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Abstract—The cases when the equation for the derivative of the confluent Heun function has only three singularities (in
general, the equation has four such points) are examined. It is shown that this occurs only in three specific cases.
Further, it is shown that in all these three cases this equation is reduced to some confluent Heun equation with changed
parameters. This means that in these cases the derivative of the confluent Heun function is expressed via some other
confluent Heun function. The analysis of the obtained relations shows that they can be useful for the construction of
some exact solutions of the confluent Heun equation for specific values of involved parameters. Several examples of
such cases are presented; and for all the cases the final solutions in terms of simpler special functions are explicitly
presented. In addition, it is shown that in the mentioned three cases, the solution can be expanded as a series in terms of
generalized hypergeometric functions of Goursat or Clausen.

The confluent Heun equation is a Fuchsian linear second-order differential equation with two
regular and one irregular singular points [1]. Over the last years, this equation has been attracting a
considerable interest due to a number of problems encountered in mathematical physics [1] and in
various areas of physics — in the theory of black holes in astrophysics [2,3], in elementary particle
physics and atomic physics [4,5], in the quantum theory of motion of a charged particle in the field
of two Coulomb centers in molecular physics [6,7], etc. In particular, using this equation the

solution of Teukolsky equation has been studied [2] and the Schrodinger equation for the hydrogen

atom with a model potential of the form ¥ (r)=Ze’/(r+B), where B> 0 is a parameter describing

the "non-pointness" of the nucleus, has been considered [4,5].

The construction of the theory of the confluent Heun equation presents a complicated
mathematical problem, since the Frobenius power-series solution in the vicinity of a singular point
does not converge at another singular point and general formulas connecting the expansions at
different singularities are not known at present. Besides, there are only a few known cases where
the confluent Heun function can be expressed in terms of simpler special functions of mathematical
physics. Most often, such solutions are obtained from series solutions (power series [1] or series in
terms of special functions [7-9]) by terminating the series, or by factorization of the confluent Heun
equation [10]. Because of the limited range of applicability of these solutions, the construction of
new solutions of different structure is of considerable interest. Another peculiarity of the confluent
Heun functions is that, unlike the preceding generation of mathematical functions (hypergeometric
functions, Bessel functions, etc.), its derivatives in the general case are not expressed in terms of

other confluent Heun functions. In the present paper, however, following the approach proposed in
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[11], we show that in three specific cases this takes place, that is, there exist three cases when the
derivative of the confluent Heun function is expressed in terms of another confluent Heun function
with altered parameters.
In the canonical form the confluent Heun equation is written as follows [1]:
u"+(4p+1+ J ju'+4p°‘2_6u=0, (1)
z z-1 Z(Z - 1)

where p,v,d,a,c are arbitrary complex parameters (it is assumed that p =0 ).

By taking the derivative of equation (1) and subtracting from the result the equation (1)

multiplied by g'/g, where

4paz—-oc
== @
z (z - 1)
we obtain the following third-order equation:
u"'+(f—g—ju"+[g+f'—f&ju'=o, 3)
g g
where f is the coefficient of u' in equation (1):
fodpsli S (4)
z z-1
In the expanded form equation (3) reads
N 4p+y+1+8+1_ 4pa. 4
z z—1 4poz-o
()

_lz_ 5 2_|_4pocz—<5_ 4po. 1 1 [4p+1+ij 0 =0
z (z—l) z(z—l) 4poz—c z z-1 z z-—1

The derived equation is a second-order equation for the confluent Heun function's derivative u'.
Note that the presence of the term 4 pa/ (4 paz—c) in the coefficients of this equation indicates
that, as compared with the original confluent Heun equation (1), this equation generally contains an
additional singularity located at the point z=c/4pa. However, it is evident that if this point

coincides with one of the already existing singular points the number of the singularities is not

increased — only the former singularities z =0,1,c0 remain. It is not difficult to verify that the points

z=0 and z =1 in this case still remain regular and the singularity rank of the irregular point z =
is not changed. Evidently, this situation takes place in three cases, namely, when aa =0, =0 and

6 =4 pa. The immediate conclusion from this observation is that equation (5) in the indicated three

cases presents some transformed confluent Heun equation for u' with altered parameters as

compared with the initial equation (1). Thus, for a =0, =0, c=4pa the derivative of the
confluent Heun function is expressed via some other confluent Heun function with changed
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parameters. In several cases, this property of the confluent Heun function can be useful. In
particular, it has a potential to generate, for specific values of the involved parameters, closed
solutions of the confluent Heun equation, which are expressed in terms of simpler mathematical
functions. Besides, it also allows one to generate solutions in the form of a series of beta functions

[12] and generalized hypergeometric functions ,F, of Goursat or ,F, of Clausen [13]. Let us

consider some specific examples treating the indicated three cases separately.

1. a=0. In this case equation (5) is reduced to the equation

4p(2z—-1)+y+06-
w"+(4p+y+1+6+ljw'+ p( z ) ! Gw=0, (6)
z z—1 Z(Z—l)
where we have introduced the notation w=u". Hence,
dHC s 58505 >
(. GZ):HC(p,y+1,8+l,2,G+4p—y—S;Z), %

dz
where HC denotes the confluent Heun function. Now, it is clear that if 6=—1 and c=4p+d5+vy,
the singularity located at z=1 vanishes, and equation (6) is reduced to the confluent
hypergeometric equation (Kummer's equation )
+1 8
w"+(4p+y—)w'+—pw= 0
z z ) (8)
The general solution of this equation is well known and in the general case can be represented as a
linear combination of the confluent hypergeometric functions by Kummer and Tricomi [12]. For the

above specific parameters the solution is further simplified and written as

w=C,(4pz+y-1)e*” (=4pz) "+ C,e*”L(1-y,y;4pz) ©)

where L(l—y,y;4 pz) is the Laguerre polynomial [12]. After integration, we obtain the following

explicit solution of the initial equation (1):
u=[w(z)dz=Ce*" (-4pz) " +C, (1 —4ie-4f’z (—4pz) ' T(y,~4 pz)j, (10)
P

where I' is the Euler’s gamma function [12]. Note that, in order to construct the correct final
solution, a specific integration constant was chosen here.

2. 6 =0. In this case we have:

u'"+(4p+1+ '=0. (11)

4p(1+a)z’ +
Mj“"* p(l+a)z"+y
z z-—1

z (Z—l)

Applying the transformation u'=¢(z)w(z), where @ =z*, we obtain:
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w"+(4p+y+2S+8+1jw'+

z z—1

12
4p(1+s+a)z’ +s(y+d+s—4p)z—s’+s(1-7)+y (12)

=0
ZZ(Z—I) v

The numerator of the coefficient of W in this equation is a second-degree polynomial in z. In order

to turn this equation into a confluent Heun equation, one should equate to zero the constant term of
this polynomial, that is require —s* +s(1—y)+y =0, which implies that should be s=1 or s=-.
Then, after cancelling z, the denominator takes the form z(z—l), the numerator becomes a linear

function of z and we obtain a confluent Heun equation with modified parameters:

Y+2S+6+1jw'+4p(1+s+a)Z+S(Y+8+S_4p)w:O. (13)

Z(Z—l)

W"+(4p+
z z—1

Thus

dHC(p,v,8,0,0;z)
dz

=2'HC(p,y+25,8+ 1, s+a+1,s(4p—-y-8-5);z), (14)

where s =1 or s =—y.
Now, if we eliminate the singularity at the point z =1 in equation (13) by an appropriate
choice of the parameters, we obtain a confluent hypergeometric equation. Consider the case s =—7 .
By the choice §=—1 and y =—4p(1+a) equation (13) is reduced to
4p(1+a 4p(1+4p)(l1+a
14 )JW p(l+4p)(1+a)

z

w"+[4p+ w=0. (15)

z
The solution of this confluent hypergeometric equation is
w=Ce 72 F(-a-4p(l+a),2-4p(1+a);4pz)+
; (16)
Coe 72 L (a+4p(1+a),1-4p(1+a);4pz)
where | F, is Kummer’s confluent hypergeometric function [12]. Integrating, we obtain the solution

of equation (1) in the explicit form:

+

u=[zw(z)dz=C, (ZZG(—I,—I—OL,O,—1+4p(1+0L),—2;4pz)—
., (17

r(4p(1+a))J

4pal’ (-1-o)
Cz(lFl((x,—4p(1+oc);—4pz)—1:t—zaIF{(1+OC,1—4P(1+OL);—4PZ)]

where G is Meijer's function [12].
Obviously, for the case s =1 we will obtain a similar result.

3. o =4pa. In this case equation (5) has the form
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l+y O ju"+4p(l+((x)(21;21) -3 o (18)
Z\z—

Proceeding as in the previous case, but this time taking ¢ = (z - l)s, we get

w"+(4p+y—+l+Mjw'+

z z—1

u"'+(4p+
z z—1

19
4p(1+s+oc)zz+(s2 +sy+s6—4ps—8p—8p0()z+4p+4p0t—s—sy—8 (19)

5 w=0
Z(z—l)

The numerator of the coefficient of w is a second-degree polynomial in z. In order to reduce this
equation to the confluent Heun equation one should rewrite the numerator as a polynomial in z—1

and equate to zero the constant term of the resultant polynomial. The last condition is equivalent to

the equation s +5(8—-1)-8=0, hence, s ={1,—8}. Equation (19) will then be transformed into the

following confluent Heun equation

w"+(4p+Y+1+6+2S]w'+ 4p(1+S+0L)Z+S(S+y+8)—4p(l+oc)W:O' 20)
z z—1 Z(z—l)
Hence,

dHC(p..5.0.4p0:2) =(z=1) HC(p,y+1,6+2s,1+5+0a,0,:2), (1)

dz

where o, =4p(1+a)—s(s+y+8) and s=1 or —&.
Now, eliminating the singularity at z=0 in equation (20) by choosing specific parameters,
we will arrive at a confluent hypergeometric equation. Consider the case s=-0 and assume

y=-1,8=4p(1+a). We have

W"+(4p—4p(l+a)jw'+4p(1_4p)(1+a)w=0, 22)

z—1 z—1
the solution of which is

w=Ce "N (-1 B (—a+dp(l+a), 2+4p(1+a);4p(z—1))+

(23)
Ce "V (z=)"" M L(a-4p(l+a), 1+4p(l1+a);4p(z-1))
Accordingly, the solution of the confluent Heun equation (1) is:
I'(-4p(l1
u=C, ((z—l)zG(—l,—l—oc,O,—l—4p(1+0L),—2;4p(z—1))+ 4( rp( 1+ a))]+
pal(-1-0) (24)

a(z-1)

CZ[1F1(0c,4p(1+0c);—4p(z—1))+ 1E(1+0L,1+4p(1+0t);—4p(z—1)))
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Note that the comparison of equations (11) and (18) shows that the former is transformed into the
latter by the replacement z —>1-z, y<> 8 and p — —p. Therefore, the solution (24) can be
obtained from equation (17) by the mentioned transformation. The verification shows that this is
indeed the case, so that the consideration can always be confined to the case 6 =0 only.

Let us now show that the derived relations for the derivative of the confluent Heun function
can also generate solutions of a different structure. The simplest possibility arises if we construct

the solution of equation (13) for w in the form of the Frobenius series. Indeed, it is easy to see that
in that case after multiplication by ¢ = (z —l)s and integration, the solution of the initial confluent

Heun equation (1) is written in the form of a series in terms of incomplete beta functions:

z

Bz(a,b):J.t"*l(l—t)h_1 dt, Re(a)>0. Note, that such an expansion of the solution of the
0

confluent Heun equation in terms of beta functions is an alternative way to reproduce the results of
[9]. Further, note that the solution of the equation (13) for the derivative in certain cases can be
constructed as a series in terms of beta functions [9]. Then, as a result of integration, the solution of
equation (1) will be written as a series involving certain two-term combinations of the products of
elementary and beta functions. Other types of solutions can be constructed if we start from the
solution of equation (13) as a series in terms of hypergeometric functions. For example, if a series

in terms of Kummer’s functions | F; is taken, then the solution of the initial equation (1) will
involve Goursat’s generalized hypergeometric functions ,F, [13]. In the case when a solution of
equation (13) as a series in terms of the Gauss hypergeometric functions , F; is used, the solution of
the equation (1) will involve Clausen’s generalized hypergeometric functions ,F, [13].

Consider an example of the solution in the form of a series in terms of the Goursat functions.

For s =—vy equation (13) is rewritten as

4p(l1+a—-y)z—yo+4
wirl ap- X O il 1)k Caser s S (25)
z z-1 z (Z - l)
We seek for the solution of this equation in the form
W:zanwn :zan IE(an;Yn;SOZ)’ (26)
where | F (ocn;yn;soz) is the solution of the following confluent hypergeometric equation:
w,'q'-i-(y—"—sojw,;—%wnzo. (27)
z z

Substituting (26) in (25) and using (27), we have:
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S (4p+so_v+vn+ij’;+4p(1+0t—v)2—v6+4pv+anso(2—1)wn 0. (@8)
z z-1 z(z—l)

n

Zn:an [((4p+S0)z(z—1)—(y+yn)(z—1)+(6+1)z)w; +

(29)
((4p(1+oc—y)+ans0)z—y6—ans0 +4py)wn]:0

To proceed further, it is now necessary to apply the recurrence relations between the involved

confluent hypergeometric functions. We choose the parameters as o, =, +n, y, =Y, +n and note

that

Wltl :SOﬂWnH’ Z(W;_Sown):(Yn_1)(Wn—1_wn)' (30)

n

To eliminate the dependence on z° in equation (29) we set s, =—4p . The equation will then

get the form:
Zan[((1+8—y—yn)z+y+yn)w;+(4p(1+oc—y—ocn)z—y8+4p(y+an))wn]=0. (31)
It is easy to note that for o, = o +vy,—0 it holds
4p(l+a-y—a,)=A(1+5-y-v,), (32)
whence: 4=4p=-s,. Thus, we get:

Zan [(1+8—y—yn)z(w; +4pw, )+(v+7v,)wW, +(—y8+4p(y+0c—8+yn))wn]=0. (33)

Using the recurrence relations (30), we obtain:

o
an 1+8_’Y_,Yﬂ Y’1_1 an _Wn _4p Y+YH _nwil++
3 [( o )0 =)=4p 1) .

(—y8+4p(y+0c—6+yn))wn]=O

Thus, the recurrence relation for the coefficients of expansion (26) has the form:

Ra +Q a_ +P a ,=0, (35)

where
R, =(1+8-v-7,)(v,-1), (36)
0, =4p(y+a-58+y,)-v3—(1+8-y-v,)(v,~1), (37)

al’l

P =—4p(y+y,) (38)

n

For left-side termination of the derived series (say, when n=0), should be a ,=a,=0 and

R, =0. The latter takes place only when
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Yo=1+0-v, 0,=1+a—-7. (39)

Hence, the final solution of equation (13) is explicitly written as

w:zw:an1E(1—y+a+n;1—y+8+n;—4pz). (40)

n=0

Accordingly, a solution of the initial equation (1) is (up to a constant factor):
u= jzsw(z)dz =C, +zl’72an F(1-y, I=y+a+n2-y,1-y+8+m—-4pz), (41)
n=0

where, in order to satisfy the Heun equation (1), a specific value of the integration constant C,

should be chosen. Finally, note that the second independent expansion can be constructed in the
same manner using the previously transformed equation (25) by the change of the independent
variable z > 1-z.

The derived series terminates when two consecutive coefficients become equal to zero:

ay=ay,, =0 (a,_, #0). This is equivalent to two conditions, one of which is reduced to the
equation P, , =0. From equations (38) and (39) we find that this equation is fulfilled if 8 =—N or
o —y=—N. Note that in the latter case the Goursat functions become polynomials. As regards the
second necessary condition, it leads to a N -th order polynomial equation for p, which means that

generally there are N cases of termination of the series (41). Taking into account the two sets
emerging from the first condition, we see that the total number of possible cases of series
termination for a given N is 2N. A final remark is that the direct verification reveals that at

termination of the series the constant C, of equation (41) vanishes.

Thus, we have studied the properties of the linear differential equation satisfied by the
derivative of the confluent Heun function. We have shown that in three specific cases, namely,

when a=0, 0=0, oc=4pa, this equation has only 3 singular points and by transformation of the

dependent variable can be reduced to some confluent Heun equation with changed parameters.
Consequently, in these three cases the derivative of the confluent Heun function is expressed via
some other confluent Heun function with altered parameters (see relations (7), (14) and (21)). It
should be noted that the properties of the confluent Heun function’s derivative have been discussed
by several authors (see, e.g., [14]), however, the approach applied here as well as the derived
relations differ from those reported previously.

We have shown that this property of the confluent Heun functions in certain cases can
generate, for the confluent Heun equation, closed solutions expressed via more familiar special
functions. For all three cases we have presented specific examples by constructing the explicit final
solutions of the initial equation and by indicating the appropriate values of the involved parameters.

We note that the constructed solutions in general differ from the previously found exact solutions
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obtained using other methods, in particular, by terminating the power series [1] and series in terms
of special functions [7-9] or by factorization of the initial confluent Heun equation [10]. In addition,

using as a solution of equation (13) a series in terms of confluent hypergeometric functions  F;, we

have constructed a solution of the initial confluent Heun equation as a series in terms of generalized

hypergeometric Goursat functions ,F,. We have also shown that in the mentioned three cases the

solution can be expanded as a series in terms of Clausen’s generalized hypergeometric functions
3F 2°

An interesting feature of the constructed closed-form exact solutions is that in all three cases
at least one of the fundamental solutions presents a two-term combination (see the equations (10),
(17) and (24)). Solutions of such a structure were previously mentioned in literature, for instance,
when studying the exact solutions of the one-dimensional stationary Schrodinger equation in terms

of the Airy functions for the quark-antiquark interaction with the potential U =V, /x”* —5/36x’

[15]. As the solution of the corresponding problem shows, in these cases the dependences of the
bound states’ energy spectrum on the principal quantum number sometimes reveal features that
have no known analogues. This observation motivates us to examine the physical problems
described by the confluent Heun functions discussed above. We hope to present the corresponding

results in the near future.
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