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Carleson's theorem ([1]) ensures that the u.s. sequences are the interpolating ones

for H∞ (it means that given any Λ ∈ l∞, there is f ∈ H∞ such that f(zn) = λn

for all n).

First, we bring up two types of interpolating sequences for Lip.

De�nition 1.1. Z is called an interpolating sequence for Lip if given any sequence

(ωn) satisfying

(1.1) sup
i 6=j

|ωi − ωj |
|zi − zj |

<∞,

there exists f ∈ Lip such that f(zn) = ωn for all n.

De�nition 1.2. Z is called a double interpolating sequence for Lip if given any

sequences (ωn) satisfying (1.1) and (λn) ∈ l∞, there exists f ∈ Lip such that

f(zn) = ωn and f ′(zn) = λn for all n.

Both types are characterized in the following two Theorems, but only when the

sequence Z is in a Stolz angle, that is, when for some ζ ∈ ∂D and 1 < µ <∞,

|zn − ζ| < µ (1− |zn|), n ∈ N.

For example, the radial sequence (1−2−n) satis�es the Blaschke condition, is (1/2)-

contractive and lies in a Stolz angle (ζ = 1).

Theorem 1.1. ([2], [3]). A sequence Z in a Stolz angle is interpolating for Lip if

and only if Z is the union of two u.s. sequences.

Theorem 1.2. ([3]). A sequence Z in a Stolz angle is double interpolating for Lip

if and only if Z is u.s.

The interpolation by Lipschitz functions for a closed set in D has also been

studied (see [4]).

Our purpose is to introduce some new types of interpolating sequences for Lip.

For that, we modify the above De�nitions for the case that a recursive relationship

of the interpolating function in two consecutive points of the sequence is required.

On the other hand, we impose a rather natural ligature between the interpolating

function and its derivative, also adding a recursive relationship for the derivative.

We are interested in knowing if doing this, we have to restrict ourselves to some sort

of sequences to obtain the same results as if recursion is not considered. Recursive

interpolating sequences for the space H∞ have already been addressed in [5], and

in this note, we check the e�ect of introducing recursion in a space of functions that

are regular up to the boundary of the disk.

Speci�cally, we introduce the following sequences.
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De�nition 1.3. We say that Z is a recursive interpolating sequence for Lip if

given any α ∈ C and Λ = (λn) ∈ l∞, there exists f ∈ Lip such that f(z1) = α and

recursively, for each n ∈ N,

(1.2)
f(zn+1)− f(zn)

zn+1 − zn
= λn.

Note that all quotients in (1.2) are bounded, because f ∈ Lip.

De�nition 1.4. If we include f ′(zn) = λn in De�nition 1.3, we say that Z is a

double and recursive interpolating sequence for Lip.

In this De�nition, the requirement for the derivative is added to relate its value

in a point to a di�erence quotient of the function in that point. Finally, taking into

account that if g ∈ H∞, then

|g(z)− g(w)| ≤ c |τ(z, w)|

for a constant c > 0, we can state:

De�nition 1.5. We say that Z is an interpolating sequence in a general sense for

Lip if given any α, β, η ∈ C, there exists f ∈ Lip such that f(z1) = α, f ′(z1) = β

and, recursively, for each n ∈ N,

(1.3)

f ′(zn) =
f(zn+1)− f(zn)

zn+1 − zn
f ′(zn+1) = f ′(zn) + η τ(zn, zn+1)

Note that these two equalities can be interpreted as a certain system of recurrence

equations. The next section is devoted to examining these types of interpolating

sequences.

2. Statement and proof of results

We will use the following two Lemmas.

Lemma 2.1. ([3]). If a function f ∈ Lip vanishes on a sequence Z, then for each

m ∈ N,

|f(z)| ≤Mf |z − zm| |Bm(z)|.

Lemma 2.2. If Z is a k-contractive sequence and k ≤ k0 < 1/2, then given any

integer p ≥ 2,

|zm+1 − zm| ≤ K0 |zm+p − zm|, m ∈ N,

where K0 = (1− k0)/(1− 2k0 + kp0).
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Proof. By the triangle inequality and since Z is k-contractive,

|zm+1 − zm| ≤ |zm+p − zm|+ |zm+p − zm+p−1|+ · · ·+ |zm+2 − zm+1|

≤ |zm+p − zm|+ (kp−1 + · · ·+ k)|zm+1 − zm|.

Since k ≤ k0 < 1/2, then kp−1 + · · ·+ k ≤ kp−10 + · · ·+ k0 < 1, and

|zm+1 − zm| ≤
1

1− (kp−10 + · · ·+ k0)
|zm+p − zm| = K0 |zm+p − zm|.

The proof is complete. �

Our results are the following ones.

Theorem 2.1. Let Z be a sequence in a Stolz angle and k-contractive for some

k ≤ k0 < 1/2. Then, Z is recursive interpolating for Lip if and only if Z is the

union of two u.s. sequences.

Proof. Suppose that Z is recursive interpolating for Lip. Take α = 0 and for a

�xed m ∈ N, let Λ be de�ned by: λm =
zm+2 − zm+1

zm+1 − zm
, λm+1 = −1 and λn = 0,

otherwise. Because Z is k-contractive, we have |λm| ≤ k and then, ‖Λ‖∞ = 1. Since

the operator given by the quotient on the left in (1.2) is linear and surjective, by

the open mapping theorem there is a function fm ∈ Lip and a constant c > 0 such

that Mfm ≤ c ‖Λ‖∞ = c. We have fm(zm) = zm+1 − zm and fm(zn) = 0, if n 6= m.

Applying Lemma 2.1 to Z \ {zm},

|fm(z)| ≤ c |z − zm+1| |Bm,m+1(z)|,

and evaluating at zm,

|zm+1 − zm| = |fm(zm)| ≤ c |zm − zm+1| |Bm,m+1(zm)|,

that is,

(2.1) |Bm,m+1(zm)| ≥ c.

This condition (2.1) implies that Z is the union of two u.s. sequences (see [6], p.

1202).

Reciprocally, to meet the requirement in (1.2) we look for f verifying f(zn) = γn,

where γ1 = α and for each n ≥ 2,

γn = α+ λ1(z2 − z1) + · · ·+ λn−1(zn − zn−1).

Suppose i > j. Taking into account that Z is k-contractive,

|γi − γj | = |λj(zj+1 − zj) + · · ·+ λi−1(zi − zi−1)|

≤ ‖Λ‖∞ (|zj+1 − zj |+ · · ·+ |zi − zi−1|)

≤ ‖Λ‖∞ (1 + k + · · ·+ ki−j−1) |zj+1 − zj |.
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If i > j + 1, then by Lemma 2.2,

|γi − γj | ≤ ‖Λ‖∞
1− ki−j0

1− 2k0 + ki−j0

|zi − zj |.

The existence of the desired interpolating function f follows from Theorem 1.1. �

Theorem 2.2. Let Z be a sequence in a Stolz angle and k-contractive for some

k ≤ k0 < 1/2. Then, Z is double and recursive interpolating for Lip if and only if

Z is u.s.

Proof. The necessity for the sequence Z to be u.s. is a consequence of the

requirement that the function f ′ in H∞ must interpolate the sequence Λ in l∞

(Carleson's theorem). As for su�ciency, take (λn) ∈ l∞. By Theorem 2.1, there is

g ∈ Lip verifying (1.2). It is proved in [3] that if Z in a Stolz angle is u.s., then

given any sequence (αn) ∈ l∞, there is a function h ∈ Lip such that h(zn) = 0

and h′(zn) = αn for all n. Taking αn = λn − g′(zn), it follows that the function

f = g + h performs (1.2) and f ′(zn) = λn for all n. �

Theorem 2.3. If Z is a sequence in a Stolz angle and k-contractive for some

k ≤ k0 < 1/2, it veri�es the condition

(2.2)
∑
n

|τ(zn, zn+1)| <∞

and is u.s., then Z is interpolating in a general sense for Lip.

Proof. Equivalently, instead of looking for a function f ∈ Lip that veri�es (1.3),
we look for it so that f(zn) = γn and f ′(zn) = γ′n, where

γ1 = α, γ2 = α+ β(z2 − z1),

γn = α+ β(zn − z1) + η

n∑
l=3

(
l−2∑
m=1

τ(zm, zm+1)

)
(zl − zl−1), n ≥ 3;

γ′1 = β, γ′n = β + η

n−1∑
l=1

τ(zl, zl+1), n ≥ 2.

Suppose i > j. By (2.2), there is a constant c > 0 such that

|γi − γj | ≤ |β| |zi − zj |+ η

i∑
l=j+1

(
l−2∑
m=1

|τ(zm, zm+1)|

)
|zl − zl−1|

≤ |β| |zi − zj |+ c η

i∑
l=j+1

|zl − zl−1|

As in the proof of Theorem 2.1, if i > j + 1, then

|γi − γj | ≤

(
|β|+ c η

1− ki−j0

1− 2k0 + ki−j0

)
|zi − zj |.
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On the other hand, (γ′n) ∈ l∞ by (2.2). So, the existence of the interpolating

function f follows now from Theorem 1.2. �

The sequence (1− 2−n) is also an example for the condition (2.2).
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