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Կ.0 Ղագսրրյաճ • IT- Վ- ՕեւուբեկլրսնԱռաձգական այիթննրի տարածուս՚ր խորանարդային սիմս՚հտրիալի հատկություններով օժտված անիզոտրոպ շերտում
Քննարկվում է առաձգական ալիքների տարաճումը շերտում որի նյութը ունի խորանարդային 

բյուրեղի հատկություններ Ստացված է խնդրի դիսսյերսիոն հավասարումը կապակցված 
երկայնական և լայնական Աղիքների փողային արագությունների նկատմամբ

Երկար ալիքների մոտավորությամբ ստացված են անջատված հավասարումներ որոնք 
որոշում են հեծանի լայնական տատանումների հաճախությունները և ձողում երկայնական ալիքի 
փողային արագությունը Կարճ ալիքների մոտավորությամբ խնդիրը հանգում է Ռելեյի տիպի 
մակերևույթային ալիքի ուսումնասիրությանը Հետազոտված է բյուրեղի անիզոտրոպ հատկու­
թյան ազդեցությունը:

К.Б. Казарин, М.В. Белубскли

Распространение упругих волн о слое с анизотропными свойствами кубической 
симметрии

Обсуждается i>wi;i распространения упругих ноли и слое in материала го ։иойсгиаяп 
кубического кристалла. Получено дисперсионное ypaiitieiitic зхчачи относительно 
саяынных ф.иовых скоростей продольных и поперечных воли.

В .ипннооолнопом приближении получены раздельные уравнении относительно частот 
ииебаипн поперечных и П|1оло.11.ных волн балки. В коротковолновом приближении задача 
гяэдикя к изучению поверхностных волн Рллея. Исследовано влияние аии ютропных 
свойств кристалла

Tins paper discusses a dinantic problem of an elastic wave |»ropogatir>n along an infinrie layer with 
anisotropic properttcr of a single cubic crystal The dispersion equation are deduced relating the coupled SP 
ami P waves pattern» jiliasc velocities In long a wave approximation the beam Ikxural and extensional 
vibration equations arc obtained In a short waves approximation the equation of live surface Rcleigh type 
waves is deduced By means of the Kircboff theory of plate the two dimensional dynamic equation of 
i-'isiXropK plate is deduced A cornpanlion between the obtained results is earned out and effect of anisotropy 
is studied

STATEMENTOF THE PROBLEM
In the fixed Cartesian laboratory system (zY։. X,. X the governing equations are 

listed as follows-
Constitutive equations [7]
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O.t =(‘ll-ci:h+‘l.՝-': (' = *)

<T,։ = 2cusA‘, (ri* k)
№5,1 +522 +XH

(i; i = 1.2.3)

The strain- mechanical displacements equations

=7 (2)

Pte equation of motion

^4.1 = P".u (3>

In the above (T4. Sd, W, are components of the stress and strain tensors ansi displacement 

vector. Material properties arc the clastic modulus cl|։ Cl2, Cw ; the mass density p
We consider the infinite clastic layer of the 2d thickness.
We take the Cartesian laboratory system (X,,X2.X,) coincident with the 

crystallophysics system. The X։. X, axis arc directed along the interface. The X- 
axis is directed perpendicular to the interface of the layer.

It is supposed that interfaces X ■ = ±</ arc free from mechanical stresses.

From (1-3). it follows that the coupled SP. P- wave patterns arc separated from SH • 
wave pattern.

SOLUTION OF THE PROBLEM

Later we (0. II investigate the plane deformation ease (Ilie coupled SP. P-wasc 
patterns).

Taking X| = X. X, = Z, M։ = «(X,Z), w, =v(X,Z), from (1-3) we 

obtain the following governing equation with respect to the displacements U.V 

c;«., +[c; ֊ c,:(2/ -1)] >՛...=ii.,
(4)

<՝'... + £7+[C՝/-<(27 - !)]«.„■

Al the free X, = ±</ interfaces we have the following boundary conditions

a . = 0: tr..=O

«.+v, =0. ».+(l-20/)><, =0

In the (4-5) C, =(c,|l/p)l/* is the velocity of the p wave. ct = I p)' ' 

is the velocity of the SP wave, l) = r* / Cf = cu / cu; 'f = (c„ -c12)/2cu is the 

coefficient of anisotropy.
Taking solution of (4) in «lie form of the plane monochromatic waves 

u = un cxp[i(kX - cor)]; v = voexp[/(kX - ax)] (6)

( k is the wave number, (t) is the frequency of the wave) 
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wc come to the set of ordinary differential equations

֊*’(> - +41 - ■’f2/ - OR..=0
V......M + 4' - W-r - 0]"».. = 0 (7)

where P = (0՜ I A’ c,.

The solution of (7) can be written in the form

v„ = Ajsh^Z) + A,ch(Ap,Z) + A,sh(Ap:Z) + A4ch(A'p,Z) (8)
- a,A,sh(Ap,Z) + a։A:ch(kptZ) + a:Aloh{kp:Z) + a:A4oh(kp:Z)

In (8) ±p,. ± p. are the roots of the characteristic equation

;/ - )>;(2(2Z - I) - 0(1 + 0) + 4.7Z(I - Z)] + (I - /?,?)(։ - p) = 0 (9)
In the case, of an antisymmetry with respect to plane Z=O. when vfl(Z) is the even function 
and u-XZ) is an odd function, according to the boundary conditions (5) we come to the 
following dispersion equation

lh(W) _ fap,
■hferf) Up-.

where

/, = /»?+(1 - 2■>/)( 1-0): g, = />; +{l - 20Z + 00)
Let us consider the limiting cases.
If the length of wave is I = In I K »<1

then taking
lh(*p,</) = ty,</p(II) 

and using eq.( 10 ). we come to

0(1+<5 -2.M=+(p;+/'֊Xi - w+<W+
3 1 (12)

+(l-20Z + 00)(l-20Z)(l-0)]
From eq. (9) we have

p;p:- =(■ - 04(> - 0); p; + p- = 2(2/ - i)-0(i+0)+40Z(i -z)
Then according to (10). the equation (12) can be written as

0 ֊ -^-(4Z(I - 0Z) - (3 - 4i2Z)0 - 0=15] = 0 (13)

Introducing the new variable £ = ft)՜ / k'c[(P = ^ / l3) .we can rewrite eq (13) in 

the form

f-—^-[4Ztf(l-։5Z)-(3-4i?Z)<-«=0 (14)

This equation determines the First mode of flexural (bending) vibration of the layer.
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Since y^ = (<n ~C|,)/2cll . this equation docs not depend upon the coefficient cM 

Using technical notations

(l-v)E vE ~
C" (l + vKI-2v); C,! (l + v)(l-2v)' C"

where E is the Young modulus. V is Poisson ratio. G is shear modulus.

( G = EI 2(l + v) foi isotropic materials)
we can rewrite eq. (14) as follows

. EkM- pV(l + v)(l-2v)</! k’<rpa>'(} + v)
p(0 3(l-v)g + xi-v) <l6>

Taking -id) = 8/St. ik = 8 / fiv. we can rebuild the beam flexural vibraliira 
equation

2 Ed՛ , , 2(1 + v)</'p—}------nrw, ,+2/XAt՛------------- — h՛... -
3(l-v) 3(1-v) 

2(l + v)(l֊2vMlp;u
3(1-v)g

In cqs.( 16,17) the underlined expressions arc negligible ones and in general they are net 
taken into account.
Thus, for the cubic crystals in a beam approximation wc have the classic dynamics 
equation of isotropic media

In a short wave approximation, taking instead of the hyperbolic functions the value 
one. we can obtain the equation determining the surface wave dimensionless phase 
velocity

£ = 0) I kc,

The necessary and sufficient condition for the existance of the surface wave in the cubic 
crystal is I? < I.

For the isotropic materials this condition is always satisfied, since C, < Ct For the cubic 

crystal, this condition may he not take place.
If I? I the equation (IS) has not real roots in the interval 0 < £ < l?

Let us consider the symmetrical case . when vc/Z) is the odd function and ifQ(Z) is 

the even function
Then, according to the boundary conditions (5) wc have the following dispersion 

equation

/,&/>, (l9)

In a long wave approximation the equation (19) coincides with the equation of an 
isotropic beam.
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In the short wave approximation we come to the eq (IK)

EQUATIONS OF A THIN PLATE

Now we will obtain the equations of a thin plate using the Kirchoff thcoiy ol plate 
The investigation shall be carried out in a laboratory orthogonal system having one 

common axis with the ciy.stallophysics system (X։, X,, X»)

We take the rectangular Cartesian laboratory system (X. Y, Z) in such a way the 

uxifdinatc plane (X. }') coincides with the middle plane of the plate The Z axis is 

directed along the normal to the plate middle plane and is coincides with the X, axis 

Tire X.Y axes arc twisted out on (p angle with respect to X», X, axes.
In the new system the constitutive equations have the form [6]

=c„։.. + ctf(r„ + A.)֊^[(։.. -I.,)sin:2<(> + .t„sin4l₽]

=cii֊vm + cn(*». + -֊'„)sin:2<p + .vl. sin4tp]

o՜,, =2cw.v,։ -.v։i)sin4<p-.r։։sin:2<p]

- c\isa + Aifci + S ) (20)

<t.. = 2c„5,;; <7= 2c;

f = cn-ci: “2c44
Taking assumptions of the Kirchoff theory

^=W=<=0: (2D
u, = -Zw,t: v, = -Ziv.։; it. = u’(X, Y)

and supposing CT., to be small, we can obtain the following constitutive equation 

concerning the stresses <T„ . (7,,. (7n acting in the plate middle plane

< 3,. = “(B,',»’.,,+B,+2B,

< 7„ = -(B|;U'.„+fi|',W„,+2B;'6U'.„) (22)

< 3.. = -(Bi'6w.„+B»>>’,,>+2B;jw,1,)
In these equations the following notations arc used

B,', = B,, - |sin: 2ipB0; B:; = B,, --sin։ 2<pB„

B': = B,, +^sin:2<pB0; B'u = Bu --sin: 2<pB„ (23)
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B'„ - -TSinAipB«; By. = -Mi>4<pB„ 4 4
when:
B„ = B„-B,;֊2B4,

B„ = B„ = (c,:,-<7, )/<•„;

The plate bending vibration equation has the form 
A/, ,, + 2//.11+A/1 i։ =p»v,„ (24)

where

M, = /<T„ZrfZ: M, = J<r,,Z</Z: U = Ja„Z</Z

are bending and torque moments 
Using technical coefficients we have

M, = ,+vtv,u) + Ipsin2 2^(h,,„ ,„) + |Ds>n4<p>v„,
(25)

A-/, = -Z)(vu>,։։+Hi,1J-^-Z)sin’ 2fl>(»v,u-»v,։J- —Dsin4gnt’,

„ (aG<T ֊ - )// = - —-—+ Dsin* 2(p !(»..,+

where

Finally, the plate vibration equation has the form 

o(>v,,„,+2(l-5/o)>v.,„,+»•.....)֊

4

—-ysin2 2<p(h'։>i։1 - 2>r,l(։։ +w,„u) - 

-/5sin4rp(»v.iu։ + 2pdw,i։ = 0 

Fot isotropic material it is necessary to take D = 0 
Ute beam equation has the form 

^2 - ^Siir 2<p p.„„+2pJM-.„ = 0 

When <p = 0 , we come locq. (17).

(26)

(27)
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