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Abstract. In this work we investigate not only low-lying excited states but also higher excited
states of Be by using the complex scaled orthogonal condition model (CSOCM). The low-lying
0%, 2%, 4* states of 8Be are measured well but the higher excited states 6%, 8* and 10* of 8Be are not
available by experimentally and these higher excited states have been barely studied by theoretical
approaches.
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1. Introduction

Different methods have been studied by using various approaches in order to describe resonance
states accurately. Study of resonances for the scattering problemsin the light nuclei has been carried
out using various methods, one of which is the complex scaling method (CSM) [1-3]. The theory of
the complex scaling was proposed mathematically [2] and it has been extensively applied to the
atomic and nuclear physics [4-6]. In the CSM, resonant states of the many-body systems are
described using the appropriate L? basis functions. The resonance wave functions are obtained as
eigenstates together with bound states by carrying out the diagonalization of the complex scaled
Hamiltonian.

In this study, we adopt the complex scaled orthogonal condition model (CSOCM) [7] to
two-body apha-apha system. The orthogonal condition model (OCM) introduced by S. Saito [8]
has the main advantage in its appropriate description of the threshold energy independently on
effective nuclear interaction. From the viewpoint of a microscopic description of the relative
nucleon motion between clusters, it isimportant to take into account the Pauli exclusion principlein
the inter-cluster motion.

In this work we investigate the spectra of 8Be, understanding as an alpha-al pha two-body system.
In particular, we focus on the its higher excited 6*, 8" and 10" states because there is no
experimental evidence for those higher states. But its low-lying 0%, 2*, and 4* states are
experimentally well known. In addition, in this work we apply two different bases states (Gaussian
basis function and harmonic oscillator wave function) in order to calculate both low-lying and
higher excited states of ®Be nuclei. Furthermore, two different potentials are used for the
alpha-apha interaction: The Buck potential [9] and the Schmid-Wildermuth potential [10]. The
difference between both potentials is in the treatment of the Pauli-principle. The
Schmid-Wildermuth potential includes Pauli-forbidden states but in the case of the Buck potential
Pauli-forbidden states are automatically excluded.
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2. Complex scaled orthogonal condition model
2.1. Complex Scaling Method
The CSM has been proposed to take into account the resonance states. In the CSM, the relative

coordinate is rotated aslike I —r €”in the complex coordinate plane. Therefore, the Schrodinger
equation
Hly) = Ely)

is rewritten as

H()y’)=E’|w’), (1)

whereH (0) and y’ arethe complex scaled Hamiltonian and wave function, respectively. The 6
isscaling angle being areal number, the U (¢) operateson afunction ¥ | that is,

w(6) =U (@) (r)=e"p(re?). @

The eigenvalues and eigenstates are obtained by solving the complex scaled Schrodinger equation
Eq.(1). The eigenvalues of resonance statesarefoundas E° = E, —iT, /2, where E, and T, are

r

the energy and decay width of aresonance, respectively. If we do not apply the complex scaling, the
original Schrodinger equation gives the continuum spectra including resonances on the positive
energy axis.

In the CSM, the energy eigenvalues of unbound states are classified into the resonance and
continuum states. After applying complex scaling, the resonances separate from the continuum

states and the continuum states are obtained on branch cuts rotated down by 26 as shown in Fig. 1.

The branch cuts start from the different thresholds for continuum states. More detailed explanation
of the CSM isgivenin Ref. [4].
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Fig. 1. Schematic energy eigenvalue distribution for a complex scaled Hamiltonian.
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2.2.  Orthogonal condition model

The OCM is one of the well approximated approaches of the resonating group method (RGM)
which was introduced in 1968 by S.Saito and was successfully applied to the two-cluster system.
Furthermore, the application of the OCM is not limited just to two-cluster problems but also has

been successfully expanded into multi-cluster problems [4]. The orthogonal condition is given in
addition to the complex scaled Schrodinger equation, that is,

(#ev’)=0, ©

where y{ isthe Pauli forbidden state and expressed by 72 =U (6) 7+ -

The Pauli forbidden states of the a+a system are defined by the following harmonic oscillator wave
functions ¢,,(r):

n=01(/=0)
e =0,(r) where <n=1 (/=2)
n=all (/=odd)

The wave function '’ defined as

y’ = ch ()¢, (r). 4)

In this work the Gaussian function and harmonic oscillator wave function are used for basis
expansion.

3. Alpha-Alpha System

3.1. Two-body model

For the alpha-alpha two-body system the Hamiltonian is expressed as

2
H :_h_VZ +Va';'(“°' +V0§2;ul _I_VaF;F 5
2u :

where 4 is a reduced mass. The interaction between two apha particles V' we employ the
folding potential of the effective nucleon-nucleon interaction the Schmid-Wildermuth potential [10]
and the Buck potential [9], VS is the Coulomb potential and V.”" is the pseudopotential which is

the projection operator to remove the Pauli-forbidden states from the relative motion of alpha-alpha.
In this study, we use two different bases sets as follows:

(i) the Gaussian basis for the radial part which is given as
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g (r)=N;r' exp{—z—ifrzj\@m(r). (6)

Here i =012,...,and N; isnormalization constants expressed as:

1 2/ 1/2
N, =— : 7
‘ h/+3’2{(2€+1)!!\/;} ")
and b is the size parameter of the Gaussian function described as b =b,y' ™, where b, and ¥

are the first term and a common ratio in the geometric progression, respectively.
(if) Harmonic oscillator wave function for radial part given as

e i Y 1
¢n€(r)=N?(Ej L, 2 (Ej exp(—ﬁrz m(r), (8)

where L2 are Laguerre polynomials for the angular momentum ¢ and N denotes the
normalization constants as given by
1/2
2I'(n+1)
bﬁl"(£+n+3j
2
The size parameter of relative motion of two alpha-clusters b. is taken as 0.967 fm which

corresponds to a single particle size parameter b, =1.3975 fm employed to fit the observed r.m.s.

radius of “He.
In this work, we apply the pseudo potential V77 (r) = 4| 7 )}( ¥ | where the strength 4 is chosen

N = )

as 10’ MeV, which is enough to push up the Pauli-forbidden states into the unphysical energy
region.

3.2.  Alpha-alpha potentials

The Schmid-Wildermuth potential
The o+ potential is constructed by the folding approach for the effective nucleon-nucleon
interaction by the Schmid-Wildermuth potential. An effective two-nucleon force is written as,

v, =V + BR, (ij) - HR.(if) - MP, (i})P.(})}- expl- 1r?) (10)
whereP, (ij) and P.(ij) are the spin and isospin exchange operators. In this work we employ the
Schmid-Wildermuth potential as a nucleon-nucleon force, which is given by following parameters:

V=-7298 MeV; u=046 fm?

W =M =0.4075; B=H =0.0925. (11)

The folding potential of the alpha-apha system is obtained from such a nucleon-nucleon force and
also the Coulomb force. Its explicit formis
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2
VI RVICTRPIVER R PN RVE B Y . B LV | (12)
oa 23 3[[1 3

where X, =2.445 and erf (x) isthe error function. We use a harmonic oscillator constant

- M_; =0.2675 fm2whichisobtained by using r,, . =1.63fm of the alpha-cluster.

2%

In EqQ. (12) the simplified notations can be applied:

N w

The Buck potential
The Buck potential introduced in Ref. [9] which isindependent on energy and angular momentum
and the Pauli-forbidden states are automatically excluded. The parameters for the Buck potential are
given as following:

V, =122.6225 MeV;, $=0.22 fm2 a=0.75 fm?.
4. Numerical Results

In numerical calculations of few-body cluster systems, we often use a vibrational method with
appropriate bases, such as Gaussian basis function and harmonic oscillator wave function. For
two-body cluster systems, the Gaussian expansion method was shown to be powerful with various
types of matrix elements calculated with high precision [4-6]. In the complex scaling method,
calculations with high precision are needed to maintain the stability of the complex eigenvalue
problems.

In this study, we have used two different bases sets: (i) the Gaussian basis function and (ii) the
harmonic oscillator wave function to solve the complex scaled Schrodinger equation for
alpha-apha two cluster system. The Buck-potential [9] and the Schmid-Wildermuth potential [10]
are applied for the alpha-alphainteraction. In the case of the Buck-potential, all bound solutions are
the unphysical Pauli-forbidden states because this system does not have any bound states. But in the
case of the Schmid-Wildermuth potentia, we have to take into account the Pauli-forbidden states
correctly.

In Table | we give not only calculated results of the energies with decay widths for the 0*, 2*, 4*,
6%, 8" and 10" states of ®Be, but also experimental data and two different potential parameters. The
experimental data are taken from Ref. [11]. The resonance energies with decay widths are
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calculated by using the complex scaling method, which permits to extract resonances as poles on
the complex energy plane.

As seen in the table, two different bases functions used in the Schmid-Wildermuth potential give
very similar spectra, not only for the energies, but also for the corresponding decay widths for all
states. The calculated values for the low-lying 2* and 4*states show that reasonably good agreement
with measured data. The computed decay widths for the experimentally unknown 6, 8" and 10*
higher states are rather big, however, they can be recognized as resonances on the complex energy
plane. In al states the calculated values of the energies and the decay widths are agree very nicely
with the same potential when we apply two different bases functions (the Gaussian basis function
and the harmonic oscillator wave function).

Tablel. Two different potential parameters, experimental and calculated resonance energies
with corresponding decay widths of Be.

States EXP Gaussian Basisfunction Harmonic
oscillator wave
function
[11] Present work
E(MeV) | i(MeV) | E(MeV) | (MeV) | E(MeV) | Ii(MeV) | E(MeV) | Ii(MeV)
o* 9.18x102 | 5.57x10° | 9.13x102 | ~10® | 6.41x10* | 3.8x10° | 6.06x10" 3.0
x10°
2" 2.94 151 2.75 1.24 3.01 12 2.90 14
4* 11.35 ~3.5 11.78 3.65 11.75 4.4 11.7 44
6" - - 334 37.2 30.5 35.7 30.5 36.8
8" - - 51.5 924 51.6 120 51.6 120
10* - - 70.7 160 70.0 180 70.0 180
Potential Buck potential Schmid-Wildermuth potential
parameters [9] [10]
Vo - - 122.6225 106.09
g (fm?) - - 0.22 0.2009
o (fm?) - - 0.75 0.5972

Aswe can see from the table, two different potentials (the Buck and the Schmid-Wildermuth) are
applied to the Gaussian basis functions and one resonant pole in every partial wave of
+ =y, %4648 and 10 is obtained. In the case of #= , there is a dight difference in the
calculated energy and decay widths for two different potentials. In order to clarify areason of thisa
dlight difference, it may necessary to check the convergence of solutions and increase the number of
employed basis functions.

In addition, the both potentials in the two different bases functions predict resonance energies
with decay widths at the 6*, 8*and 10" states, but there is no experimenta evidence to support those
calculated results, however, the energies and decay widths of the 6* and 8*states are comparable
with other computed recent results [12].

For the case of # = 1, there is no measured data and also there is no other theoretical
prediction, however, we calculated a resonance energy with a broad decay width by using two
different potentials and two different basis functions. The calculated results by both potentials and
both bases functions are very similar each other and we can see from table this state is clearly
obtained.
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5. Discussion and Summary

Positions and widths of low-lying and higher excited states of ®Be are calculated by using the
CSOCM and the two-body model. In the numerical calculation, we have used to different bases sets
and two different potential parameters for al pha-al pha two-body interaction. Different basis sets and
two potentials provide very similar results and both potentias predict the 6+, 8+ and 10+ higher
excited states. The results of recent caculation indicate that reasonably good agreement with
measured data for the low-lying excited states including ground state. The next higher levels are
calculated and compared with recent other theoretical results and present calculated results are quite
close with the previous theoretical prediction.
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