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Abstract – The ground state energy and the extend of the wavefunction of a neutral donor located near a 
semiconductor surface in the presence of a STM metallic tip held at a fixed potential is obtained within 
a variational  approach. We apply the effective mass approximation and use a variational wavefunction 
that takes into account the influence of all image charges that arise due to the presence of a metallic tip. 
The latter lowers the shallow donor energy which is lower than in the case when the donor is located at 
the same distance near a plane semiconductor-metal interface. The ionization process of a donor center 
due to the tip positive voltage is considered. In the case of negative voltage on the tip we observe a 
nonmonotonic behavior of the impurity electron binding energy. 
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1. INTRODUCTION  

 
Dopant atoms are essential in semiconductor technology since they provide extrinsic charges 

necessary to create devices such as diodes and transistors. The possibility to dope the material in 
a controlled way and to tailor the electronic properties of semiconductors has led to the creation 
of new functional electronic devices and to recent proposals for e.g. quantum cellular automata 
[1] and single electron transistors [2]. A full spatial control of the incorporation of single P 
dopant atoms in Si (001) was realized in Ref. [3] which opens a new avenue for the creation of 
atomic-scale electronic devices. An example is the proposal of Kane [4] to use donor states as 
qubits. Due to further downscaling in microelectronics the effect of the boundary on such 
impurity states have become a problem of fundamental interest [5, 6], and the dopant atoms 
appear closer and closer to interfaces [7, 8]. 

Resonant tunneling between source and drain of a gated nanowire was used in Ref [5] to 
realize the spectroscopy of a single dopant atom in silicon. The electronic states of this dopant 
appeared as resonances in the low temperature conductance at energies below the conduction 
band edge. While the first resonance is consistent with the binding energy of the neutral 0D state 
of an arsenic donor the second one demonstrated a reduced charging energy due to the 
electrostatic coupling of the charged D−  state with the electrodes. 

A more direct and flexible technique to investigate dopant atoms close to the surface is 
offered by the method of scanning tunneling microscopy (STM). The electrostatic potential 
induced by the tip allows to manipulate the charge state of individual impurities near the surface 
of the semiconductor [7]. The manipulation was fully controlled by the position of the tip and the 
voltage applied between the tip and the sample. The STM experiments were performed at low 
temperature on the 110 surface of silicon doped GaAs. Silicon donors up to 1 nm below the 
surface could be reversibly switched between their neutral and ionized state by the local potential 
induced by the tip. In Ref. [8] the typical depth of the investigated donor was about 1.2 nm. The 
tip was electrochemically etched tungsten with a radius of curvature of the apex of a few 
nanometers. From these experiments it is clear that the binding energy of an electron to the donor 
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will be influenced by the semiconductor-vacuum interface and the presence of the metallic STM-
tip. 

The energy spectrum of a donor located near a plane semiconductor/metal interface was 
investigated in Ref. [9] using the finite element technique. In our previous work [10] we 
investigated the lowest electronic states of a donor located near a semiconductor-insulator-metal 
plane interface within the effective mass approximation. The lowest energy states were obtained 
using a variational approach, which takes into account the influence of all image charges that 
arise due to the presence of the metallic and the dielectric interfaces, and the results were 
compared with a numerical exact calculation using the finite element technique and good 
agreement was obtained. Our previous results [10] for a semiconductor-dielectric interface 
(which was based on a variational wave function with only 3 variational parameters) are very 
close to the corresponding ones found by MacMillan and Landman [11] who used the variational 
method with a trial wavefunction consisting of a summation over a basis set of wave functions. 

The ground state energy of a donor localized near a semiconductor/dielectric interface (in Si 
near a thick insulating layer) was also studied in Ref. 12 using a variational approach. 

In this paper we investigate the effect of the presence of a STM metallic tip (which we 
approximate by a sphere) on the donor binding energy and the electron wavefunction when a 
neutral donor is placed near a semiconductor-vacuum surface. 

In the s-wave-tip model of the STM tip suggested in Ref.13 and Ref. 14 the tip was modeled 
as a protruded piece of metal, with a radius of curvature a [15]. Probe tip can be of arbitrary 
shape but is assumed locally spherical where it approaches to the semiconductor surface. The 
solutions of the Schrödinger equation for a spherical potential well of radius a were taken as tip 
wave functions. Corresponding theoretical calculations [13,14] were in excellent agreement with 
experimental results.  

Therefore, it was shown that only the distance of the center of curvature of the tip to the 
sample surface is important.  

In accordance with the theory of scanning tunneling microscope developed in Ref.13 and 
Ref.14 we approximate the tip by a metallic sphere with the radius a. 

The behavior of the ground state energy when the grounded tip approaches the 
semiconductor surface is investigated in Ref.16. There we considered the vertical (perpendicular 
to the semiconductor surface, on OZ-direction) and lateral (on the semiconductor surface, i.e. on 
OX- and OY- directions) motion of the metallic sphere, and therefore modeling the scanning 
motion of the STM tip. 

In this paper the binding energy of the shallow donor located near a semiconductor surface in 
the presence of STM tip held at a fixed potential is investigated. 

In the calculations of the impurity energy spectra we take into account all image charges of 
the electron and the donor center which arise in a grounded or charged metallic tip, i.e. in the 
cases of zero or nonzero constant potential on the tip. As in Ref.16, our approach is based on the 
effective mass theory and does not include effects due to e.g. structural deformations of the 
surface because of the presence of the donor. Therefore, our results are valid only for donor 
atoms which are situated at least several monolayers below the surface.  

This paper is organized as follows. In Sec.2 we present our model, the underlying theory and 
discuss the variational wave function. This section gives also the expression that determines the 
neutral donor energy near a semiconductor surface in the presence of a STM tip (approximated 
by a metallic charged sphere) in closed analytical form. In Sec.3 and Sec.4 we present our 
numerical results and discussions. Our conclusions are presented in Sec.5. The interpretation of 
the electric field potential created by the donor near a semiconductor plane surface in the vicinity 
of a metallic grounded sphere is given in the Appendix. 
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2. THEORY 

2.1 The configuration of the system 
We consider the ground state energy of a neutral donor located near the surface of a 

semiconductor in the presence of a charged STM tip, which we approximate by a metallic 
charged sphere. As in [16], we assume that the vacuum layer between the tip (sphere) and the 
semiconductor surface ( XO Y′ plane) near point O′ in Fig. 1 is very thin and does not contribute 
to any dielectric mismatch and thus only the metallic tip screens the Coulomb potential. The 
value of the static dielectric constant ε for typical semiconductors of interest is about 10 while 
we take it infinity in the metal. Our numerical calculations are done for Si doped GaAs with the 
effective Bohr radius 2 2/B ea m eε∗ = =  and the Rydberg energy 2 / 2 BR e aε∗ ∗=  =5.15meV, where 

em  is the effective mass. The potential created by the impurity electron in the tip vicinity can be 
found using the method of images [17,18]. 

2.2 The vertical position of the tip 
  Firstly we consider the case when the tip  is positioned just above the donor which is 
located at the point D (see Fig. 1a) on the Z-axis (i.e. the center of the tip is on the z-axis) and 
approaches the semiconductor only in the Z-direction. 
 

 
The potential energy of the impurity electron (with the charge −e) at point A near of  the 

donor impurity (with charge q = e) located at point D (at the distance d O D′=  from the 
semiconductor surface)  in the presence of the STM tip ( the sphere with the radius a) held at a 

Figure 1. Schematic picture of the system configuration in the case when the tip:  
(a) is placed on top of the donor; (b) is shifted (non-central) laterally with respect to the 
donor. The donor is positioned at point D. 
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fixed potential V is the same as in the case  of neutral tip considered in Ref.16 except that now 
the charge ne Va=  with ( )1, 2..n = ±  should be placed in the center of the sphere [17]. So, the 
corresponding equation for the potential energy of the electron becomes 

            
[ ]2 / / 2 / 1/ / ,CoulU e a OA CA a OD AB AD n OAε= − ⋅ + ⋅ − −                   (1)  

            
where /e ea OA′ = is the electron image which arises at point C at distance 2 /OC a OA=  from the 
tip center; the donor image /q ea OD′ = −  is located at point B at distance 2 /OB a OD=  from the 
center of the tip [17,18]. The first term in Eq.(1) describes the attractive interaction between the 
electron and its image, the second term is due to the repulsive interaction between the electron 
and the donor image as well as between the donor and the electron image, and the third term 
represents the normal impurity-electron interaction. The added term /n OA  in Eq. (6) describes 
the interaction of the electron with the charge 

( 1,2..)ne n = ±  and OA is the distance of the electron from the sphere center. 
Since the problem is cylindrically symmetric, we use cylindrical coordinates with the 

center in point O′ with the z-direction through point D. We find the following expressions for the 
corresponding distances: the distance CA between the electron and its image is 
 

( ) ( )
22 2

22, ;
a z a

CA OA a z
OA

ρ
ρ

′+ + −
′= = + +          (2) 

 
the distance BA between the electron and donor image is 
 

22
2 aBA z X a

a d
ρ

⎛ ⎞⎛ ⎞
= + + + −⎜ ⎟⎜ ⎟′ +⎝ ⎠⎝ ⎠

;                                           (3) 

 
the distance AD of the electron from the impurity is 2 2( )AD z dρ= + −  and  
OD a X d a d′= + + = +  is the donor-tip center distance with X being the interval between the tip 
and the semiconductor surface. 

In dimensionless units expressed in terms of the Bohr radius and twice the Rydberg 
energy the Hamiltonian of the system is 
 

 
2 2

Coul2 2 2

1 1 ( )
2

mH U r
zρ ρ ρ ρ

⎡ ⎤∂ ∂ ∂
= − + + + +⎢ ⎥∂ ∂ ∂⎣ ⎦

.                 (4) 

We choose the ground state variational wave function of the system used in Ref. 16, where we 
modified the exponential factor exp( )zβ− , which describes the influence of the images on the 
electron, to the exp( )CAβ− : 

exp( )exp( )Nz CA rψ β λ= − − ,       (5) 

and 2 2( )r AD z dρ= = + − . This wave function satisfies the boundary condition ( 0) 0zψ = =  
where β  and λ  are variational parameters. The ground state energy of the system is given by 
 

  
2

,
H d dz

E
d dz

ψ ψρ ρ

ψ ρ ρ
= ∫∫
∫∫

            (6) 
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2 2 2
2

2
( 2)( (1 ( 2) ) (1 ( 2)) )

2 Coul
z d k OKH k k k U

r z OA z
λ λ β βψ ψ ψ β − + −

= + − + − + − − + ,    (7) 

 
where 2

2/ , (( ) ) /k CA OA k z d OK OAρ= = − +  and OK a z′= + . 
The application of a positive sample voltage on the STM tip causes a depletion area 

under the tip near the semiconductor surface, which decays into the bulk. At some critical 
voltage, the electron is repelled from the donor center and released into the conduction band 
[7,8]. 

The tip at a positive voltage ( 1,2..)n = − gives rise to a positive shift in the energy, and 
when this shift is equal to the binding energy, then the state becomes resonant with the 
conduction band in the bulk and the donor ionizes. The magnitude of this shift was estimated in 
Ref. 8 by the overlap between the wave function of the donor and the tip induced band bending 
using a 1s  wave function. In the present work, to obtain the parameters ( , , )a X n  for ionization 
of the donor placed at a depth d , we minimize the energy of the system with the potential energy 
given by Eq. (1) using the wave function  given by Eq. (5). 

 
2.3 The lateral position of the tip 

Now we consider the more general case where the tip is shifted laterally (e.g. in y-
direction). In this case the donor is displaced from the axis OE (previous OZ axis, which passes 
through the tip center perpendicularly to the semiconductor surface). Now we take the line OD 
passing through the center of the tip and the donor location point D as the new OZ′-axis with 
point O′′ (see Fig. 1b) as the origin of a new system of cylindrical coordinates. Notice that now 
the new OZ′-axis is not perpendicular to the semiconductor surface. The position of the electron 
in this coordinate system is described by the variables ( ), ,zρ θ ; the shifted position of the 
donor is described by the parameter q a yρ = +  (the distance of the donor from the axis OO′, 
where y is the distance from the tip surface to the OZ- axis). 

The potential energy between the electron at the point A (with the charge −e) and the 
donor impurity (with the charge q e= ) located at the point D near the metallic grounded sphere 
(a tip) with the radius a is given again by Eq. (1) but now with the new expressions for the 
corresponding distances; η  is the rotation angle between the corresponding axis OY (OZ ) and 
OY′ (OZ′) 

tan ; .q
q a y

a X d
ρ

η ρ= = +
+ +

    (7) 

 
We choose the ground state variational wave function ψ of the system in the following form: 
 

( ) exp( )exp( ) ,N I CA rψ β λ= − −r             (8) 
where the function ( )I r  is the distance between the electron and the semiconductor interface. 

Notice that the boundary condition is changed from ( 0) 0zψ = =  to  ( ( ) 0) 0Iψ = =r . In 
the new coordinate system we have ( ) cos( ) sin( )sin( )I r z η ρ η θ= − . 

 
3. Negatively charged tip 

In the case of a charged tip with positive voltage (positive potential energy for impurity 
electron) we assume that there is one negative elementary charge on the tip ( )1n = −  which 
creates the potential V e aε= −  on the tip. For different values of the parameters a  and d , we 
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find the critical distance between the tip and the semiconductor surface cX , at which the total 
energy of the system is near zero, i.e. the system is close to the ionization.  

We plotted in Fig. 2a the dependence ( )cX d  for two different values of the tip radii 
( 0.5 Ba a=  and 0.2 Ba a= ) for which the energy is 310−  in units of *2R , i.e. 210− meV. The 
corresponding dependences for the average positions z d< − >  and ρ< >  are shown in Fig. 2b.  

The positive shift in the energy is determined by the sum of two positive terms in the 
potential energy Eq. (1): the first is due to image charges and is proportional to ( )2a a x d+ +  

(for values of ( ) 1a a x d+ + ∼ ) while the second one arises due to the charge on the tip and is 

proportional to ( )1 a x d+ +  . The influence of the image term is much smaller in comparison 
with the charged tip term and therefore the second term is  crucial for the donor ionization. 
  In the case of an uncharged tip ( )0n = , for the values of the parameters 

1, 1.1, 0.2 Bd x a a= = =  the account of the image charges leads to a decrease of the system energy 
(in units of 2Ry ) from 0.301E′ = −  to 0.2837E = −  (the decrease is about 5%). The application 
of the potential on the tip ( )1n = − leads to a drastic decrease of the energy, it becomes 

0.017E′ = −  (for the same values of the charged tip term and therefore the second term is crucial 
for the donor ionization. 

In the case of an uncharged tip ( )0n = , for the values of the parameters 
1, 1.1, 0.2 Bd x a a= = =  the account of the image charges leads to a decrease of the system energy 

(in units of *2R ) from 0.301E′ = −  to 0.2837E = −  (the decrease is about 5%). The application 
of the potential on the tip ( )1n = − leads to a drastic decrease of the energy, it becomes 

0.017E′ = −  (for the same values of the parameters and in the absence of the image charges). 
The account of the image charges leads to a further decrease of the energy, i.e. the energy 
becomes practically zero and the donor is ionized. 

It is clear that for fixed distance X the effect of the tip voltage is stronger for a smaller 
tip. Indeed, with increasing the tip size this effect becomes weaker since the center of a larger tip 
is farther from the donor, while the effect of the images becomes stronger. As a consequence 
when we change the tip radius from 0.2 Ba a=  to 0.5 Ba a=  the influence of the tip charge 
decreases (leading to a tiny decrease in the tip term in the potential of about 0.04 *R ), meanwhile 
the role of the image charges increases (leading to a small positive shift in the first term which 
compensates this decrease in the tip term) and so the total shift remains the same and leads to a 
zero total energy. As a result, as shown in Fig. 8a, for both values of the tip radius 0.5 Ba a= and 

0.2 Ba a=  at the donor depth d = 1 the critical distance cX  equals 1.1cX = . However, as seen in  
Fig. 2b, the average distances ( )dρ< >  and z d< − >  > for 0.5 Ba a= are smaller than the 
corresponding ones for 0.2 Ba a= . 
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This difference in the electronic configurations can be explained as follows. The situation 

here differs radically from the case of a neutral tip described in Ref.16 (  see Fig.5 in Ref.16). 
Now, when the impurity center is almost ionized due to the charge on the tip, the electron is 
mostly bound by its image as it was for a plane gate with the screened Coulomb potential 

Fig. 2: a) The dependence for the critical value of the tip-semiconductor distance X  for donor 
ionization (for two different values of the tip radii 0.5 Ba a= and 0.2 Ba a= ) on d when the 
charge of the tip is −e (i.e. 1n = − ). Inset: schematic representation of the studied systems; b) The 
corresponding average positions of the electron ρ< > and z d< − >  as a function of d for 

0.5 Ba a= and 0.2 Ba a= when the donor is almost ionized: the energy is about 310− ( 2 *R ) . 
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1/ 4U z= −  [10]. Due to the stronger attraction of the electron by its image in the case of a larger 
tip (with 0.5 Ba a= ) the average distances are smaller in comparison with the case of a smaller 
tip (with 0.2 Ba a= ). Notice that the electron charge distribution is not spherical and is more 
spread out towards the interface for the case of a larger tip (the relative difference between the 

( )dρ< >  and z d< − >  values at 1d =  for 0.5 Ba a=  is about 10% while it is 7% for 0.2 Ba a= ). 
 

4. Positively charged tip 
 

In the case when a negative voltage for the impurity electron (i.e. negative potential 
energy) is created by the positively charged tip, we obtained a strong lowering of the ground 
state energy as shown in Fig. 3. The reason is that the electron is now attracted also by the 
positive charge placed in the center of the tip. The behavior of the system energy in this case 
crucially depends on the donor distance d from the semiconductor surface. Fig. 3 shows that for 

Bd a=  the energy of the system (in the case of positive charge e  on the tip) monotonically 
decreases with decrease of qρ , while for 0.5 Bd a=  the ground state energy has a nonmonotonic 
dependence. Such dependence can be explained as follows. In the absence of the tip the averages 
in ρ and z directions are about 2 Ba for 0.5 Bd a=  (for 0X = ), which shows that the electron 
distribution is strongly spread out on the interface. Due to this the charged (with e) tip 
approaching to the donor (with 0.5 Bd a= ) in lateral direction strongly interacts with the electron 
at intermediate values of the tip-donor lateral distance 1.5q Baρ = , resulting in the energy 
lowering as shown in Fig. 3.  

Indeed, Fig. 4 shows that for 1.5q Baρ =  the electron expectation value 1.5 Baρ< >= , 
indicating that the electron is just ”in front” of the tip.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3: The energy of the ground state of an impurity electron as a function of the 
tip-donor lateral distance qρ  for different distances of the donor from the interface for the case of 
the negative voltage on the tip. 
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Fig. 4: Average positions of the impurity electron in the ρ  and z-directions for 0.5 Bd a=  as a function 

of the tip-donor lateral distance qρ . 

For the region of 2B q Ba aρ< =   the electron distribution is prolonged to the tip, so the 
electron is being localized between the tip and the donor. This electron configuration, i.e. the 
electron is bound with both of the positive centers, is similar to that in a molecule with inter-
nuclear distance about 1.5 Ba . When the tip approaching the donor closer (i.e. when 1.5q Baρ < ) 
the energy becomes shallower (see Fig. 3). This is due to fact that: i) the interface strongly 
repeals the electron from the donor and ii) the position of the positively charged centers is shifted 
from the equilibrium one which gives the energy minimum. So, we obtain a nonmonotonic 
dependence for the energy with minimum at 1.5q Baρ ≈ , where the tip effectively attracts the 
electron. 
As shows Fig. 4, for the case when Bd a=  the average values dependences on ρq are more flat.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Fig. 5:  Average positions of the impurity electron in the ρ and Z directions as a function of qρ for the donor-

interface distance Bd a= . 
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For this case the repulsive effect of the interface is weaker and the electron is not spread 
on the interface as in the case 0.5 Bd a= . So, for the distance Bd a=  the system reaches its 
lowest value of the energy at 0qρ = , i.e. at vertical position of the tip. 
 
5. CONCLUSION 
 

In this paper we investigated the influence of a STM metallic tip on the ground state 
energy of an impurity located near a semiconductor surface. We obtained the donor binding 
energy and its dependence on the tip radius and the distance between the donor and the 
semiconductor surface using a variational approach. The proposed trial variational function takes 
into account all correlations between the particles and its images.  

We have investigated the ionization of the donor due to a positive voltage on the tip 
(positive energy for impurity electron - tip interaction created by a negative charge on the tip). 

In the case when a negative voltage for the impurity electron (i.e. negative potential 
energy) is created by the positively charged tip, we obtained a strong lowering of the impurity 
electron ground state energy. We observed a nonmonotonic behavior of the binding energy for 
some positions of the donor ( 0.5 Bd a= ) when the tip laterally approaches to the donor. 
 
Appendix A 
 

In this appendix we consider the symmetry properties of the electric field potential 
created by the impurity electron (when the donor is located near a semiconductor surface) in the 
presence of the STM metallic tip. We will show that the potential energy of the interaction of the 
electron with the donor image (as in the case of a plane semiconductor/metal interface) is equal 
to the one between the electron image and the donor. 

Let us start from a plane metal/semiconductor problem with the donor placed near a 
grounded metallic plane at position (0, d). From a mathematical point of view we have to solve 
Poisson’s equation in the region z > 0, in the presence of a single point charge q at (0, d), subject 
to the boundary conditions 0V =  for z = 0 (since the conducting plane is grounded), and 0V =  
far from the charge. The uniqueness theorem guarantees that there is only one function that 
meets these requirements. 

The potential created by the donor near the metallic plane (in cylindrical coordinates with 
the center on the plane) can be described by the image charge method, namely 

                            
2

2 2 2 2

1 1 ,
( ) ( )

eV
z d z dε ρ ρ

⎡ ⎤
= −⎢ ⎥

⎢ + − + + ⎥⎣ ⎦
                                        (A1) 

and it satisfies the correct boundary conditions (V=0 when z=0 and V=0 far from the charge). 
When we bring the electron from infinity to the interface the potential energy of the 

electron becomes:  

               

2

2 2 2 2

1 1 1
4 ( ) ( )

Coul
eU

z z d z dε ρ ρ

⎡ ⎤
= − − +⎢ ⎥

⎢ + − + + ⎥⎣ ⎦
.    (A2) 

We added in Eq. (A1) the term 
2

4
e

zε−  which describes the interaction of the electron 

with its image which are separated by a distance 2z . This term has an extra coefficient 2 in the 
dominator, since the work is zero when the image of the electron is moved in the metal towards 
the interface [18]. We can interpret the third term as the result of the interaction between one 
particle (electron or impurity) and the image of the other particle (impurity or electron image 
charge). Alternatively, we can interpret the third term as the sum of two equal terms, each one 
with coefficient 1/2 ; the first one describes the interaction between the electron and the donor 
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image and the second one describes the interaction of the donor with the electron image. This 
potential energy can be obtained if one brings the donor and the electron simultaneously from 
infinity to these final positions near the interface. In the case when the donor is located near a 
semiconductor plane surface in the vicinity of a metallic grounded sphere, the potential of the 
electric field created by the electron can be found using the method of images [17, 18] (see Sec. 
2): 

 
[ ]* 2 / / 2 / 1/ .CoolU e a OA CA a OD AB ADε= − ⋅ + ⋅ −                                (A3) 

                                                   
As we see, for the tip problem (see Fig. 1), the distance AB from the electron to the donor image 
and the distance CD from the donor to the electron image are not equal. But it is easy to see that 

(as in the case of a plane metal) the two potential energies 2
eqU AB
′= −  (between the electron 

and the donor image) and 2
eqU CD
′= −  (between the donor and the electron image) are equal. 

The triangles OAB and OCD are similar because they have a common angle  AOD and we have 
also OC/OB = OD/OA (from the electrostatic’s condition) so we have that OC/OB = OD/OA = 
CD/AB. This relation leads to the potentials  

1 2 2U eq AB eqa AB OD′= − = − ⋅  and 2 2 2U eq CD eqa CD OA′= − = − ⋅  which are equal to 
each other because AB · OD = CD · OA. So, Eq. (A3) becomes: 
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