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The stimulated bremsstrahlung (SB) of electrons in the field of superstrong laser radiation of linear polarization, in the 

scope of relativistic quantum theory is investigated (in the Born approximation for the scattering potential). The 

multiphoton cross sections of high-intensity laser radiation absorption by electrons due to SB have been obtained by 

numerical simulations. 
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Apart from general physical interests as an important induced electromagnetic (e.m.) process, 

the stimulated bremsstrahlung (SB) of electrons on the plasma ions/atoms, or at the scattering on 

arbitrary electrostatic potentials in the presence of strong e.m. radiation field, is one of the dominant 

mechanisms of e.m. radiation absorption in plasma, specifically for its laser heating at high 

temperatures. The existence of current ultrapower laser sources rather exceeding already the 

threshold value of relativistic intensities 10
18

 W/cm
2 in optical domain [1], has increased the 

interest to the mentioned problem at the interaction of such superstrong radiation fields with the 

underdense plasma. Hence, it is of certain interest to study the dynamics of SB process in the laser 

fields of high relativistic intensities. 

The nonrelativistic analytical treatment of the elementary process of SB in the Born 

approximation has been developed in the work [2], which then was extended for a relativistic 

domain [3]. Relativistic effects in the SB corresponding to the first Born approximation with the 

comparison to a spinless and a nonrelativistic treatment for the circularly polarized e.m. wave have 

been investigated in the papers [4, 5]. The low-frequency (LF) approximation for SB in the 

relativistic case was carried out in the work [6]. The investigations of the relativistic dynamics of 

SB, as well as the nonlinear absorption of an electron beam due to SB process in the LF 

approximation at the arbitrary intensities of an external e.m. radiation field, particularly at the 

asymptotically large values of the dimensionless relativistic invariant parameter of wave intensity 

/ 1eE mcξ = ω >>  ( E  is the electric field strength, and ω -frequency of a wave; m and e are the 

electron mass and charge, respectively; c is the light speed in vacuum) were done in the papers 

[7, 8]. In the work [9] so-called eikonal approximation was developed in the relativistic quantum 

scattering theory for a spinor Dirac particle on an arbitrary electrostatic field and then it was 
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developed for the SB process - generalized eikonal approximation (GEA) [10]. This GEA wave 

function is applicable in both quantum and quasiclassical limits, i.e., connects the particle wave 

functions of the Born and ordinary eikonal approximations. The relativistic cross-sections of SB and 

for above threshold ionization (ATI) of atoms rates in the scope of the GEA approximation with 

straightforward analytical treatments for circular polarization of e.m. wave in the limit of Born 

approximation were done in the papers [11, 12]. Note that the ATI of atoms by intense laser pulses 

has enabled cold plasmas to be created [13]. It is clear that the final temperature of such plasmas 

depends on the heating process during the laser pulse action. Connected with this problem the 

nonlinear absorption of superpower laser radiation of arbitrary intensities (at asymptotically large 

values of ξ ) by relativistic Maxwellian plasma due to the inverse SB has been investigated in the 

work [14]. 

For a wide range of laser parameters SB process can be considered without collective plasma 

effects. It is well known that the kinematics of an electron in the field of a strong e.m. wave 

essentially depends on the polarization of the wave. Thus, since the wave intensity for a circular 

polarization 2 constξ = , then the longitudinal velocity of the electron in the wave: constIIV =  too, 

meanwhile in the wave of a linear polarization IIV  oscillates with the wave harmonics nω , 

corresponding to unharmonic oscillatory motion of the electron. The latter leads to more 

complicated behavior of the dynamics of electron induced interaction with additional third body at 

the linear polarization of a stimulating strong wave. For example, in contrast to circular polarization 

[12], in case of a linearly polarized e.m. wave to obtain ultimate results for relativistic ATI rates, 

taking into account the photoelectron SB, is impossible analytically [15]. The analogous situation 

takes place for relativistic cross-sections of SB in the strong linearly polarized radiation field, the 

consideration of which is the matter of the present paper. On the other hand, many important laser 

assisted processes/nonlinear phenomena just occur at the linear polarization of the stimulating field 

(when conservation laws of a process require a certain symmetry of the photon field). Thus, the 

high harmonic generation (HHG) process on the atoms takes place only in the linearly polarized 

laser fields [16]. 

In this paper the investigation of relativistic cross-sections of SB of electrons at the scattering 

on a screening Coulomb potential in the presence of a linearly polarized strong laser radiation of 

relativistic intensities will be completed with the numerical treatment of the issue.  

We use the analytic formulas for differential multiphoton cross-sections of SB [11] for an 

electron scattering on a screening Coulomb potential 

 ( ) ,raZ er e
r

−χϕ = −   
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in the field of linearly polarized e.m. wave of high intensity. Here 1/ χ  is the radius of screening, 

aZ  is the charge number of a nucleus. The linearly polarized quasimonochromatic e.m. wave will 

be described by the vector potential:  

 0 cos( ),A eA t kr= ω −   (1) 

with the slowly varying amplitude 0A  and e  is the unit polarization vector ( e k⊥ ). From the 

general formula for partial differential cross-sections (in the differential solid angle Ωd ) [11], in 

case of a linearly polarized wave we have the following expression: 
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Here 
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is the generalized Bessel function, ( )0 ,Π = Π Π  is the average four-kinetic momentum or 

"quasimomentum" of the electron in the plane e.m. wave. The latter is defined via the free electron 

four-momentum ( )0 ,p p= ε  and four-wave vector ( ),k k= ω  as 

 ,p kZΠ = +  (4) 

where 2 2
0 / 4Z e A kp=  is the relative parameter of the wave intensity ( 0A  is the averaged value of 

the vector-potential amplitude 0A ). The arguments of the generalized Bessel function and the 

interaction parameters are defined as follows: 
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Here ˆn nq r nk= Π −Π − and ( )2
02n n n′Π = Π = Π + ω Π + ω  is the final quasimomentum of the 

particle corresponding to n-photon absorption ( )0n >  and emission ( )0n <  processes. The 

formula (2) is obtained in the Born approximation for the electron scattering. In the Coulomb field 
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the condition of the Born approximation holds if initial and final mean velocities of the electron 

obey the condition , /137aV V Z′ >> . 

Comparing the nonrelativistic cross-section [2] with relativistic one (2) it is easy to see that 

besides the additional terms, which come from spin-orbital and spin-laser interactions ( )2
nq≈  as 

well as the effect of intensity 2≈ ξ , the relativistic contribution is conditioned by arguments of the 

generalized Bessel function ( ),nJ u v  (3). Because of sensitivity of the Bessel function to 

relationship of its argument and index, the most probable number of emitted or absorbed photons 

will be defined by the condition n u v≈ ≈ . By this reason the contribution of relativistic effects 

on the scattering process becomes essential already for 0.1ξ ≈  [4], consequently, the dipole 

approximation is violated for nonrelativistic parameters of interaction. 

As was mentioned above, the treatment of the nonlinear processes in case of the linear 

polarization of e.m. wave is very complicated and we need the numerical simulations. For all 

numerical calculations it is assumed Ti-sapphire laser ( )0.058 . .a uω = . The radius of screening is 

taken to be 1 4 . .a u−χ =  and charge number of nucleus 1aZ = . In contrast to a circular polarization 

of an e.m. wave, at the linear polarization there is not the azimuthal symmetry, but since the main 

contribution in the cross-section is made by the scattering in the plane formed by the vectors e  and 

,k  we present the results of the numerical simulations for the azimuthal angle  0ϕ = . 

In Fig.1(a) the envelopes of partial differential cross-sections as a function of the number of 

absorbed/emitted photons are shown for the deflection angle ( )′θ = ∠ΠΠ  0.6θ =  mrad, for an 

intensity of Ti-sapphire laser 180.8 10×  W/cm
2, that corresponds to the relativistic parameter of 

intensity 0.6ξ = . The electron moves in the laser propagation direction k  with initial kinetic 

energy 2k PUε =  (

2 2 2/ 4pU e E m= ω is the ponderomotive potential, defined as the mean energy 

acquired by an electron (initially in rest) in the oscillating e.m. wave). 

In Fig. 1(b) and 1(c) the laser field intensities and deflection angles are taken to be 18102.2 ×  

W/cm
2 ( )1ξ = , 60θ = μrad and 18109.4 ×  W/cm

2 ( )1.5ξ = , 6θ = μrad, respectively. Note that 

the intensity parameter can be expressed by the intensity I  and wavelength Lλ of the e.m. wave as 

follows: 

 [ ]6 28.5 10 [ / ].L cm I W cm−ξ = × λ  (8) 
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Fig. 1. The envelopes of partial differential cross-sections dσ(n)/dΩ in atomic units as a function of the number of 
emitted or absorbed photons, for the linear polarization of Ti-sapphire laser (ω=0.058 a.u.), in logarithmic scale. 
The laser field intensities are taken to be (a) 0.8×1018 W/cm² (ξ=0.6) for the deflection angle θ=0.6 mrad, (b) 
2.2×1018 W/cm² (ξ=1) for the deflection angle θ=60 μrad, and (c) 4.9×1018 W/cm² (ξ=1.5) for the deflection 
angle θ=6 μrad. The electron moves in the laser propagation direction k  with the initial energy 2Up. 

 

In Fig. 2 the envelopes of partial differential cross-sections ( ) /nd dσ Ω  as a function of the 

number of emitted or absorbed photons are shown for various laser parameters and deflection 

angles. The dashed curve corresponds to initial electron momentum antiparallel to the laser 

propagation direction k , and solid curve gives the nonrelativistic result. 
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The comparison of the SB cross-sections in case of linear polarization of e.m. wave from 

Figs. 1 and 2 shows that when the initial momentum of an electron is parallel to the laser 

propagation direction k , the cutoff positions of partial differential cross-sections exceed by orders 

of magnitude the cutoff with antiparallel momentum. 

To clear up the dependence of the SB process on the laser field polarization in Figs. 3 and 4 

the envelopes of partial differential cross-sections for circular polarization of e.m. wave are shown. 

Figures 3 and 4 are the counterparts of Figs. 1 and 2, respectively. To emphasize the differences, the 

relativistic parameter of intensity and the deflection angle are taken the same. As is seen from these 

figures, SB process for large intensities of the laser field essentially depends on the laser field 

polarization. In particular, the absorption and emission cutoff positions and the peak values are 

essentially different.  

The energy change of a particle is characterized by the absorption/emission (AE) cross-

section. Partial AE differential cross-sections are defined as: 

 

( ) ( ) ( )

.
n n n

AEd d dn
d d d

−⎛ ⎞σ σ σ
= −⎜ ⎟Ω Ω Ω⎝ ⎠

 (9) 

In Figure 5 the envelopes of partial AE differential cross-sections for linear polarization of e.m. 

wave are shown for the large deflection angles at the moderate relativistic intensity of Ti-sapphire 

laser 0.2ξ = . In this case for an electron initial energy we have taken moderate value 2.7kε = keV. 

The dotted and dashed curves correspond to initial electron momentum parallel and antiparallel to 

the laser propagation direction k , respectively. The solid curve gives the nonrelativistic result. As 

seen from Fig. 5, the differences between these cases are evident already at 1ξ << ; in particular, the 

magnitudes of the peaks are essentially different. 

To illustrate the angular distribution of relativistic multiphoton cross-sections of the SB 

process at the linearly polarized strong e.m. wave field ( )1ξ ≥  and to compare it with the case of 

circular polarization of the wave, in Fig. 6 we display the partial differential cross-section as a 

function of the deflection angle θ  at the fixed number of photons ( pn ). To make parallels with ATI 

process we will take the number of photons which corresponds to the most hot photoelectrons in the 

ATI process of atom: 2 /p Pn U= ω  for the linearly polarized e.m. wave and 4 /p Pn U= ω  for the 

circularly polarized one. With the increase in e.m. wave intensity and, consequently the relativism 

of electrons, the angular distribution of multiphoton SB becomes anisotropic with respect to 

polarization vector of e.m. wave. 
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Fig. 2. The envelopes of partial differential cross-sections dσ(n)/dΩ as a function of the number of emitted or 

absorbed photons, for the linear polarization of Ti-sapphire laser, in logarithmic scale. The dashed line 

corresponds to initial electron momentum antiparallel to the laser propagation direction and the solid line gives 

the nonrelativistic result. The case (a) corresponds to ξ=0.6 for the deflection angle θ=0.6 mrad, (b) ξ=1 for the 

deflection angle θ=60 μrad, and (c) ξ=1.5 for the deflection angle θ=6 μrad. The initial energy of the electron is 

taken to be 2Up. 
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Fig. 3. The envelopes of partial absorption or emission differential cross-sections are shown for the circularly 

polarized Ti-sapphire laser, in logarithmic scale. The electron moves in the laser propagation direction k  with 

the initial energy 4Up. (a) ξ=0.6 for the deflection angle θ=0.6 mrad, (b) ξ=1 for the deflection angle θ=60 μrad, 

and (c) ξ=1.5 for the deflection angle θ=6 μrad. 
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Fig. 4. The envelopes of partial differential cross-sections dσ(n)/dΩ as a function of the number of emitted or 

absorbed photons, for the circularly polarized Ti-sapphire laser, in logarithmic scale. The dashed line 

corresponds to initial electron momentum antiparallel to the laser propagation direction, and the solid line gives 

the nonrelativistic result. The case (a) corresponds to ξ=0.6 for the deflection angle θ=0.6 mrad, (b) ξ=1 for the 

deflection angle θ=60 μrad, and (c) ξ=1.5 for the deflection angle θ=6 μrad (the initial energy of the electron is 

taken to be 4Up). 
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As seen from Fig. 6, the main peaks in the angular distributions of photoelectrons in 

relativistic case are shifted towards the direction of the wave propagation, in contrast to 

nonrelativistic case when the angular distribution of electrons in the SB spectrum are typically 

aligned along the electric field of e.m. wave. The latter is also evident for the differential cross-

section summed over photon numbers: 

 

0

( )

,
n

n n

d d
d d

∞

=−

σ σ
=

Ω Ω∑  (10) 

which is displayed in Fig. 7 (a) for various laser intensities. In Fig. 7 (b) the summed AE 

differential cross-sections /AEd dσ Ω  (9) are represented. In (10) 0n  is the maximum number of 

emitted photons: 

 

0
0 ,mn ∗Π −
=

ω
 (11) 

and 

 

2
2 2 2 0
0 2

eAm m∗ = Π −Π = +  (12) 

is the "effective mass" of the relativistic electron in the e.m. wave field. 

In the case of linearly polarized e.m. wave the function Ωdd /σ  have many peaks, in contrast 

to the case of the circularly polarized e.m. wave [11] where differential cross-section has one peak. 

To show the dependence of SB process upon laser intensity in Fig. 8, the envelops of summed 

AE differential cross-sections are plotted for various deflection angles as a function of the intensity 

parameter ξ .  

The electron initial momentum is parallel to the e.m. wave propagation direction. The dependence 

is essentially nonlinear in contrast to the perturbation theory, where the n -photon SB cross-sections 
2n≈ ξ . 

In Fig. 9 the envelopes of integrated AE partial cross-sections ( )n
AEσ  for various laser intensities 

as a function of the photon number are plotted for various laser intensities. Negative values 

correspond to net emission, while positive values correspond to net absorption. From Fig. 9 we see 

that AE partial cross-section is an oscillating function. 
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Fig. 5. The envelopes of partial absorption/emission differential cross-sections are shown in the cases of the 

large deflection angles: (a) θ=4.6 mrad, and (b) θ=10 mrad. The relativistic parameter of intensity ξ=0.2 

(ω=0.058 a.u.). The initial energy of an electron is taken to be 2.7 keV. 
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Fig. 6. The partial cross-sections dσ(n)/dΩ as a function of the polar angle θ (with respect to the wave propagation 

direction) for the fixed value of number np of photons absorbed in the SB process. The electron moves in the 

laser propagation direction k . The figures (a) and (b) correspond to linear polarization of the e.m. wave and 

np=2Up/ω. The figures (c) and (d) correspond to circular polarization of the e.m. wave, and np=4Up/ω. The 

intensity parameter ξ=0.6 for (a) and (c), while for (b) and (d) ξ=1. 
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Fig. 7. The angular dependence of SB process for various laser intensities at linear polarization of e.m. wave. 

Part (a) displays summed differential cross-section dσ/dΩ as a function of the deflection angle θ, and (b) displays 

the absorption/emission differential cross-section dσAE/dΩ, for the intensities of the laser field: ξ=0.1 (dashed 

line), ξ=0.2 (solid line), and ξ=0.3 (dotted line). The initial energy of an electron is taken to be 2.7 keV and 

initial electron momentum is parallel to the laser propagation direction k . 

 

 

 

 

 

 

 

 

 

 
Fig. 8. The summed differential AE cross-sections dσAE/dΩ for linear polarization of e.m. wave are plotted as a 

function of relativistic parameter of intensity ξ in the range 0<ξ<1 for deflection angles: θ=0.5 mrad (line 1), θ=4 

mrad (line 2), θ=8 mrad (line 3), and θ=16 mrad (line 4). The initial electron momentum is parallel to the laser 

propagation direction k . The initial energy of an electron is taken to be 2.7 keV. 
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Fig. 9. The envelopes of integrated absorption/emission partial cross-sections σ(n)
AE for the linear polarization of 

e.m. wave as a function of the number of photons: a) ξ=0.2, b) ξ=0.3, and c) ξ=0.6. The initial electron 

momentum is parallel to the laser propagation direction k . 

 

 

In conclusion, we have presented SB process in the field of superstrong e.m. radiation of 

linear polarization. The scattering potential has been described in the Born approximation. The 

numerical analysis shows that SB in strong laser fields is essentially nonlinear, the multiphoton 

absorption/emission processes and relativistic effects play significant role already for moderate 

laser intensities (already at 1<<ξ ) in contrast, for example, to nonlinear Compton scattering [17], 
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where multiphoton processes become essential for 1≈ξ  and the cutoff number of absorbed photons 
3ξ≈ . SB and AE cross-sections have a tendency to fall with the increase in the wave intensity. 
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