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î òîì, íàñêîëüêî áûñòðî ðèñê â çàãðÿçíåííîé âûáðîñàìè ìîäåëè ñòðåìèòñÿ ê

ðèñêó áåç âûáðîñîâ.

Â ýòîé ñòàòüå ìû ââîäèì ïîíÿòèå èçáûòî÷íîãî ðèñêà, êîòîðîå îïðåäåëÿåò-

ñÿ êàê ðàçíèöà ìåæäó ðèñêàìè â ìîäåëÿõ ñ âûáðîñàìè è áåç. Çàòåì ìû ïðåä-

ñòàâëÿåì àíàëèç ýòîãî ðèñêà äëÿ ïðîöåäóðû, êîòîðóþ ìû íàçâàëè �group hard

thresholding�. Ýòî òàêæå ìîæíî ðàññìàòðèâàòü êàê âåðñèþ óñå÷åííîé ñðåäíåé

îöåíêè. Íàø ãëàâíûé ðåçóëüòàò ïîêàçûâàåò ÷òî ýòîò èçáûòî÷íûé ðèñê ñòðåìèò-

ñÿ ê íóëþ, êîãäà óðîâåíü çàãðÿçíåíèÿ ñòðåìèòñÿ ê íóëþ.

Áîëåå ôîðìàëüíî, äàâàéòå ïðåäïîëîæèì, ÷òî ìû íàáëþäàåì n ñëó÷àéíûõ âåê-

òîðîâ Y1, . . . ,Yn in Rp, êîòîðûå óäîâëåòâîðÿþò

(1.1) Y i = µ+ θi + ξi, ξi
iid∼ N(0, Ip).

Â âåðõíåé ôîðìóëå, µ íåèçâåñòíûé ïàðàìåòð, êîòîðóþ ìû õîòèì îöåíèòü, {θi}
ýòî ïðîèçâîëüíûå äåòåðìèíèðîâàííûå âåêòîðû, óêàçûâàþùèå êàêèå èç íàáëþäå-

íèé ÿâëÿþòñÿ âûáðîñàìè è ξi ñëó÷àéíûé øóì. Â ýòîé ñòàòüå, ìû ïðåäïîëàãàåì,

÷òî Θ = [θ1 . . .θn] óñå÷åííàÿ ïî ñòîëáöàì ìàòðèöà. Âñå íàáëþäåíèÿ ñ èíäåêñàìè

i ∈ O = {` : ‖θ`‖2 > 0} ÿâëÿþòñÿ âûáðîñàìè, â òî âðåìÿ, êàê îñòàëüíûå ïðèõîäÿò
èç N(µ, Ip). Ïóñòü

o = Card(O), è ε =
o

n
.

Ïðåäïîëàãàåòñÿ, ÷òî ïàðàìåòð ε ìåíüøå 1/2, êîòîðûé èãðàåò âàæíóþ ðîëü â

ðîáàñòíîì îöåíèâàíèè. Â àñòíîñòè, èçâåñòíî ÷òî ìèíèìàêñíàÿ ñêîðîñòü îöåíêè

â ìîäåëè (1.1) èìååò ïîðÿäîê p
n + ε2.

Â ýòîé ñòàòüå ìû ðàññìîòðèâàåì áîëåå òî÷íóþ ìåðó òî÷íîñòè îöåíêè, èçáû-

òî÷íûé ðèñê. Íàïîìíèì, ÷òî ðèñê îöåíêè 1 µ̂ îïðåäåëÿåòñÿ êàê

R[µ̂,µ;Θ] = [Eµ,Θ‖µ̂− µ‖22]1/2.

Çäåñü è äàëåå â ñòàòüå îáîçíà÷åíèå Eµ,Θ[h] îçíà÷àåò ìàòåìàòè÷åñêîå îæèäàíèå

ïî ðàñïðåäåëåíèþ {Y1, . . . ,Yn} êàê îïðåäåëåíî â (1.1) (ìû íåÿâíî ïðåäïîëàãàåì,

÷òî h çàâèñèò îò íàáëþäåíèé {Y1, . . . ,Yn}). Ýòî õîðîøî èçâåñòíûé ôàêò, ÷òî â

ñëó÷àå, ãäå íåò âûáðîñîâ, ò.å. êîãäà Θ ≡ 0p×n ðèñê óäîâëåòâîðÿåò ðàâíÿàåòñÿ√
p/n. Ôîðìàëüíî,

inf
µ̂

sup
µ∈Rp

R[µ̂,µ;0] = sup
µ∈Rp

R[Yn,µ;0] =

√
p

n
,(1.2)

1Îöåíêà ÿâëÿåòñÿ ëþáîé èçìåðèìîé ôóíêöèÿ îò (Rp)n äî Rp
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ãäå Yn = 1
n

∑n
i=1 Y i ÿâëÿåòñÿ âûáîðî÷íûì ñðåäíèì íàáëþäàåìûõ äàííûõ. Îïðå-

äåëèì

‖Θ‖0,2 :=

n∑
i=1

1(‖θi‖2 > 0).

Áàçèðóÿñü íà (1.2), îïðåäåëèì èçáûòî÷íûé ðèñê îöåíêè µ̂ â õóäøåì ñëó÷àå ñëå-

äóþùèì îáðàçîì

E(µ̂;n, p, ε) = sup
µ∈Rp;‖Θ‖0,2≤εn

R[µ̂,µ;Θ]−
√
p

n
.

Ìèíèìàêñíûé èçáûòî÷íûé ðèñê îïðåäåëÿåòñÿ òàêèì îáðàçîì

E(n, p, ε) = inf
µ̂

E(µ̂, n, p, ε),

ãäå èíôèìóì áåðåòñÿ ïî âñåâîçìîæíûì îöåíêàì µ̂. Çàìåòèì, ÷òî ñîãëàñíî îïðå-

äåëåíèþ, ðàññìàòðèâàþùèåñÿ îöåíêè âûøå ìîãóò çàâèñåòü îò n, p è ε = o/n.

Îñíîâíûì ðåçóëüòàòîì ýòîé ñòàòüè ÿâëÿåòñÿ òî, ÷òî èçáûòî÷íûé ðèñê íàøåé

îöåíêè, ââåäåííûé â ñëåäóþùåì ðàçäåëå ñòðåìèòñÿ ê íóëþ êîãäà ε = εn → 0 è

n→∞, ïðè òàêîì p = pn, ÷òî pn/n îãðàíè÷åíà ñâåðõó êîíñòàíòîé.

2. Ãðóïïîâîé æåñòêèé ïîðîã

Â ýòîì ðàçäåëå ìû îïðåäåëÿåì îöåíêó µ̂GHT, íàçûâàåìóþ group hard thresholding,

è äîêàçûâàåì, ÷òî ïðè ýòîé îöåíêå èçáûòî÷íûé ðèñê ñòðåìèòñÿ ê 0, êîãäà äî-

ëÿ âûáðîñîâ ε ñòðåìèòñÿ ê 0. Ãðóáî ãîâîðÿ, µ̂GHT ÿâëÿåòñÿ ñðåäíèì àðèôìè-

òè÷åñêèì âåêòîðîâ Y1, . . . ,Yn çàìèíÿÿ âñå âåêòîðà ñ áîëüøèì ðàññòîÿíèåì îò

ïîêîîðäèíàòíîé ìåäèàíû åþ æå.

Áîëåå ôîðìàëüíî, ïóñòü µ̂Med := Med(Y1, . . . ,Yn) åñòü ïîêîîðäèíàòíàÿ ìåäè-

àíà âûáîðêè {Y1, . . . ,Yn}. Äëÿ ôèêñèðîâàííîãî ïîðîãà λ > 0 è êàæäîãî i ∈
{1, . . . , n}, ïîëîæèì

θ̂i = HTλ(Y i − µ̂Med) := (Y i − µ̂Med)1(‖Y i − µ̂Med‖2 > λ)(2.1)

µ̂GHT =
1

n

n∑
i=1

(Y i − θ̂i) := Ln(Y − Θ̂).(2.2)

Äàëåå ìû ñôîðìóëèðóåì îñíîâíóþ òåîðåìó ñòàòüè, ïîêàçûâàþùóþ, ÷òî èç-

áûòî÷íûé ðèñê íàøåé îöåíêè ñòðåìèòñÿ ê íóëþ, åñëè äîëÿ âûáðîñîâ ε = εn

ñòðåìèòñÿ ê 0 òàê, ÷òî εnp
1/4
n òàêæå ñòðåìèòñÿ ê 0. Çàìåòèì, ÷òî ýòî óñëîâèå

âûïîëíåíî ïðè ôèêñèðîâàííîì p, íî ìîäåëü òàêæå ïîçâîëÿåò ðàçìåðíîñòü áûòü

áåñêîíå÷íîñòüþ, ò.å. p = pn → ∞ ïðè îãðàíè÷åíèè εnp
1/4
n log1/2 ε−1n = o(1) êîãäà

ðàçìåð âûáîðêè n ñòðåìèòñÿ ê áåñêîíå÷íîñòè.
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Òåîðåìà 2.1. Äëÿ µ̂GHT îïðåäåëåííûì â (2.2) è λ2 = p+8
√
p log ε−1+16 log ε−1

ìû èìååì

lim
n→∞

E(µ̂GHT, n, pn, εn) = 0,

åñëè εnp
1/4
n log1/2 ε−1n = o(1) è pn = O(n) êîãäà n→∞.

Äîêàçàòåëüñòâî. Ïóñòü si = 1(‖Y i − µ̂Med‖2 ≤ λ) è δ = µ̂Med − µ∗. Èñïîëüçóÿ
òîò ôàêò, ÷òî Y = µ1>n + Θ + Ξ, ìîæíî íàïèñàòü ñëåäóþùåå ñîîòíîøåíèå

µ̂GHT − µ = Ln(Θ + Ξ− Θ̂)

=
1

n

n∑
i=1

ξi + T1(n) + T2(n) + T3(n),(2.3)

ãäå

T1(n) =
1

n

n∑
i=1

ξi(si − 1), T2(n) =
δ

n

n∑
i=1

(1− si),

T3(n) =
1

n

∑
i∈O

θisi.

Äëÿ ïðîñòîòû îáîçíà÷åíèé îáîçíà÷èì L2 íîðìîé âåêòîðà V ñëåäóþùèì îáðàçîì

‖V ‖L2 =
(
E[‖V ‖22]

)1/2
.

Çàìåòèì, ÷òî äîñòàòî÷íî ïîêàçàòü, ÷òî Ti(n)→ 0 êîãäà ε→ 0 äëÿ i ∈ {1, 2, 3}. Â
ñàìîì äåëå, ∥∥∥∥ 1n

n∑
i=1

ξi

∥∥∥∥2
L2

=
p

n
.

Òîãäà,

E(µ̂;n, p, ε) ≤ ‖T1(n) + T2(n) + T3(n)‖L2

≤ ‖T1(n)‖L2
+ ‖T2(n)‖L2

+ ‖T3(n)‖L2
.

Ìîæíî ïðîâåðèòü, ÷òî ñëåäóþùåå îòíîøåíèå âûïîëíåíî ñ íåêîòîðîé êîíñòàíòîé

C

‖δ‖L4
≤ C√p

(
1√
n
∨ ε
)

= o(p1/4)(2.4)

è

‖ξi‖4L4
= E

( p∑
j=1

ξ2ij

)2

= 3p+ p(p− 1) ≤ (p+ 1)2.(2.5)
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Ñíà÷àëà ìû îãðàíè÷èì ñâåðõó E[1−si] äëÿ âñåõ i ∈ Oc. Èìåÿ (2.4), ìû ïîëó÷àåì

‖δ‖2 = oP
(
p1/4

)
è, ñëåäîâàòåëüíî,

E[1− si] = P(si = 0) = P(‖Y i − µ̂Med‖22 > λ2) = P(‖δ + ξi‖22 > λ2)

≤ P
(
‖ξi‖22 > λ2(1− o(1))

)
. ε8, ∀i ∈ Oc,(2.6)

ãäå ïîñëåäíåå íåðàâåíñòâî ñëåäóåò îò êîíöåíòðàöèè ñëó÷àéíîé âåëè÷èíû χ2
p è

âûáîðà λ2. Äëÿ T1(n), èñïîëüçóÿ (2.5), ìû èìååì

‖T1(n)‖L2
≤
∥∥∥∥ 1n ∑

i∈Oc

ξi(1− si)
∥∥∥∥
L2

+

∥∥∥∥ 1n∑
i∈O

ξi(1− si)
∥∥∥∥
L2

= O(
√
pε2) +

∥∥∥∥ 1n∑
i∈O

ξi(1− si)
∥∥∥∥
L2

.

Ñ äðóãîé ñòîðîíû, íåðàâåíñòâî Êîøè-Øâàðöà-Áóíÿêîâñêîãî äàåò∥∥∥∥∑
i∈O

ξi(1− si)
∥∥∥∥2
2

≤
∑
i∈O

(1− si)
∥∥∥∥∑
i∈O

ξiξ
>
i

∥∥∥∥
op

≤ nε
∥∥∥∥∑
i∈O

ξiξ
>
i

∥∥∥∥
op

.

Èçâåñòíàÿ âåðõíÿÿ îöåíêà äëÿ îïåðàòîðíîé íîðìû ìàòðèöû ñ íîðìàëüíûìè ýëå-

ìåíòàìè (ñì. Ëåììà 9 â [4]) äàåò∥∥∥∥∑
i∈O

ξi(1− si)
∥∥∥∥2
L2

≤ 3nε(p+ nε+ 4).

Ñëåäîâàòåëüíî,

‖T1(n)‖L2 .
√
p ε2 +

√
nεp+ nε

n
=
√
p ε2 +

√
εp/n+ ε = o(1).(2.7)

Äëÿ îãðàíè÷åíèÿ ñâåðõó ‖T2(n)‖L2
, ìû èñïîëüçóåì íåðàâåíñòâî Êîøè-Øâàðöà-

Áóíÿêîâñêîãî âìåñòå ñ (2.4) è (2.6), ÷òîáû ïîëó÷èòü

‖T2(n)‖L2 =

∥∥∥∥δn
n∑
i=1

(1− si)
∥∥∥∥
L2

≤ ‖δ‖L4

n
·
n∑
i=1

‖1− si‖L4

=
o(p1/4)

n
(εn+ n(1− ε)ε2) = εo(p1/4) = o(1),(2.8)

ãäå íà òðåòüåì øàãå ìû îãðàíè÷èëè ‖1 − si‖L4
= E1/4[1 − si] ≤ 1 äëÿ i ∈ O

è ‖1 − si‖L4 ≤ ε2 äëÿ i ∈ Oc. Äëÿ ïîëó÷åíèÿ âåðõíåé îöåíêè L2 íîðìû T3(n)

çàìåòèì, ÷òî êîãäà si = 1, òîãäà ó íàñ åñòü âåðõíÿÿ îöåíêà äëÿ ‖θi‖2. Ôîðìàëüíî,
íåðàâåíñòâî ‖θi + δ + ξi‖2 ≤ λ ýêâèâàëåíòíî si = 1, ñëåäîâàòåëüíî

‖θi‖2 ≤ 2‖δ‖2 + 2|ηi|+
(
λ2 − ‖ξi‖22

)1/2
+

+ (2|δ>ξi|)1/2,(2.9)

äëÿ ñòàíäàðòíûõ íîðìàëüíûé ñëó÷àéíûõ âåëè÷èí ηi äëÿ i ∈ {1, . . . , n}.
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Èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà ìîæíî ïîêàçàòü, ÷òî∑
i∈O

|δ>ξi|1/2 ≤ (nε)3/4
{∑
i∈O

|δ>ξi|2
}1/4

= (nε)3/4
{
δ>
∑
i∈O

ξiξ
>
i δ

}1/4

≤ (nε)3/4‖δ‖1/22 ‖ξO‖1/2op ,

ãäå ‖ξO‖
1/2
op ñïåêòðàëüíàÿ íîðìà ìàòðèöû ïîëó÷åííîé èç âåêòîðîâ ξi äëÿ i ∈ O.

Îòñþäà ñëåäóåò, ÷òî2∥∥∥∥∑
i∈O

|δ>ξi|1/2
∥∥∥∥
L2

≤ (nε)3/4‖δ‖1/2L2
‖ξO‖

1/2
L2

= O
(
(nε)3/4(ε1/2p1/4)((nε)1/4 + p1/4)

)
= O

(
nεp1/4 + (nε)3/4

√
εp
)
.

Ìîæíî ïîêàçàòü, ÷òî

E[(λ2 − ‖ξi‖22)+]) .
√
p log ε−1 + log ε−1 .

√
p log ε−1

Èñïîëüçóÿ íåðàâåíñòâî òðåóãîëüíèêà äëÿ L2 íîðìû, ïîëó÷àåì

‖T3(n)‖L2
≤ 1

n

∑
i∈O

‖θi1(si = 1)‖L2

. ε(‖δ‖L2
+ 1) + εp1/4 log1/2 ε−1 + εp1/4 + ε5/4p1/2n−1/4

. εp1/4 log1/2 ε−1 + εp1/4 + ε5/4p1/4.

Ïîñêîëüêó εn = o(1) è εnp
1/4
n log1/2 ε−1n = o(1), ïîëó÷àåì, ÷òî ‖T3(n)‖L2

= o(1) è

äîêàçàòåëüñòâî òåîðåìû ñëåäóåò. �

Abstract. In this work we introduce the notion of the excess risk in the setup of

estimation of the Gaussian mean when the observations are corrupted by outliers. It is

known that the sample mean loses its good properties in the presence of outliers [5, 6].

In addition, even the sample median is not minimax-rate-optimal in the multivariate

setting. The optimal rate of the minimax risk in this setting was established by [1].

However, even these minimax-rate-optimality results do not quantify how fast the

risk in the contaminated model approaches the risk in the uncontaminated model

when the rate of contamination goes to zero. The present paper does a �rst step in

�lling this gap by showing that the group hard thresholding estimator has an excess

risk that goes to zero when the corruption rate approaches zero.

2Äëÿ ïðîñòîòû ìû ðàññìàòðèâàåì ñëó÷àé êîãäà n−1/2 . εn.
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