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Abstract. Algorithm of calculations of free energy, helicity degree and other parameters of helix-coil 
transition theory in the model of heterogen biopolymers with binary heterogeneity has been built. The 
theory is based on Generalized Model of Polypeptide Chain (GMPC). In the basics of algorithm is 
laying direct calculation of free energy with the help of random product of transfer matrices of 
homopolymeric GMPCs.   
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1. Introduction  
Significant amount of articles about helix-coil transition in biopolymers have been published 

since 1960s [1-7] until nowadays [8-15]. Traditionally, theoretical models of helix-coil transition 
are based on one or another modification of Ising model [16-19] and are mean field models. 
However, some theoretical non-mean field models for polypeptides [20-22] and DNA [9-13] have 
been represented before. In addition, a model describing helix-coil transition based on Potts model 
modification with multi-particle interactions has been introduced in our previous publications. 
This model is called generalized model of polypeptide chain (GMPC) [24-28]. Furthermore, we 
have discussed helix-coil transition problem in biopolymers with heterogeneity by energies of base 
pair formation [34] and by number of conformations [35] with application of constrained annealing 
method [30].  

The current publication is intended for analytic description of transition curves in heterogenic 
biopolymers with two types of repeated units. GMPC, which has been applied multiple times [24-
28, 34-35] is used not only to describe homopolymeric problem but also for heteropolymeric case 
with application of microcanonical distribution [29]. In our previous papers, all the calculations 
for heterogenic biopolymers have been done with the application of GMPC and constrained 
annealing method. In contrary, in this case calculations have been done by straight multiplication 
of transfer-matrices, which differ from each other according to the type of repeated unit. This 
method is unique in one respect. Although, these calculations are in the framework of GMPC, 
there are no approximations and importation of special parameters to simplify the calculations. 
Hence, the results obtained according to this method can be used as patterns for other theoretical 
results to compare with. The algorithm can be applied not only for base model, but also for model 
in solvent and at the presence of ligand.  

The main goal of current article is to work out detailed scheme for the theoretical calculations 
mentioned above and make it possible to calculate such characters as helicity degree, average 
length of helix region, free energy, etc. Moreover, we expect to gain 15000 for length of 
biopolymers, with little additions to the following algorithm in the future. The last operation will 
be possible due to exporting and collecting data while we calculate characteristics for shorter 
biopolymers. All these steps may lead us to outcomes comparable with experimental data. 
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2. Calculation of Parameters Used in the Algorithm  
Let us consider heteropolymer which contains two types of repeated units (ex. AT and GC 

pairs for DNA and like GO model [23] for proteins). Thus, we will present heteropolymer as a 
random sequence of A and B types repeated units. At the same time it is assumed that types of 
repeated units are being chosen statistically independent. In the frame of GMPC, the 
Hamiltonian of heteropolymeric system appears as:  
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symbol: 1;2;...; ,i Qγ =  Q  is number of conformations for i-th repeated unit. 
This differs from homopolymeric model by hydrogen bond’s energy, which depends on type 

of repeated unit in this case. Free energy of such system expresses itself as: 
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Here Bk  is Boltzmann constant and iG  is transfer-matrix for each component: 
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In this paper, we are going to examine application of GMPC on biopolymers with bimodal 
heterogeneity by both energies of helix structure formation and by number of conformations of 
repeated units. Let us introduce parameter iσ  , which takes value 1 with probability X, and 1−  
with probability (1 ).X−  So, we are going to deal with two-component heteropolymer with 
various values of intra-molecular hydrogen bond’s energies: 0 ,J J Jσ= + Δ   0AJ J J= + Δ   and 

0 .BJ J J= − Δ We will analogically deal with Q . Let us introduce ln( 1)K Q= −  for the 
convenience. Consequently, 0 ,K K Kσ= + Δ 0 ,AK K K= + Δ 0 .BK K K= − Δ  As a result, primary 
structure of biopolymer will appear as sequence of numbers ±1. According to (2), reduced free 
energy calculated as:  
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where iG  defines according to primary sequence as transfer-matrix 

0 0( , ).iG G J J J K K Kσ σ= = + Δ = + Δ  
For these parameters - 0 0, , , , ,X N J J K KΔ Δ   for each realization of random sequence reduced 

free energy can be reached. In case of product of many matrices, we use the following technique 
to avoid very big numbers. Since, in case of quite big lengths of homopolymer reduced free energy 
approaches to value 1ln λ  , then we will introduce reduced matrix as follows: 

 1G gλ=                                                                         (5) 
Consequently: 
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where 1Aλ  and 1Bλ  are the first eigenvalues for homopolymers with type A and type B repeated 
units, respectively.  

In order to calculate helical fraction ( ) ,iδ Δ   we use the following expression: 
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3. Mechanisms and Applications of Algorithm  
The flowchart of algorithm is presented below. Here we are going to discuss the entire algorithm 

step-by-step. In the first step we define parameters 1 2 1 2, , , , , , , , ,i iG W L R R DWλ λ ξ θ  giving their 
formulas of calculation. Where 1λ  and 2λ  are the first and the second eigenvalues, respectively, 

( )expi iW u T=  is the reduced energy of hydrogen bond formation, which depends on type of 

repeated unit in case of heteropolymer and on temperature, 
1
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1 2, ,L R R  are the left and right matrices respectively, 
0
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 is the transfer matrix of a repeated 

unit in fixed helix state and finally θ  is helicity degree as it is already known. Secondly, all the 
numeric parameters: min max, , , , , , , , ,A B A BX N d u u q q t t dt  are given their values. Here X  is a 
probability of A type repeated unit’s concentration, N  is a number of repeated units of a 
heteropolymer, d  is a topological parameter which shows the number of repeated units needed to 
form hydrogen bond, Au  and Bu  are hydrogen bonds’ formation energies for type A and type B 
repeated units respectively, Aq  and Bq  are correspondingly the numbers of conformations of type 
A and type B repeated units, mint  and maxt  are limits for temperature scale and dt  is the step of the 
cycle by temperature. After having all parameters set up, we are going right to the functional part 
of the algorithm. Firstly, we build an array with N  numbers randomly chosen from [0, 1] scale. 
Next, with the help of  if  function and probability X  we get the sequence of heteropolymer with 
bimodal heterogeneity and calculate the concentration of type A repeated unit. After these steps,  
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Figure 1. Flowchart of the program which calculates f(n), c(n), θ(t), ν(t), η(θ) dependences.  
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we start cycle of temperature and continue all the calculations for each temperature in that cycle. 
Moreover, we use another cycle in the mentioned one, but this cycle is for sequence. Calculations 
in this cycle are for each repeated unit. In the first step of this cycle, we introduce transfer matrix, 
reduced transfer matrix and super-matrix according to the type of repeated unit. This filtration of 
parameters by repeated units is done with help of function if . As we are going to form another 
super-matrix for the calculation of average length of helix state, where we will use not only the 
transfer-matrix of i -th repeated unit, but also the one for 1i + -th repeated unit in helix state, then 
in the next step we will use again the function if  to check if the i -th repeated unit is not the last 
one. Moreover, we will check the type of  1i + -th repeated unit and form the super-matrix 
according to that type. Later, we calculate the product one and super-matrices separately and come 
back to the beginning of the cycle. Then, we repeat all the steps and afterwards, there is a product 
of last and next super-matrices instead of product of one and super-matrix. Subsequently, when 
the cycle is over and from now on all the operations are going to take place in the cycle by 
temperatures, we reach the next step. In this step, we multiply identity matrix and the product of 
all super-matrices we have got from cycle. This operation refers both to product of super-matrices 
for helicity degree: 1H  , and to product of super-matrices for average length of helix state: 1J  . 
These two products we will call ( )prod t -for helicity degree and 1( )prod t -for average length of 
helix state.  

For each temperature we add ( )prod t  to some table called tabH , and 1( )prod t  to a table 
called tabJ . In the next two steps, we calculate helicity degree, average length of helix state and 
number of junctions. Then we use function if  to check if the temperature is equal to the chosen 
ones, and if it is we start another cycle by number of repeated units: n. In this cycle we calculate 
concentration and free energy for given number of repeated units and add the results in ( )table c   
and ( )table f , respectively. The formula of free energy - f appears in flowchart and for 
concentration we have Ac n n=  , where n  is the total number of repeated units and An  is the 
number of A type repeated units which varies from one iteration to another one. The step for this 
cycle is 100.dn =  And we repeat this calculations as long as n N≤  . When the cycle is finished, 
we lead to the next step, which is also the step after last function if in case of temperature is not 
one of the chosen ones. In this step, we add ( , )tt θ  to ( ),table θ   ( , )t ν  to ( )table ν  and ( , )θ η  to 

( )table η . Then we repeat all the mentioned calculations until maxt t≤ . Finally, when this cycle is 
over too, we make graphs of ( ), ( ), ( ), ( ), ( )t t f n c nθ ν η θ  with the help of tables and export these 
result as arrays.  

4. Results and Discussions  

 
According to this flowchart discussed above, the program has been built on Wolfram 

Mathematica. We have built ( ), ( ), ( ), ( ), ( )t t f n c nθ ν η θ dependences within this program and 
process graphs in OriginLab8. The dependence of helicity degree from temperature: ( )tθ , and 
its differential: d dtθ  are some of the obtained results in that program. Results are presented in 
following figures.  
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Figure 2. The temperature dependence of (a) helicity degree-θ(t)and (b) its differential-dθ/dt for various 
realizations of repeated units’ sequence.  

 
One can see from the figures that curves strongly depend on sequence realizations. It is more 

obvious from differential curves. To compare theoretical and experimental results we need to 
calculate average from numerous realizations.  

 
We have used various values for parameters, such as “number of repeated units”, “probability 

of concentration for type A repeated unit”, “temperature region” and obtained results according 
to the given values. Although, some numbers of mentioned dependences have been built, we 
need more outcomes to get to actual analysis and scientific results. So far, we are going to use 
other values for the parameters we have not changed before. These are “energies of hydrogen 
bonds” formation for each type of repeated units”, “numbers of conformations”, etc. Moreover, 
exporting all the tables from program in Wolfram Mathematica as data files, particularly tabH  
and tabJ (which contain the products of super-matrices from the whole cycle and the 
temperature used to calculate these products during each iteration) will allow us to merge several 
sequences and calculate these and other parameters for much longer biopolymers quite quickly 
in other program. Therefore, this algorithm as well as the program will give us an opportunity 
of getting qualitatively new results in the future. 

5. Conclusions  

 
As a result, the algorithm will allow taking into account interactions with solvent by 

redefinition of parameters iW   and iQ . In addition, it will give the opportunity to calculate other 
transition parameters such as ξ: correlation length. This program makes possible to analyze 
helix-coil transition in heteropolymers with correlation in the sequence by corresponding 
generation. With the help of the program, we are able to merge various sequences and calculate 
these parameters for longer biopolymers quite quickly. Moreover, it will allow to investigate 
block-structured biopolymers.  
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