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Abstract — The explicit expression for the point-charge longitudinal wake function of helical
undulator radiation in circular waveguide is given. The peculiarities of the helica undulator
radiation and wake functions in circular waveguides are examined. For the charge distribution and
discrete spectrum of the radiated electromagnetic fields the coherent part of the radiation and the
beam energy modulation are studied.

1. Introduction

The helical undulators have an essential value in advanced synchrotron light sources and free
electron lasers by producing circular polarized intense radiation. The properties of the undulatror
radiation in free space are well known [1,2]. However, in redlity, the beam is moving in metallic
vacuum chamber that modifies the radiation fields. The general approach for studying the
electromagnetic fields excitation in waveguides is the modal expansion technique [3,4]. The
properties of undulator radiation in waveguides are studied in Refs. [5-12].

An important feature of the undulator radiation in waveguide is the radiation discrete spectrum
conditioned by the excited waveguide modes. Actualy, the waveguide modifies the continious
spectrum of undulator radiation into a small number of sharp peaks, each corresponding to an
excited waveguide mode. By proper choice of the undulator and waveguide parameters, the selected
modes can be enhanced thus improving the undulator radiation source performance.

For the charge longitudinal distribution the particles within the bunch interact with the radiated
electromagnetic fields that can be evaluated in terms of the wake function [13,14]. The low
frequency part of the wakefields formes the coherent part of the radiation, while the high frequency
part lead to energy modulation within the bunch. The knowledge of the undulator radiation wake
field effect is important in order to optimize the facility performance both from the beam dynamics
and the radiation points of view.

In this paper, the pecularities of the helical undulator radiation in circular waveguide are
studied. The explicit expression for the point-charge longitudinal wake function for helical undulator
radiation in waveguide is obtained. The energy modulation for the beam Gaussian and rectangular
longitudinal distributions are analyzed for the discrete spectrum of the radiated electromagnetic
fields.

2. Electromagnetic Fields and Wake Functions

Consider the helical undulator with the perfectly conducting vacuum beam pipe of circular cross
section and radius b . The driving charge Q follows the helical orbit with the radius a= g c/ o,

and angular frequency w, =274/ 4,, where 4, is the undulator period, g, and 4, indicate the
charge transverse and longitudinal velocities respectively, f=v/c, v isthe charge velocity and ¢
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is the velocity of light. The cylindrical coordinate system (r,¢,z) will be in used to evaluate the
problem.

The solution for electromagnetic fields produced by the charge in the waveguide is defined by the
expansion of the fields over the TM and TE modes [3]. Using inhomogeneous Maxwell equations,
the orthogonality of the modes and the methodology of integration in the complex plane, the
longitudinal electromagnetic field components for TM and TE modes in time-space domain can be
presented as follows:
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where V =cj, isthe charge longitudina velocity, 4, = j,, arethe roots of the first order Bessel
function J (x) (TM modes), 4, =v,, are the roots of J[(x) (TE modes) ,y, is the particle

longitudinal Lorenz factor, /. is the excited mode frequency and k’ is the longitudina wave
number.

The transversal components E, = E™ + EF, H, = H/™ + H/F for TM (E™ ,H™ ) and TE
(E[F,H/®) modes are derived from the inhomogeneous Maxwell equations in the following way

[4]

—ry k) b? - o)

EM =S VE, AT - e xE @
LY k2 v

Are = Kmd gy B L P g
Vnm Cknm

where the transverse gradient in cylindrical coordinatesisgivenas V, = (d/or,in/r).
The wake function is defined as the integral effect of the Lorenz force acting on the test charge g

which follows at the distance s with respect to driving charge position along the same helical orbit.
The test charge position then corresponds to time t'=t+s/v. For s>0 the test charge is ahead of
the driving charge, for s <0 the test charge is behind the driving charge. The Lorenz force of the
radiated fields acting on the test charge is given by

F(t',t)=alE(F(t).t)+V x oH (F(t').t)] €)

where F(t')=(r = a,p = @,t',z =Vt') definesthe test charge orbit.
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In the coordinate frame (€, €, €, ) (€, =V/v, €, =&, x&,) associated with the driving charge, the
Lorenz force components are given as

q[ E, +aw° E,1,
_q[Er _VluOH(p—'—awO/uOHz]’ (4)
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The longitudinal w,(s) and transverse W (s) wake functions are then defined as

ws()_Tlmz—J'F(tt)dt W, (s _Imﬁj[Fe +F& [t t)dt (5)

for t"=t+s/v. The longitudinal wake function defines the energy gain (or loss) of test charge per
unit length and the transverse wake function defines the transverse kick of the test charge per unit

length. Note, that w,(0) defines the energy loss of the point charge U = Q*w,(0).

While obtaining the longitudinal wake function, we note that for the test charge moving along the
orbit F'(t')=(r'=a, ¢’ = wyt’, 2’ =Vt') the argument in (1) can be represented as

n(p' — Oyt + kan' = g(ﬂ“nm )S (6)
with
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Thus, the integrand in (5) does not depend on time and depends only on the test charge relative
position s with respect to drive charge along the helical orbit. The point wake function is then
expressed as follows

w,(5)=— Re Y (C,. €% 1 D, 90w ) (7)
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Theloss factor k, is given by the longitudina wake function at the position s =0 (k, =w,(0)), and

it is the sum of the energy stored in each excited mode. As it follows from (7), contributions of TM
and TE modes for fixed n have the same order with respect to a/b. For a/b<<1 the main
contribution to the radiated fields is given by the modes with the first index n=1.
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3. Longitudinal Wake Potential and Beam Energy Modulation

For the bunch longitudinal distribution p(s) the particles of the bunch interact with the radiation
fields inducing particles energy spread. The modulation of the particles energy in wake fields is
determined by the longitudinal wake potential W, (s) given by the convolution of the point wake

function w;(s) and the charge distribution p(s) asfollows

W,(s)= [ p(s' (s +5)ds ®)

Note, that the bunch longitudinal distribution p(s) isnormalized to unity.

For the perfectly conducting waveguide, the modes are separated to propagating (radiation)
and quickly damped ones. The modes that contribute to radiation fields are given by condition

f?(4,,)>0 from (1) that corresponds to the following inequality

2 7_2j’ﬁm(a/b)2 _ pi
ﬂL 2 nz —ﬂim(a/b)z - enm (9)

Asit is seen, the modes with the zero first indexes (n = 0) does not excite in the waveguide.
For a fixed index n>1 the number of modes contributing to the radiation pattern depends on the
charge transverse velocity S, and the parameter ... Note, that A, = j,, for TM modes and

Ao = Vo fOr the TE modes in (10). The eigenvalues 4, and parameters ¢, increase with the

index m. The parameter & is less than unity. As it follows from (9) both TE and TM modes
contribute to wake function and the sequence of TE and TM eigenvalues with index m is
characterized as v, < jo; <Vy» < Jn2 <Vpz < inz.... The corresponding parameters 6. are

O <o) <O <0l <@ <61 ... . Thus thefirt m TE and m—1 TM waveguide
modes are excited if 6}, < %<6} . In particular, for n=1 and 6, < %<6, the fundamental

TE,; mode satisfies only the radiation condition (9).

Figures 1-3 show the longitudina wake function of point charge and longitudinal wake potentials
of Gaussian bunch distributions with rms length of ¢ =5xm,40.m,1mm for the single (Fig.1),

double (Fig.2) and three (Fig.3) excited modes in the waveguide. Calculations are carried out for
the electron energy of 20 MeV (y ~40) corresponding to the AREAL electron linear accelerator

design parameters [15]. The plots are normalized to the value of P = Zoc/ﬂb2 . Theratio a/b is

taken equal to 1073, Dashed lines in the figures represent the charge longitudinal distribution. Note,
that the single mode regime corresponds to 6}, < 2 <6, 8, =0.7x10™*, double mode regime

corresponds - £ enj,l <p2<0,,p =11x10" and threemode regime corresponds to
61,<B2<06/s, B ~2x10™,
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Figure 1. The single mode (TE;;) excitation regime. Longitudinal wake function for point charge and wake
potentials for Gaussian bunches (o = 5um, 40 gm, 1mm).

WP

C1500 —1000 s 0 S0 1000

10t w1

F=I0M), r=S0rm

W

Figure 2. The double-mode (TEll and TMy,) excitation regime. tongitudi nal wake function for point charge
and wake potentials for Gaussian bunches (o = 5zm, 40 m, 1Imm).
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Figure 3. The three-mode (TE;;, TE;» and TMy;) excitation regime. Longitudinal wake function for point
charge and wake potentials for Gaussian bunches (o = 54m, 40 m, 1Imm).
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As follows from the wake potential definition (8), the energy modulation within the bunch depends
on the bunch longitudinal distribution. Fig.4 presents the wake potentials for the rectangular charge
distribution for the single, double and three mode excitation regimes. The energy modulation within
the beam takes place at the wavelength of excited modes.

Figure 4. The longitudinal wake potentia of helical coherent undulator radiation for the rectangular electron
bunch distribution. The bunch rms length isc, = 1mm, the particle energy is 20 MeV for the single, double
and three mode regimes.

4. Summary

The modal expansion technique is used to determine the explicit expression for the point wake
function for helical undulator radiation in waveguide. The wake function is used to calculate the
longitudinal wake potentials of the Gaussian and rectangular charge distributions for single, double
and three mode excitation regimes. The results of the present paper can be used for proper
evauation of helical radiation in waveguides and the beam dynamics study in advanced electron
storage rings and the free electron lasers.
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