definition 1.2 Let a finite set Fy, ..., Fy, Gy, ....Gn of recursive terms be given, then the
system of equations of the form (1) is called general form recursive equations.

Fo[foy ey fi] (1509 Zm) 22 Go[fos oo fa] (Z11 -1 Zm)

Fw Uﬂl seey fkl (31, ---'Imj Gu UO! sesy fk] (.'51, sary zm)
Definition 1.3 We will say that the solution of the system of general form recursive equa-
tion (1) with respect to the function symbol f;,0 < j < k represents a number-theoretic
predicate P (23, ..., zy) if the system of recursive equations (1) has a unigue solution in the
class of number-theoretic functions, (which is a system of functions fy, ..., fi) and the func-
tion f; (%1, ..., Z4) from the list of functions fy, ..., fy is the characteristic function of predicate
P r:h '"rzq] .

(1)

R

2 Main Result

Theorem 2.4 For arbilrary arithmelical predicate
P (zyy .y Tk) € 320 (]'[2) n=0,1,..,k,.. there ezist a system of recursive equations

Fy [fo] (Z1, - Titn) ~ 0
F1 UD! fl] (zll weny Thim~1) UJ i) [2)
F" [fn—lt fn]“(‘zh-";xk:y} = 0

such that, the solution of it with respect to the function symbol f, from (2) represents the
predicate P (z;, .5, zy) .

Proof. We ecarry out the proof of this theorem by induction on n from the definition of
arithmetical hierarchy.
Basis : Let n = 0ie. P(z,..,7)) € L, then the predicate P(z;,...,z)) is recursive
i.e. the characteristic function :
) (L VA R T
Xf'{zh“'s:l') - { 1 l:f 1y ooy The ¢ P

is recursive.
Let us consider the equation p¢p (21, ..., Zx) — fo (%1, ..., Z1)| = 0. It is easy to see that it
has a unique solution which is an everywhere defined function equal to xp (i, ..., Zg).
Induction step: Let P (zy,...,7x) € £.0.,, then for some
Q (21, s Tiy1) € I, we have P (zy,..., 7)€ 37x11Q (%1, ..., Za41) and by induction hypoth-
esis there exists a system of recursive equations

Fﬂ [fﬂ} (I}, '"szk-l-'ll-i-l}

~ 0
B [fo, fil (15 00 Tainiy) = 0

Fn [fu-h fn] i;l:---tzkﬁl;y) 0
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i icate
such that the solution of it with respect to the function symbol fn represents the pred!
Q (21, s Tet1) - X
(éondda the system of equations
Fﬂ [fﬂ] (:‘1: '-':zﬁﬂl)
Fi [fo, fi] (1, s Titni V)

R R

oo

©)

It

Fa [fn—ll fn} E;lr ey Thet1) b‘)
Fu-l'l [fn! f!H-'-I} (2’1, ...,Iﬂy]

R
oo

where Fnt1 [fns fasa] (@15 ooy Tki ¥) =DJ :
I;;(;.d Ua @1, Zat) =01 +1) F fat1 (@1, 78) = 0
0 i.f fl'l-H (zll'“lxk) =1 &
. _ & fa {z‘;, T Y) =1
unde fined otherwise. : i .
Now we will prove that the system of recursive equations(3) has a unique solution
fg, orey Fass Where fryq i8 the characteristic function of predicate P (z1, ites Th):
Let Z1,-y Tk Yy EN be arbitrary non-negative integers.

=pr

e U

Case 1: fas1 (21, Z4) is the characteristic function of predicate P (21, k)
1.1: Let P{:C;,...,St) then Iz1Q (21, ey Tht1) & ATpi1 [f,. (z1, vy Tht1) = 0] and
fas1 (T2, vy Z) = 0. From the construction of Fn4, it is evident that

Fpi1 [y fta] (220 e zhiy) =0.

1.2: Let P(z1,..., %) then VI @ (21 Tht1) & Vi [ (T1y ors Zhy Thet1) = 1] and
fata (21, . Zk) = 1, hence for arbitrary y we have Fny1 [fa, fas1] (21, - Zki y)=0.

Case 2: fas1 (%1, -y @) is not the characteristic function of predicate P (Z1, ..., Tk)-

2.1: Let EEI,-..,:E; (P (2;, ..-,I;) &f.ﬂ.l (I], ..-,ILJ = 1) then we have
Foa [fas fasa] (31:-—-;35‘9‘) 1 by construction of Fri1 .

2.2: Let 323, ..y 2 (P (2], oy T3) &ttt (T1, oony T6) = 0) then
Vg4 [fll (21. vony They Thetl) = J-] hence F!b+1 Ifm fno-i-i] (ﬁ.—--,ﬂ;'y} T.

On the other hand, for arbitrary predicate P (z, ..., Zx) € 1%, we have P (zy, ..., Zx) €
50, hence there exists a system of recursive equations (3) such that the solution of it with
respect to the function symbol fn1represents P (21, ..., 7x). Replacing all the occurrences of
term fp41 (Ui, -y Uk) in the definition of functional
Fn+l [fm .fn+1} (zll weey zkiy} with 3yl(.fll+1 (Ulh ey Uk))

P:.H [fm .f'l-l-l] (zla ey zh:y) =Dy
77 (1t [fn (21, - 2, t) =01 +1) if 37(farr (1, - Zk)) = 0;
=50 0 if 39 (fas1 (21, e Tk) =1 & b
& fa (2150009 Try) =1
undefined otherwise.
we will get a system of equations
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0
0

Fy [fo] (Z1: - Zrsr+n)
I 2 [fu_. fLI (21, s Tism; 7)

R

(4)
0
0

Fn [fl:—l! fni r_zlp snny Tha-13 y)
F:l..; Jm fn-.-l! {zln veny Tk UJ

R

where the solution of it with respect to the function symbol f.~; from (4) represents the
predicate P(zy,...,Z)- I

B

It is easy to see that for arbitrary system of recursive equations (1) there exist recursive

terms
F*[foy s S (%6, %1y 120y Tm) s G [foy ey Ji] (Z0, T2y 00 Zem) such that the system of recursive
equations (1) has a solution if and only if the equation

F [fo, ey Si] (0, %1, ey Zm) == G [fo, s Sl (20,71, <1 Tom) (5)

has one #nd the solutions of both are coincide.
One may construct terms F*, G* using definition by cases

( R [f]@) if z0=0;

F* [f] (20,%) =y §
otherwise.

(Go[f]@) if zo=0;

F(J] @) if zo=mn;
0

6" |J] (20,%) =py §

Ga[f] @) if @o=n; .
0 otherwise.
Hence we conclude.

Corollary 2.5 For arbitrary arithmetical predicate P (zy, ..., Zx) € 30 (Hﬂ) n=0,1,..,k..
there exists a recursive equation

F* [fo, .- fa) (Zoy T2, -0y Thieny ) =2 0

such that the solution of it with respect to the function symbol f, represents the predicate
P[J’.‘l,:.,,:ﬂ*].

The theorem 2.4 states the epresentability of arithmetical predicates. On the other hand
it is easy to see that arbitrary predicate represented by means of general form recursive
equations (1) is hyperarithmetical. Here only the representability of arithmetical predicates
is proved, whereas the same problem for hyperarithmetical predicates arises. The later is
considered in Asljan [1].
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