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Abstract. Analytical model for resistive plasma expansion in a static uniform magnetic field in the
regime in which the magnetic field does not perturb the plasma motion is proposed. The model is based
on a class of exact solutions for the purely radial expansion of the plasma in the absence of a magnetic
field. This approximation permits the reduction of the electromagnetic problem for consideration of a
diffusion equation at the external magnetic field. Explicit solutions are derived for resistive cylindrical
plasma expanding into a uniform ambient magnetic field. Some numerical examples related to the laser-
produced plasma experiments are presented.
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1. Introduction

The problem of hot plasma expansion into a vacuum or into a background plasma in the presence
of an externa magnetic field has been discussed in the analysis of many astrophysica and
laboratory applications (see, e.g., Refs. [1-5] and references therein). In particular, such processis a
topic of intense interest across a wide variety of disciplines, with applications to solar[6] and
magnetospheric [7,8] physics, astrophysics [7,8,9] and pellet injection for tokomak refueling [10].

In this paper, we consider analytically resistive cylindrical plasma expanding into vacuum in the
presence of an external magnetic field. Similar problem has been treated previously in Refs. [11]
and [12] but for a spherical plasma expansion. The vast literature on the theory of plasma expanding
into a vacuum or into a background plasma, Refs. [11-12] (see aso references therein) illustrate
various aspects and approaches. In Refs. [13-18] plasma has been considered as a highly conducting
medium with zero magnetic field inside. From the point of view of electrodynamics, it is similar to
the expansion of a superconductor in a magnetic field. An exact analytic solution for a uniformly
expanding, highly conducting plasma sphere in an external uniform and constant magnetic field has
been obtained in Ref. [13]. The nonrelativistic limit of this theory has been used by Raizer [14] to
analyze the energy balance (energy emission and transformation) during plasma expansion. A
similar problem has been considered in Ref. [15] in a one-dimensional (1D) geometry for a plasma
layer. In our recent papers, we obtained an exact anaytic solution for the uniform relativistic
expansion of a highly conducting plasma sphere [16,17] or cylinder [18] in the presence of a dipole
or homogeneous magnetic field, respectively.

The mentioned treatments [13-18] were obtained assuming a somewhat idealized situation:
uniform expansion, infinite electrical conductivity of a plasma, etc. More realistic models for
plasma expansion taking into account the deceleration (or acceleration) of the plasma boundary
have been developed, for instance, in Refs. [19-22] (see aso references therein) for spherical [19],
planar (1D) [20,21] and cylindrical [22] expansions employing ideal magnetohydrodynamic (MHD)
equations. However, it should be noted that the ideal MHD may not be justified in some
experimental situations where the typical parameters are such that the plasma resistivity is not
negligible[1,3,11,12] In this case, the coupling of the magnetic field with the plasma motion,
determined by the magnetic Reynolds number, should result in adistortion and diffusion of the field
across the expanding plasma[11,12]. We present here calculations of the electromagnetic field
configuration in the stages preceding significant deceleration of the plasma and in the regime in
which the magnetic field does not perturb the purely radial motion of the cylindrical plasma. The
latter assumption is valid at large initia ratios of plasma energy density to magnetic field energy
density.
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2. Resistive MHD model

Usudly, the motion of the expanding plasma boundary is approximated as the motion with
constant velocity (uniform expansion). In the present study, a quantitative analysis of plasma
dynamics is developed based on a cylindrical model. Within the scope of this analysis, the
nonuniform plasma expansion process is examined. We consider resistive collision-dominated
magnetized plasma expanding into vacuum in the presence of a uniform and constant magnetic
field. The relevant equations governing the expansion are those of resistive MHD [23], assuming
that the characteristic length scales for plasma flow are much larger than the Debye length and
Larmor radius of the ions. The set of equations describing the dynamics of this processis:

a—'O+l7~(pu):0,

ot
au _ 1
p{§+(u-l7)u}+l7p—4”[l7><H]><H, (1)

a(_)—l;lex[uxH]+DV2H,
with ¥7-H =0, where H isthe magnetic field strength, D =c*/4zo isthe diffusion coefficient,
p, U, p and o arethemassdensity, the velocity, the pressure and the electrical conductivity

of the plasma, respectively. In this paper we assume an isotropic and homogeneous electrical

conductivity (and hence the diffusion coefficient D% ) of the plasma o . The equations above

must be accompanied by the equation of state and the equation for entropy. Using the
thermodynamic relation between entropy, pressure, and internal energy as well as Eg. (1) the
equation for pressure reads [23]

2

P P)p+7p(V-u) = (-1
ot o

Here y isthe ratio of the specific heats, | isthe current density in a plasma which after the
elimination of some unimportant terms from the generalized Ohm's law [23] is reduced to the form

j:a[E+%[u><H]j, 3

where E isthe electric field strength. Here it is convenient to introduce the vector potential A .
Within the scope of the present study, the free charge density is absent and a suitable gauge

V-A =0 alowstheéectric and magnetic fields to be determined from the vector potential A |

E:—}a—A, H=VxA. “)

c ot
Then from the last expression in Eq. (1) one can derive asimilar equation for the vector potential A
0A (5)

E:ux[VxA]+DV2A.
In deriving Eg. (5) we have neglected the displacement current which is justified for the
nonrelativistic expansion of the plasma. More specifically this approximation is valid at
4mory,>1, where 7,=470R? /¢’ isthe characteristic diffusion time of the magnetic field and R

is the characteristic size of the system, taken here as the radius of the cylindrical plasma
Alternatively, this inequality implies that cz, is much larger than the plasma radius, cz,> R ,

which iswell justified for the nonrelativistic expansion velocities.
The neglect of the Hall current in Eq. (3) and the assumption of a scalar electrical conductivity for
the magnetized plasma is justified when the characteristic time for the Coulomb collisions v_*

(where v_ is the collision frequency) is much less than the cyclotron period of the electron.
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Therefore, in this highly collisional regime the conductivity o is essentially a function of plasma
temperature alone [24]. Hereafter it is assumed that the plasma temperature and the conductivity
o(t) are uniform and are the functions only of time.

The system of Egs. (1)-(5) can be used for determination of the dynamics of the expanding plasma
as well as for the investigation of the evolution of the induced electromagnetic fields. For further
simplification of this system, we note that as long as the Lorentz force density <[jxH] and the
Joule dissipation j*/o terms are negligible compared with the hydrodynamic terms in the left
hand side of Egs. (1) and (2), respectively, the plasma motion is a free radial expansion. For many
realistic situations with laser-produced plasmas the free expansion is realized when the kinetic
energy density of the expanding plasma is greater than the magnetic field energy density [1] (high-
beta plasma), pu*/2>H. /87 , where H, is the strength of the initial unperturbed magnetic
field. This is a necessary condition that the expansion remains radial and cylindrical. It has been
shown [19] that the system of Egs. (1) and (2) alows in this case the self-similar solutions for the
quantities p , U,and p which are realized under specified initial conditions. These solutions
are characterized by aradial velocity distribution linearly dependent on the radial coordinate r . At
r<R(t), u (r,t) =r[R(t)/ R(t)] , where R(t) and R(t) are the radius and the velocity of the
plasma boundary. In addition, the velocity u,(r,t) vanishesat r>R(t), u(r,t)=0. The self-

similar solutions for the density p and the pressure P aswell as the criterion of the violation of

the free expansion solutions are discussed in Ref. [19]. However, we would like to emphasize that
since the hydrodynamic terms are reduced rapidly as the plasma expands and the Joule heating
increases the plasma temperature and the electrical conductivity the electromagnetic terms in the
right hand side of Egs. (1) and (2) will no longer be negligible at the final stage of the plasma
expansion when plasma may fully be stopped and deformed by the magnetic field pressure. As

mentioned above, the average plasma pressure P is strongly reduced compared to the magnetic
pressure and the model of the purely radial expansion clearly becomes invalid in this case.

Nevertheless, if the critical timeinterval At , where p<H?2/8x , is much smaller than the typical

time scale of the plasma flow (up to the full stop), the contribution of this interval to the overall
plasmadynamicsis negligible and use of the radial expansion model isjustified.
In the next sections, we will use the profile of the plasma radia flow velocity

u (r,t) =r[R(t)/ R(t)] together with Eq. (5) to investigate the electromagnetic field configuration
generated by the expanding cylindrical plasma.

3. Solution of the moving boundary and initial value problem
In this section, we consider the moving boundary problem of the plasma cylinder expansion in the

vacuum in the presence of the constant and homogeneous magnetic field Ho . Consider a
cylindrical region of space with radius r =R(t) at thetime t containing neutral plasmawhich has
expanded at t=0 (with R(0)=R, ) toits present state from a cylindrical source with radius Fo
located around r =0 . We assume that at any time t the plasma cylinder is unbounded in Z
direction (i.e. the plasma cylinder is located at —o < z< < ). To solve the boundary problem we
introduce the cylindrical coordinate system (I , ¢ , z ) with the Z -axis aong the plasma
cylinder symmetry axis and the azimuthal angle ¢ is counted from the plane ( XZ -plane)

containing the vector of the unperturbed magnetic field Ho . Theangle @ between the vector Ho

and the Z -axisisarbitrary.

As the cylindrical plasma expands, it both perturbs the external magnetic field and generates an
electric field. We shall obtain an analytic solution of the electromagnetic field configuration. We
consider the case of the purely radial expansion of the plasma cylinder with an arbitrary (but
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nonrelativistic) expansion velocity R(t) . Having in mind the symmetry of the unperturbed

magnetic field and the fact that the electromagnetic fields do not depend on the coordinate z itis
sufficient to choose the vector potential intheform A =0,

d . 6
H0||W(r’t):§(rp}p), A =H, ¥Y(rt)sing, (6)
where W(r,t) and ¥(r,t) aresome unknown functions. From symmetry considerations, the
functions W(r,t) and ‘¥(r,t) areindependent on the cylindrical coordinate ¢ . Here H,, and

H, arethe components of the unperturbed magnetic field Ho transverse and parallel tothe 2 -
axis, respectively. The components of the electromagnetic field are expressed by these functions as
H,=H,W/r),

. 7
H, :HOLEcosqi, H¢:—H0laa—lPsm¢, )
r r

10A, 1., 0¥ )
E,=—-—2, E,=—=H,, —sing,
 cot’ * ¢ ot /

and E, =0 . The eguation for the vector potential A(r,t) inside the plasmacylinder ( r <R(t) )
is obtained from the MHD equation for the magnetic field diffusion, Eq.(5) , which for the unknown
functions W(r,t) and W(r,t) yieldsasystem of equations

R N *F 10¥ V¥ 9)

—+u —=D —

ot or

aﬂ+i(urW): D(az\lz\/ _18_W+w2j. (0
ot or or* roar r
Here u (r,t)=r[R(t)/R(t)] . In the vacuum surrounding the plasma cylinder ( r > R(t) ), the
magnetic field is determined by the Maxwell equation V'xH =42j with j=0 which for the
functions W(r,t) and W(r,t) become

¥ 1o¥ V¥ (11)
2 4= =0

o ror r?

oW 1oW W (12)

o’ ror r?
In the plasma, the magnetic field is the solution of the diffusion equation with a diffusion

coefficient D(t) =c?/ 4zo(t) . The plasma conductivity of(t) is essentialy afunction of plasma

temperature aone. If it is assumed that the plasma temperature is uniform, this coefficient is a
function only of time and Egs. (9) - (12) may be solved by the method of separation of variables.
The system of equations (9)-(12) is to be solved in the interna ( r <R(t) ) and externa (

r>R(t) ) regions subject to the boundary and initial conditions. Since the plasma under
consideration has finite electrical conductivity, there are no surface currents at the plasma-vacuum
boundary and H must be continuous at the moving boundary. The continuity of the magnetic field
H requires that W(r,t) , W(r,t) and the radia derivative 0¥ /or to be continuous at the
expanding plasma surface. In addition, we require that as r — o , the magnetic field H(r,¢,t)

being time-independent and asymptotically approach the uniform magnetic field Ho . This is
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equivalent to the boundary conditions W(r,t)=W(r,t)=r a r —oo .

The initial conditions are at t=0 . In principle two distinct sets of initial conditions could be
considered [11]. (i) In the case of the poorly conducting plasma the initial conditions are imposed
for arbitrary r :

Y(r,0)=W(r,0)=r. (13)
(i) In the case of the perfectly conducting plasma the initial conditions are imposed separately for
the domainsinside( r <R, with R,=R(0) ) and outside ( r = R, ) the plasma cylinder [18]:
¥(r,0)=W(r,0)=0, r<R, (14)

lP(r,O):r—%E, W(r,0)=r, r=R,.

In the first case, EQ.(13) , the plasmais initially cold and poorly conducting so that the external
magnetic field is completely penetrated inside the plasma. At the other extreme case (ii), the initial
conditions (14) imply that initially the plasma is highly conducting so that the magnetic field is
completely excluded from the initial plasma volume. We consider below the initial value problem
(i). The extension of the obtained solution to the case (i) is straightforward.

At r > R(t) welook for the solutions of Egs. (11) and (12) for the functions W(r,t) and W(r,t)

in the form ~r“ , where « is some numerical constant. Therefore, taking into account the
boundary condition a r — o the full solution in the domain outside the plasma cylinder is given by

Y(r,t)=r —C(t)%?, (19
r (16)
W(r,t)= r{1+ Cl(t)ln%]

where C(t) and C,(t) arethearbitrary functions of time with the initial conditions C(0)=1 and
C,(0)=0. However, since the magnetic field should be finite a r —c we set C/(t)=0 . At
r > R(t) thisgivesthefinal solution W(r,t)=r forthefunction W(r,t) .

For the class of separable solutions the motion is such that, for a given element of plasma, the
quantity £=r/R(t) isaconstant of the motion. Solutions of Egs. (9) and (10) inside the plasma

cylinder (i.e. at r < R(t) ) are then facilitated by the representation of the functions W(r,t) and
W(r,t) intheform

d 1
(D =r+ TAT,00,©) )

18 (18)
Win=r+o s ;bnun(t)G)n(é'),
where T (t), @,(£), U, (t), and 6 (&) are some unknown functions, a, and b, are the unknown
expansion coefficients. Next, inserting these expansions into Egs. (9) and (10) for @ ($) and
©,(&) one arives at the ordinary differentia equations for the cylindrical functions [25]. We
choose only the regular solutions of the obtained equations finite at the origin r =0 (or at £=0).
Thus,

D, (8) = AJ(4S), ©,(8)=BE(x,8)- (19)

Here A, and B, are the integration constants, A, and «x, are some arbitrary parameters

(depending only on N'), arising due to the separation of the variables, and J, and J, are the Bessel
functions of the first kind. In the same way, for the time-dependent functions T (t) and U (t) we
obtain the following set of the ordinary differential equations:
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T,(0) + A75(T, (1) = R(Y), (20)
U, (1) + K2(tU , (t) = 2RE)R(1), (21)
where
D(7) (22)
(t) = dr.
© I OR*(7)

The general solutions of the first order differential equations (20) and (21) can be represented in
theform

T.(t) = g oo |:t0 + ‘[;eﬁ“zﬂ(f) R(T)df} ’ (23)

U, (0= u+2f @ OR@OR@) e | (@9

Here t,=T,(0) and u,=U_(0) aretheinitia valuesof T, (t) and U (t) , respectively, to be
determined by imposing the initial conditions. In addition, it should be emphasized that the
expansions given by Egs. (9), (17) and (18) are the solutions of the system of Egs. (9) and (10) only
if the functions @ (£) and O, (&) satisfy at arbitrary 0<& <1 the equations

>a,(6)= Y00, =%

These rel ations impose some additional constrains on the expansion coefficients an and bn .
Now let us consider the boundary condition at r =R(t) for the functions W(r,t) , W¥(r,t) ,

and Z¥(r,t) . For the function W(r,t) this boundary condition yields J,(x;,)=0 , i.e the
quantities x, (with n=12,... ) must be the positive zeros of the Bessel functionJ,(z). Later on,
we will assume that the zeros «, are arranged in ascending order of magnitude. The same
boundary condition for the quantity W¥(r,t) determinesthe unknown function C(t) in Eq.(15) ,

- 26
C) =~ SRAT,()4(4) )

Finally, the boundary conditionat r =R(t) for <¥(r,t) yieldsanother relation for the function
C(t) which should be consistent with Eq.(26) . Thisis only possibleif J,(4,)=0 ,i.e. 4, =k,
are aso the zeros of the Bessel function.

Let us now turn to the determination of the expansion coefficients a and bn using the
constrains in Eq.(25) . Inserting Eqg.(19) into Eq.(25) and using the summation formulas (56) and
(54) one can easily prove that the equations in Eq. (25) are satisfied if a A =-4/[42J,(4,)] and
b,B, =-2/[4,J,(4,)] . Then, taking into account the summation formulas (57) and (54) the initial
conditions C(0)=1 and W(r,0)=0 (at r <R, ) forthefunctions C(t) and W(r,t) imply that
T.(00=R, and U, (0)=R? , respectively. Moreover, having in mind the relations (56) and (57)
the initial conditions for the quantity ¥(r,0) inside ( r <R, ) and outside ( r 2 R, ) the plasma

cylinder (see Eq.(14) ) are then satisfied automatically.
Therefore, the complete solution of Egs. (9) -(12) for the initial and boundary conditions inside (
r <R(t) ) and outside ( r > R(t) ) the plasma cylinder, respectively, may be represented as

(25)

- 27
‘P(r,t)=r—4ZTn(t);§\(J/1(”j)), &N
Jo(4:.8) (29)
W(r,t)=r|1-
"y r[ RZ(t)ZU”szunJ

and W(r,t)=r ,
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4R(t) (29)

Y(r,t)=r————=T(t)

with
30
() = 2 T, U0 z U, ). (30)

Notethat W(r,t)=W(r,t)=r a r — o asexpected by the boundary conditions at the infinity.

The € -component of the vector potential is determined by the first relation in Eq.(6) . The
straightforward integrationsin Eq.(28) with respect to theradial coordinate I' result in [26]

Hy J,(4,)
A= [r R(t)ZU ()%JM)}’
H, G(t) (32)
Art)=—= {r—T}

inside ( r <R(t) ) and outside ( r> R(t) ) the plasma cylinder, respectively. Here G(t) is an
arbitrary function of time to be determined by the boundary condition a& r =R(t) . From this
condition, one obtainsG(t) = 4U(t) . Equations (27) - (32) represent the complete solution of the
problem and determine the structure of the electromagnetic fields both inside and outside the
expanding plasma cylinder. Expressions for the components of the electromagnetic fields E and
H may now be obtained by use of Egs. (7) and (8). These components are, for r < R(t) ,

(31)

3,(A48) (33)
H, =H
r OLCOS¢|: ZT()/L,J(/L,):|
~ J.(4,€) (34)
= Hy sne 1 25,0 348 |
(35)

_ Jo(4:5)
HZ_H0|||: RZZU()AHJ(A)}
2Hy & 1 (36)

"R &2, (%)

{U ()J,(4,8) - U (04,535 (4, f)}

(37)

oJ. ¢Z 2,2 1(2 )
{Tn (1) 3.(4:8) —ETn (t)/’iani(ﬂnf)} )

and, for r=R(t) , H,= Ho
H =H, cosq{l——T(t)} >

H,= H0L3|n¢{1+—T(t) (39)

{RR —ZU (t)

H

E = _ar
cr

4

J
} (40)
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H (41)

0L o - _£ .
E, =?sm¢{R[R+4T(t)] = nz_l:Tn(t)}.

In the latter expressions for the components of the electric field the time-derivatives U (t) and
T (t) have been excluded by means of Egs. (20) and (21) . Also in Egs. (33) -(41) the prime
indicates the derivative of the Bessel function with respect to the argument.

The induced current density | is defined only inside the plasma cylinder (i.e., for r <R(t) ) by
the relation (3) (or using the Maxwell equation j=_2VxH ) and has the following components:
j,=0,and
su ZU (t )J (4, rf) (42)
27rR(t) = ()

L CHy J(4E)
=R (”ZIT”JM)'

Until now, we have considered the initial value problem (ii) assuming that initialy the plasma
conductivity is so high that the magnetic field is completely excluded from the initia volume of
plasma. The extension of the obtained solution to the case of the initial value problem (i) (with
highly resistive plasmaat t=0 ) is straightforward. From the consideration above it follows that
the solution of the boundary and initial value problem (i) is again determined by Egs. (27)-(43),
where, however, the initial conditions T (0)=R, and U, (0)=R? for the functions T, (t) and
U, (t) (seeEgs.(23) and (24)) should be replaced by the zero initia conditions, T, (0)=U,(0)=0 .
Comparison of the complete solutions obtained by the initial value problems (i) and (ii) shows that
the electromagnetic fields and the induced current for the two distinct cases differ only in the terms
containing T, (0) and U (0) in Egs. (23) and (24) . These terms force the matching of the
solution to the initial condition of the magnetic field completely excluded initially from the plasma
volume r <R, . Because of their exponential dependence on #(t) (and hence on thetime t)
these terms become negligible compared to the other terms in the electromagnetic fields in the time
required for #(t) to become of the order #(t) ~1 . Thistimeinterva is the characteristic time for
diffusion of the magnetic field into a stationary plasma of radius R and conductivity o , i.e.
7,=R’/D=47ncR*/c® . Thus, the initia conditions for the initially perfectly conducting plasma
are forgotten by theplasmaat t>7, .

In the context of the two distinct initial value problems (i) and (ii) it should be aso emphasized
that the initial value of the plasma conductivity ¢(0) should be consistent with the chosen
physical model. Indeed, the cases (i) and (ii) imply vanishing (o(0) >0 ) and very large
(0(0) > = ) initia conductivities of the expanding plasma, respectively. As a demonstration of the
importance of the initial value o(0) consider, for instance, Egs.(36), (37), (40) and (41) for the

generated electric field. Using Egs. (20) and (21) as well as the summation formulas of Appendix
sec: appl it is straightforward to show that at t =0 the electric field inside (Egs. (36) and (37)) the
plasma cylinder is given by

o=~

(43)

G A PR @
c R R
EZ(O)zr%%sjm[l—%], @

where R, =R(0) . Thus, the initial electric field in the plasma volume vanishes or is finite in the
cases (i) (with u, =R}, t,=R, ) and (i) (with u,=t,=0), respectively. Theinitia electric field
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in avacuum is determined by Egs. (40) and (41) at t=0 .Itisseenthatat t -0 thelasttermsin
these expressions proportiona to the diffusion coefficient D(t) vanish for the initial condition (i)
while diverging as ~[2(t)]Y? in the case (ii). In the latter case assuming, however, perfectly
conducting (in fact infinitely conducting) plasmaa t=0 one must consider the limit D(0) —» 0

in the last terms of Egs. (40) and (41) which vanish eventually at t — 0 . Finaly, we note that at
t — 0 the nonvanishing terms in Eqgs.(40) , (41), (44) and (45) are proportional to the initial
expansion velocity R, of the plasma. Therefore, it is not surprising that a& R, =0 the plasma

expansion builds up instantly an initia electric field, athough the induced magnetic field is zero.

At the end of this section, consider briefly the nondiffusive limit of the obtained solutions,
Egs.(33) - (43), when the diffusion coefficient vanishes, D — 0. This limit can be obtained using
a D— 0 theexpressions (22) - (24) which yied T (t)=R(t) and U, (t)=R?(t) . Therefore,
having in mind the summation formula (57) from Eqg. (30) one finds T(t)=R(t)/4 and
U(t) = R*(t)/ 4 . Using these results and the summation formulas derived in Appendix sec: app1 it
is straightforward to show that j, =], =0 and the electromagnetic fields are, for r <R(t) ,

H(r,t)=E(r,t)=0 , and, for r>=R(t) , H,=H, , H,=Hg,cosp(l-R*/r?) ,
H,=—H,, sing(@+R*/r?) , E,=pH,(R/T) , E,=28H, (R/r)sing , where S=R/c .

These expressions have been derived previously in Ref. [18] for the cylindrical plasma expansion
neglecting the diffusion of the magnetic field.

4. Energy balance

Previoudly significant attention has been paid [4,5,14-18] to the question of what fraction of
energy is emitted and lost in the form of electromagnetic pulse propagating outward of the
expanding plasma. In this section, we consider the energy balance during the plasma cylinder
expansion in the presence of the homogeneous magnetic field.
Our starting point is the energy balance equation

V.sz_j.E_ﬁH_21 (45)
ot 8r
where S=2[ExH] isthe Poynting vector and | is the induced current. Note that the density of
the electric field energy has been neglected in Eq (45) since R<c and E<H . The energy
emitted to infinity is measured as a Poynting vector integrated over time and over the lateral surface
S of the cylinder with radius fc , length lc and the volume Q_ (control cylinder) enclosing the
plasma cylinder ( r, > R(t) ). Integrating over time and over the volume Q_, Eq. (45) can be
represented as
WL () =W, (1) + AW, (1), (46)
where

w(t) =, at'[ s dg, (47

V\/J(t)z-llj;dt'jgcj-lzdr.

Here S isthe radial component of the Poynting vector. Note that the total flux of the energy
over the bases of the control cylinder determined by S; vanishes due to the symmetry reason.
W, (t) and AW,,(t) =W, (0)-W,,(t) are the total magnetic energy and its change (with minus
sign) per unit length in a volume Q_, respectively. W, (t) is the energy (per unit length)

transferred from plasma cylinder to the magnetic field and is the mechanical work with minus sign
performed by the plasma on the external magnetic pressure. At t=0 the magnetic fields are given
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by H=H, inthe mode (i) and by Eq.(14) in the model (ii). Hence in (i) W,,(0) is the total
magnetic energy per unit length in a volume €, and is given by W,,(0)=Q, =zr?(HZ/8x)
whilein (i) W, is the total magnetic energy in avolume Q. of the control cylinder excluding
the volume of the plasma cylinder (we take into accountthat H=0 a t=0 inaplasmacylinder
in the model (ii)) and W,,(0)=Q,(1-x*cos’ -« *sin*#) .Here x=r,/R, and @ istheangle
between Ho and the symmetry axis of the plasma cylinder (z-axis). Then the change of the
magnetic energy  AW,,(t) inavolume Q. can be evaluated as
2
AW (0) =WM(0)—|1 [ :—d (“8)

Hence the total energy flux W,(t) given by Eq.(47) is calculated as a sum of the energy loss by
plasma due to the external magnetic pressure and the decrease of the magnetic energy in a control
volume €. . For expansion of a one-dimensional plasma slab and for uniform external magnetic
field W, =2W, = 2AW,, , i.e. approximately the half of the outgoing energy is gained from the
plasma, while the other half is gained from the magnetic energy [15]. In the case of expansion of
highly conducting spherical plasma with radius K in the uniform magnetic field Ho the outgoing
energy Ws isdistributed between Wi and AW, accordingto W, =1.5Q, and AW, =0.5Q,
with W, =2Q, , where Q,=HZR®/6 isthe magnetic energy escaped from the spherical plasma
volume [14]. Therefore, in this case the released magnetic energy is mainly gained from the plasma.

Consider now each energy component W, (t) , W,(t) and AW, (t) separately. W(t) is
calculated from Eq.(47) using the expressions for the electromagnetic fields generated outside the
plasma( r 2 R(t) ). Recalingthat H,=H, a r=R(t) from Egs. (39)-(41) and (47) we obtain

all

(49)
W, (t) H0|| {U(t) __} + HOJ. [ R(t)T(t)
2R2 (t) T2 t?
- =aiCh R 25 Kz}

Here T(t) and U(t) aregiven by Eq.(30) .
Next, we evauate the energy loss W, (t) by the plasma which is determined by the induced

current density ] . This current has two azimuthal and axial components and has been determined
in Sec.3, see Egs. (42) and (43). Since the current is localized only within aplasmavolume Q. ,in
Eq.(47) thevolume €. can be replaced by the plasmavolume Q. . The total energy loss by the
plasma cylinder is calculated as

Ho | A1)  ug 2 _ﬁ (50)
\NJ(t)_ |:R2(t) 4R§:|+H0L|:S(t) 4:|,

where

50=3 5T, 2A0= z Uz (). °D

= A

The change of the magnetic energy in a control cyllnder is caculated from Eq.(48) . For
evaluation of the magnetic energy inside and outside the plasma volume, we use Egs.(33)-(35), (38)
and (39) , together with H,=H,, , respectively. Thus, the change of the total magnetic energy in

the control cylinder is represented as
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AWM(t)=M{2U(t)_ﬂZ<t> _i(z_ U_H 2)
2 R*(t) 4 R’
+Hg, {R(t)T(t) sz RO
R«

-%{%Q(Fz@-to)}}.

Comparing now Egs. (49),(50) and (52) we conclude that AW,,(t) +W, (t) =W, (t) as predicted
by the energy balance equation (46). Let us recall that Egs. (49), (50) and (52) are valid for both
initial conditions (i) and (ii) choosing appropriate values for the quantities to and Uo (i.e,
t,=U,=0 in()and t,=R,, u,=R in(ii)).

The energy components W (t) and AW,,(t) depend naturally on the radius fc of the control
cylinder while W, (t) is determined only by the volume of the plasma cylinder. At r, — e, Egs.
(49) and (52) are finite and in this case W,(t) represents the electromagnetic energy emitted to
infinity. It should be noted that at r — <« the induced magnetic and electric fields behave as
H~r? and E~r" , respectively, see Egs. (38)-(41). Consequently, at r, — o the induced
magnetic field does not contribute to the energy flux W,(t) and the latter is determined by the
electric field and the unperturbed magnetic field Ho .

5. Numerical examples

In this section using theoretical findings of the preceding sections, we present the results of our
model calculations for the electromagnetic fields generated due to the radial expansion of the
magnetized cylindrical plasmainto a vacuum. As an example we consider the radial expansion with

R(t) = R, {1+ a[1-cos(at)]} , where v is the expansion velocity at t — <, a=D,/VR, . Note
that initially R =0 inthiscase. Theelectrical conductivity ismodeled by o (t) =o,(z/t) , where
¢ is some characteristic decay time of o(t) and o, isa constant. Accordingly, the diffusion
coefficientisgivenby D(t)=D,(t/7) with D,=c?/4zxo, . Thus, initialy the conductivity of the
plasmais very high which corresponds to the initial condition (ii). However, as plasma expands the

plasma will be eventually cooled off and the conductivity decreases with time. For the chosen
model

2D a2 dr
) =—— J. ;2 N2
wR;’°  (1+2asin“7)
_ D2 1 asin(at) N 2(1+a) arctan(Mtanﬁ)

asit follows from EQ.(22) . In order to obtain a physical idea of the length and time scales involved,
let us consider briefly a numerical example. Taking, for instance, R,=1 mmand v=10° cms,

one obtains 7, =R,/v=0.1 us. For alaser generated plasma with a temperature T ~10°> K,
one can teke o0,=5x10 s ' and D,=2x10° cm?/s. Using these parameters the
dimensionless diffusion coefficient d=1 impliesthe characteristic decay time 7=0.18 usfor

the conductivity. Using it all in equations (23) and (24) we have some numerical results (see Fig. 1).
We consider the temporal and spatial distributions of the magnetic field for various values of 6 ,
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a and ¢ . Figure 1 demonstrates the absolute values of the magnetic field H(r,t) (inunitsof Ho
) on the symmetry axis of the plasmacylinder, r =0 , asafunction of time. Asit follows from Egs.
(33)-(37), the electric field vanishes on this axis, E=0 , while H,=H,F(t)cos¢g |,
H,=-H,FR{)sing , H,=H,F,(t) , where

2 i T () (53)

R(t) n=1 ﬂ’n‘]l(ﬂ’n) ’

2 i U, (t) (54)
Rz(t) n=1 ﬂ’n‘]l(ﬂ’n) .

F(t) =1

Fz(t) =1

§=0.1; 0=n/4 i
| —a=12 i

- a=30 i i
— := 5.0 i ¥ﬁ§ 7

3.0

5=0.5; 6=n2

—a=12

..... a=30

--------- -a=50
i A
"

H
3
H

25

. .
8 12 20 of
of

Fig. 1. The strength of the magnetic field (inu
nitsof Hy)at r = 0asafunction

of timet (inunitsof 73)for 6=0,0=7/4,0=7/2,
0=01,0=05,0=10,a=1.2,a=3.0 and a=5.0.

Thus, as expected, the magnetic field H(r,t) at r =0 isindependent onthe angle ¢ . From
Fig. 1 it is seen that simultaneously with the plasma expansion the magnetic field inside grows
harmonically from zero value and saturates typically at t.,, = R: /D, ~ 5 . Clearly, the saturation

time of the magnetic field decreases with & . At t>t, the magnetic field is constant harmonic

because it is completely diffused into the expanding plasma remaining, however, smaller than Ho.
It is also noteworthy the influence of the orientation of Ho on the magnetic field inside the plasma
cylinder at r =0 . At weak diffusion, 6 <1, the quantities F(t) and F,(t) areevaluated using

Eq. (58) with x=0 and z=5"2 . In this case we obtain F,(t) = (47%/8)"* exp(-1/~/8) and
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F,(t) = (877 1 )" exp(—v/2/ &) . Itisseenthat F(t)> F,(t) and the magnetic field is essentially

larger for the transverse orientation of Ho (Fig. 1 (Row 1)). However, in the strongly diffusive
regime, J>1, from Egs. (54) and (55) one derives F (t)=1-1/46 and F,(t)=1-1/26 , and

the magnetic field is only weakly sensitiveto 6 approaching the value Ho of the unperturbed
magnetic field (Fig. 1(Row 3)).

6. Conclusion

In this paper, an exact solution of the purely radial expansion of a neutral, resistive plasma
cylinder in the external static uniform magnetic field has been obtained. The electromagnetic fields
are derived by using the appropriate initial and boundary conditions. Two type of the initial
conditions have been considered assuming poorly or perfectly conducting plasma at the initial state.
In the first case, the magnetic field is completely penetrated inside the plasma while in the other
extreme case the magnetic field is completely excluded from the initial plasma volume. However,
as expected both solutions “forget” the imposed initial conditions a t>7, , where 7, isthe

characteristic diffusion time. Using a simple model for the electrical conductivity, we have aso
studied the energy balance during the plasma expansion as well as the spatio-temporal distribution
of the external magnetic field with an arbitrary orientation of the initial field. In contrast to the
previous treatments with highly conducting plasmas [13-18], our model calculations demonstrate
some new features arising due to the finite conductivity of the expanding plasma.

Going beyond the present model, which is based on severa approximations, we can envisage a
number of improvements. We have assumed the purely radial expansion (with a given velocity

R(t) of the plasma boundary) and hence the shape of the plasma (in the Xy -plane) remains
isotropic during plasma expansion. For redlistic laser-generated plasmas this is valid when the
kinetic energy density of the expanding plasma much exceeds the magnetic field energy density
[1,2]. However, after some period of accelerated motion, the plasma gets decelerated as a result of
the external Lorentz force acting inward and the above mentioned condition may be violated at the
later stages ( t > 7, ) of the expansion. In this case the Lorentz force density which is anisotropic in
general, cannot be neglected in Eqg. (1) . Thus one can expect some deformation of the initially
isotropic plasma surface [4,5] and the plasmaradius R(t,#) should be treated as a function of ¢ .
On the other hand, in this regime the plasmaradius R(t,#) cannot be treated as a given function of
time and should be determined self-consistently using, for instance, the equation of balance of
plasma (~ pR?) and magnetic field (~ H?) energies [19]. Thus, plasma dynamics can be described
(at least qualitatively) inserting Egs.(33)-(35), (38) and (39) into the energy balance equation which
yields a first-order differential equation for R(t,@). Within the scope of this anaysis, the
deformation of the plasma surface as well as the initial stage of plasma acceleration, the later stage
of deceleration and the process of stopping at the point of maximum expansion could be examined
numerically. We intend to address these issues in our forthcoming investigations.

7. Some summation formulasinvolving the Bessel functions

Using the Fourier-Bessel expansion of an arbitrary function of areal variable [25] one can derive
some summation formulas involving the Bessel functions, which are used in the main text of the
paper. The first relation is obtained by considering the Fourier-Bessel series for the quadratic

function X* intheinterval 0<x<1,
- (53)
x2=z 1_12 ZJO(/Inx)’
/ln /?’n‘Jl(/ln)
where A, (with n=12,... ) arethe positive zeros of the Bessel function, J,(4,)=0 , arranged in

ascending order of magnitude [25]. On the other hand using the known summation formula [25]
(validat 0<x<1)

n=1
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i Jo(AX) _ (54)
1 Ay Jdi(4,)

one can represent Eq.(53) in another form:
i Jo(4¥)  1-% (55)
S A33(4) 8

Thislatter relationisvalidat 0<x<1.

Next, taking the X -derivatives of Egs. (53) and (54) one obtains
i[l_iz] Jl(ﬂ‘nx) =—X, i ‘Jl(ﬂ’nx) — 0’
Ay ) i(4) 1(4,)

n=1 n=1

L
2

respectively. The latter formula is valid at 0< x<1 . Therefore, using the second relation in
Eq.(55) the first summation formulain (55) can be represented in the form:
- (X)) _x (56)

nz=;ﬂ’nz‘]l(2’n) _Z.
Finally, substituting x=1 in Eq. (56) we arrive at
=1 1 (57)

=
Next, we derive another kind of summation formulas involving the zeros of the Bessal function
J,(2) . For that purpose consider the known summation formula [25]
1,02 S Ado(AX) (58)
() ;(ﬂﬁ Z)3,(4,)
where 1 (z) (with n=12,... ) isthe modified Bessel function of the first kind, 2 and X (with

0< x<1) arerea variables. Differentiating Eq.(58) with respect to X and using the second relation
in Eq. (59) we arrive at

L0D) 5 %4 (59)
22,(2) = (4+2)4(4)
which, in particular, a8 x=1 yields
i 1 1(2 (60)
S+ 72 24,(2)
This relation can be used for deriving other summation formulas. For instance, after some
manipul ations one obtains

_1_2L() (61)
=007 Zf(ﬁzﬂ) £1o¢)’

(62)

—
—
)

(2)= Z/12(/122+1)

_p L) _{u(g)} |
GRING

Here g“:l/ﬁ . We also mention the asymptotic behavior of the functions =,(z) and Z=,(2) .
At small argument, z< 1, these functions behaveas =,(z) =Z,(z) =1 whileat z>1 they decay
as E,(2=1/8z, E,(2)=1/487".
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