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ON THE STABILITY OF THE MOTION OF A ROTATING 
SHAFT BEARING AN UNSYMMETRIC ROTOR

1. Introduction. The motion of a rotating shaft with a symmetrical 
r css-sect ion, bearing a symmetrical body (e. g. a disk) has been inves- 
igated by various investigators. On the contrary, authors were unable 
I» find publications about the case that the body is unsyinmetrical, 
'lth the exception of two articles of Crandall [1, 2] who, however, 
n’y investigated the case in which the mass centre of the body is 
h’eil, the body being only able to rotate under the action of restoring 
loments.

In the present paper the more general case in which the mass 
entre ol the body is free to move with the shaft, is treated. We sup- 
lose that the mass centre is situated on the axis of revolution of the 
haft and that one of the main axes of inertia coincides with this axis 
vhen the shaft is undeformed. For the investigation analogous methods 
lave been used as in a previous study of the motion of a symmetrical 
ihaft, bearing a symmetrical body and loaded by an axial force [3].

After the investigation had been largely finished, authors became 
iware of a couple of publications of Aiba [4, 5], who investigated the 
tame problem and found analogous results. However, authors thought 
that it would be worth-while to publish the results of their own work, 
because in a sense the treatment was more general and, moreover, 
permits to make a comparison 'with one of the general enunciations of 
Cctaev on the stability of motion.

2. Description of the motion of the system. Although the equations 
0! notion which we intend to derive will be valid for any system of 
supports of the rotating shaft, we restrict ourselves for the time being 
'.՛՛ the case of a cantilever shaft, represented in fig. 1.

The shaft is “clamped“ at the origin •՛» of the fixed coordinate 
sy.-fem (<•>, 7j, its axis of revolution coinciding with the axis ՛՛>- in 
the undeformed stale. In the deformed slate «>fl is the elastic line of 
the shaft, о then being the mass centre of the body which is attached 
to the shaft. One of the main axes of inertia of the body is oz- in the 
undeformed position this axis coincides with o>Z. The two other main 
axer, of inertia are ox and oy.

The translation and rotation of the body are described by means 
of the two auxiliary systems (o, C ’ ) and (о, x՜. y*, z), shown
in the figure. The first system indicates I he translation of l he body, 
waereas the second one describes the bending of the shaft. The rotation 
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of shaft and body is given by the angle * 
{o, a՜’, y*). The rotation of the system (o, v , 
by means of Rodrigues coordinates [6, 7].

between (o, .t, //) and 
t/*, z) will be described

Fijj. 1. The shaft ir a deflected position.

We will indicate column vectors by means of lower case letters 
on top of which a bar has been printed, and matrices in the same 
but with capital letters. The transposition operation is indicated by a 
tilde. Thus, a row vector is represented by a lower case letter in top 
of which a bar and a tilde have been printed.

We then can define the following vectors:

f* - (•> -)՛ — (?(.» C''՜ ~ T Ti’\ ■»")

r = (x, y, z). r* — (x*> y\ z)

Here -0 is the radius vector of the mass centre o. The transformation 
between the various vectors can be represented by the formulae

? = ?‘ = SM, 7*=:G**7 (2.2)

where the rotation matrices GK and G'։ arc given by

•s*X*

"1**

1

•—
•

G* =
-֊-?*■/* 1-4^ -՛■“ w

֊7* j_±(?« + z«)
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(cos •-» — sin 6 0 \
sin ՛!» cos՛.» 0 I (2.3b)

0 0 1/

respectively. Here 9* and y* are Rodrigues coordinates; in first ap
proximation, 9* is the rotation of the system (o, x ՛, z) around the 
axis ox* and ՝/* the rotation around the axis In the formula (2.3a) for 
6՝ terms of third and higher degree in 9* and /* have been omitted. 
The product of G and G’** is called G:

G’=G*G** (2.4)

so that (1) and (2) yield

7 =7o + G> (2.5)

The components with respect to the fixed coordinate system of 
the absolute velocity of a point of the body are given by the vector

Now

? — Po = G>. r -= G ( p — p0)

(because G = G '), so that also

t' — ?o -f- - " ( ? — ?o) 

where

•2=» = 6g

We find

0 --  »’B 0>r, \
U»=l V> 0 “ UI; 1

՝—wr m: 0՜

with

«.. 9* + Z*2,

«: = ֊֊ (?*? ' Z’?) + ( 1 ֊ ֊֊ I

Thus instead of (2.8) we can write:

■ ֊ h 4- <•<* (? ֊ ?«)

the vector of the angular velocity being defined by

fl* = pH: , ։ (i>- )

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.121

(2.13)
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More useful are the components of the angular velocity vector 
with respect to the rotating system (o, x, y. z), By means of (2.6) we 
have for the components with respect to this system of the absolute 
velocity of a point of the body։

U = Gv* = G^ + ^r (2. VI)

w i I h

L’ -= GG (2.15)

Now we find

0 — m։ ։ov \
- I u»։ 0 —vi, j (2.16)

№, o '

with

!•՛, = z* cos i + /’ sin j, — 'p* sin j /* cos v
* (2.17)

«• = - + y
so that also

v = G p0 — -<r (2.18)

here the vector of the angular velocity reads

u» = (ij„ «u.) (2.19);!.

We easily verify the relation

S*=Gw (2.20)

The velocity of the mass centre can best be determined by means 
of (2.6). by putting r = o:

(2.2li

so that

'*• U (2.22)

Here

to - 0 (2.23)-

3. I Jcrivalion of the equuiions of mot ions by meana of energy 
methods (La^rani’.c). In using the method of Lagrange's e<|<ialions we 
first have to find the expression for the potential energy ZA Because 
the shaft is rotationally symmetric, the relations between the forces
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and moments applying on the shaft and the displacement quantities 
can be written, according to fig. 2, as

M, ■- csrn I c22Z* 
= с։1ти, — e2./y*

(3.1)r ■ -<i ■ C12/. •
- Л СцГф C։2C*.

and 7‘.

For a cantilever shaft with the length a we have, for example, 

12Е/ — ----- cJa-
6EJ_t
<r

Co,
4£/

Now owing to Clapeyron’s law we find

U = - -֊- (/•’: ;0 4֊ M, 4֊ M.Z*)

(3.2)

(3.3)

a

and together with (I) we obtain the expression for the potential energy

^=~■<-•„(;• 4- vJ) : t-։2('<,/* — >op*H <3-4)

Instead of the coordinates 71|lf and /". related to the fixed 
system, we henceforth will use the coordinates

x - ’:ncos y r TJo-sin'y, y - iosin ? t cos
? cos > • ■/* sin 0. / c*sin 3 /*cos՛)

which belong to the rotating system. In the new coordinates the expres
sion for the potential energy (3.4) reads

U -y cuU2 -I- y") 4- fj>(xz — y?) 4֊ -֊ c...(y? F /;) (3.6)

The kinetic energy of the system is given by the expression

r = 4՜m (roi - Ь vo;) + ֊ (/.v‘v; 4- J^~ (3.7) 
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where vo: etc. are the elements of the vector v’ (2.22) and • .. w. 
are determined by (2.17). We first reduce ?0, v4;t, ® ■, •/* to x, y, y, ՛/,. 
Inverting (3.5) we have

respectively. Inserting these expressions into (3.7) we obtain

—xcosG //sin >, ■% = xsin ■՛■> 4- y cos - $ J
y* ycos ? /sin՛-, /* — y sin j J-7 cos -

so that

-0 x cos'J z/Sin 'j — y (x sin y 4 //cos

•fy = x sin / — y cos y — / (x cos ) — y sin ?) 

/sin- — 1. ? sin j ֊֊ / cos--)

7:!= — x sin 1 / cos < -f > (« cos p 4- / sin - )

Thus the velocity components read

»0? xcos y y sin S — S (x sin y t y cos

vaz. ֊ x sin 'y 4- y cos 7 y (*COS6 — y sin y) (3.101

<’b: =- 0
and

•» II

-0
 •

i

-0
 

* "V
.

1 ■ x' I
I

4-
 x’

H
«

i-. •—
*

T = A՜' + 2 • ^Xy /7՜^ +

t z?)24-֊4' 1£ —

+ — Z, li‘(i -**- Z5) + ? (z? - ?/.) (3.12)

The shaft is driven by a moment M around the axis i։4. The ge
neralised forces related to it are found by determining the virtual work

IWMW՛ (3.13)

Now 7/j; can best be calculated by considering the expression (2.11) 
for w G;, by replacing the quantities y* and /* in the expression by 
? and /, according to (3.8) and (3.9):

՝”: = -y (?Z ֊ ?Z) 4" r (3.U)

and by replacing io- , c, / and •-» by o5\, 06, 2/ and respectively:
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80- - 4
2

(3.15)

In combination with (3.13) we then find for the various generalised 
forces:

& = 0, Qy = o. Q. (^ = ֊L.W?, Q,= M (3.16)

We now 
the formula

are able to derive the equations or motion by means of

d dT dT . dU n .֊— j. — = Q; (/ = 1, , n)
dt Oq։ Uq. (>q

Owing to <3.6), (3.12) and (3.16) wc obtain

(3.17)

m{x - y ■> f2y [ x<) T Cji-v f- Cj./ 0 (3.18a)

m (y 1- x՝!> | 2x’y ֊ y S') -r cuy — c„? — 0 (3.18b)

- cviy -t c2;.? —
aS

(3.18c)

1_
2

I JfT c։2x — c.::7 = — Mr (3.18d}

rn ,xy yx I

֊ /. iz(? -

(x= r/-) 2’> (xx -yy)\ —

Z?

֊ J.j {f(Z. - -t z^)4 ? (> S )] r

2
(3.18c)

The equation (3.18e) can 
four other equations of motion.

be simplified by combining it with the 
(3.18a)—(3.18d). Then we find

•W = -(/

'?( 1 ( - ?(z? (3.19)

Adding---- ~Z times M (3.19) to equation (3.18c) and ~ ¥ times M
2 2

(3.19) to equation (3.18d) we find for the four first equations of motion
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flllX 1/ U — '2y -> — X>’l — CjjX 4֊ CjaZ 0

m (y — x : -| 2x y F) — city c12? — o

JAy- 7''— /F)~ - ?'?) - Cy.‘£7 (-22^ = M/ (3.20)

7, (/- ?? ?:'r) - (_/A. ./.) ’? (? ֊ Z?) 4 <a2x 4

In sections 5- 7 only the motion will be considered for the case 
0 - ՛՛՛ const. Then .17 (3.19) is of second order ir. the remaining four 
displacement quantities, so that the four first equations of motion 
reduce to

m {x -- ‘2"՝y — nrx) - cnx Cj2/ — 0

m (y 4֊ 2"-x V':y) • Cny cJ2« — 0

/J? ‘"/.) U„ ZH/. W)-Mtca? = 0 (3.21)

iz -;r) • (,/. yJlui® w’z) F cV2x -T <%•=/. - o
Before we shall discuss these equations in detail, we will show how the
equations of motion can be found by means of the fundamental law of 
analytical mechanics.

4. Derivation o/ /Ac equations of motion by means of the funda
mental law of analytical mechanics (Newton and Euler). The motion 
of the mass centre a of the body is determined by Newton's law:

=‘ <1
F:

(4.1)

Fx. /‘v and F. being the components in the directions ox. oy, oz of 
the force which the shaft exerts on the body, and being the vector 
with respect to the system (o. X, y. 2) of the absolute acceleration of 
the mass centre.

For the forces the relation

F,

/<
(4.2)

holds. By means of the relations (3.1) for the forces •’ «and /'« and 
the relations (2.4), (2.3a) and (2.3b) we find, restricting ourselves to 
quantities of zero and first order:

F( = (c„x Cj.«/), F^= (c„.7 — 6'u-l (4.3)

For the acceleration o;. the relation

Uq = 4 ՝u X Vj) (4-4)
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holds, where t'c. is the vector with respect to the system (o, x, y. z) 
of the velocity of the mass centre. We have

v0=G’v0 (4.5)

the components of .՛’ being given by (3.10}i Omitting again all quan
tities of second and higher order, we have, because of ^2.4), (2.3a) and 
(2.3b),

(4.6)

So (4.1), together with (4.4), (4.6), (3.11) and (4.3) gives for the first 
two equations of motion

m (.x - 'ty 'Inj - <.v) c։i v c։֊sZ. = 0
(4.7) 

rn (։/ r -f- 2-/JC — • cvy c,5r = 0

in agreement with the first two equations (3.20).
Euler’s equations read

M. = //»*֊ (./„ — ./.) «y,։s

My - J9*°9 JJ (4‘8)

I ./։ —/.J "'4viy

the moments being determined by

■¥‘\ М-Л

ЛЛ mJ (4.9)

mJ
Xow M: and M. arc given by (3.1), whereas A/; follows- from the shaft 
equilibrium around the axis •՛< and relations (3.8):

;W: = M -t- Fz 7,0 ֊ F& = M cn (- V*) = M- c12 <xr I y Z) (4-10)

Altogether we have

M, — CjoU — c..>c M/, M, — — cv.x — <?.>27 4- Mv
՝ 11 *1 ' (4-n)>

;V/--A/!l-֊*֊(r4֊Z2)j-

Euler's equations (4.8) now become, with (3.11):

Jt(?- ■/?? — Zk) (JtJ — J._)(Z 4- c},y d- c,2? = .'Wz (4.12a)

J, (/.4- ??) + ֊ 7? Z ?) + Ci->x I- cnz (4.12b >
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Z j ?+-7 (z?-?/J '?(r?-r zz)[ -
(J. Z)6 Z?)(Z֊I֊^)=A7 (4.12c)

The first two equations agree with the last two equations (3.20), whereas 
(4.12c) is the same as (3-19).

5. 77r? critical speeds. We now return to the equations of motion 
(3.21) and first investigate whether a stationary movement of the system 
is possible, i. e. a movement for which x y- 0. in this case
the values of x, y, ? and 7 are determined by the four homogeneous 
equations

(c„ — mo>2) x 4֊ c։2/_ = 0, ci2x 4- [cn — (/, — J.) <»s} Z = 0 (5.1a) 

(c։i — m<»2) y — Cj2? = 0, — c-.y — c։։ — (/„ /.) <՛>’} ? 0 (5.1b)

So we find that there are two kinds of critical speeds, one related to 
x and / and the other to y and o. We shall denote the critical speeds 
by w*.- and the displacements belonging to them by x*։ 7* and yk, ։ik 
respectively.

Fig. 3. The relations between the load« and 
the displacement quantities of tho shaft.

Further on, it is advantageous to introduce reduced (“dimension
less") quantities. We first define the fundamental angular velocity 0 by

wo = I cn:m (5.2)
and we call

* - zn, 7 — C։.-. I CnC2A, W — e’/‘"j
(5.3)

r. = Z/Z- = Z'Z
For a cantilever shaft we have, according Io (3.2k / 3,4. Thus the
critical speeds w*. are the roots of the equations

(1 -5) {1 — a(’\ — 1)2'1 - v = 0

(1 —2®) |1 — «(Pj, ֊ 1)5’֊“s = 0
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The equations can best be solved by firs! reducting them to the 
form

(1 4* *•«’)( 1 *»■) — y
•/ —--------- ;----------- =j7t--------  P-5)y a<.o- (1 — i«>՜)

In fig. 4 we have plotted the relation between ;it y and for various՝ 
values of ?. From this figure we conclude that a system has only one 
critical speed related to the motion (x, /) when 0 <C |\, :C 1 > and two 
critical speeds related to this motion when !\. ^> 1 ։ the same holds for 
the motion (//, c), which is determined by rather than by JL4. We 
also see that the qualitative behaviour of the solation is not essentially 

uenced by the magnitude of the parameter ■ (0 neither by
that of the parameter ; <O)«

There are two cases which are especially important: the thin disk 
which is perpendicular to the axis oz, and the thin disk which contains 
this axis (so that we can choose the axis ox perpendicular to the plane 
of the disk). In the first case we have

A = A + 4« ։\ 4-^=1 (5.6a)

and in the second case

A = Jv + A’ llr” % = 1 (5.6b)

From fig. 4 we now may 
than two critical speeds 
second case there are 
four critical speeds for

conclude that in the first case never more 
exist for the complete system, whereas in the 
three critical speeds for (./7<C./4 ant^ 
|iy>1 (A, >A>- In case of a two-blade
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propellor we have approximately jl — — 0. 1, 0,
so that there would be only (wo different critical speeds; in reality the 
propellor blades are not completely flat in the ^-direction, so that

•», "> 1; thus three different critical speeds occur.
6. /7u՛ stabiliti/ o/ flu- motion. The stability of the solution of 

the equations of motion (3.21) can only be found by considering I heir 
solution. This can be represented by

x y - y#". (6.1)

Besides the parameters (5.3) we introduce the reduced quantities

/’ P x x'l, y y/l
, ֊ ((՛.֊>)

L-fi
and, in the same way, x0, i/9. z0, Zo; / is a reference length of (he 
order of .r„ and tfo,

Inserting the solution (6.1) into the equations of motion (3.21) and 
using the relations (6.2) we find that x0, r;J։ /0 should satisfy the 
four homogeneous linear equations which read in vector notation

(/r 4- 1 ~ l0‘՜ — 2« p 0

* 14՜ ~5('.1, — —ll։~!\

2u,p 0 pz — 1 —«r —*,

0 ։(i-,.‘,-’lyl՝"P —T 14-2'l,£1—«(IT
(6.3)

The values of (x0, t/0. £e) can only be unequal to zero If p is a root
of the characteristic equation of the system (6.3). It is easily found 
that (his is a fourth degree equation in the unknown p\

This can be shown by introducing the auxiliary quantities

a *?,. b ֊ , c = a (1 — p, — -i)
(6.4) 

m 1 ■ ’(1 n — 1 + 3 fl —

Thus the characteristic equation reads

p“ 1 — w»։ 7 — 2wp 0 j

■j bpz 4- rn 0 - c՝"p
■2^ “o P= I-..’ .V ° (l>-5)

। 0 cj»p 7 up:4/t

or alter cv.duation:
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4
>' А -./г1' О

ч֊^
(6.6)

with

Aq= (1 — >22՜} m — 7‘j {(1 — n -•*?)

/1, = (1 - oia)2(ani — bn •- <?«2)

— *T'a b — m — h I {4c - a - 6)«•} 2a?n(l i-">=)

A2 = 2 (1 4- «*) (am 4֊ bn - c‘>-) • ab (1 - w^’)՜ — ;3 (a b) •֊ mn

Aa ֊ am ֊4֊ bn cw -|- 2ab (1 -1- vr)

A.x — ab

The solution (6.1) is only stable if all the eight roots pk are in the 
left-hand part of the complex plane or on the imaginary axis: no root 
should have a positive real p «rt. This means that the quantities p[ 
should all be real and negative. A boundary between a stable and an 
unstable region is formed cither when pi goes from the negative part 
of the real axis through the origin to the positive part of this axis, 
or leaves the negative pari of the real axis and becomes complex; as 
always two roots p{ of (6.6; are complex adjungatC, in the latter case 
on the stability boundary two roots p\ then coincide.

The first kind of stability boundary is found very easily. In that 
case we have to substitute p 0 into (6.5). But then we have the same 
situation as in section 5, and the characteristic equation reduces to the 
sei of the two equations (5.4), which is equivalent to the equation 
.4o0 (see 6.7). So the curves which indicate the critical speed are 
at the same time boundaries between a stable and an unstable region.

We have investigated the cases 4֊ :*v - 1 (thin disk perpendi
cular to the shaft) and 1 (thin disk in the plane of the shaft)
nore in detail by calculating the roots for certain values of a (in each 
case for a = 2 and - 3,4).

In the first case all the four roots p[ are always real and we find 
only two stability boundaries, coinciding with the curves of critical 
speed: see fig. 6. Two of the roots are shown in fig. 5 for the value 
<i = 2/3, the two other being more to the left in the coordinate 
plane. We find that instability occurs when the most-right root p- 
crosses the u> axis and becomes positive.

In the second case there arc three regions of instability (fig. 8). 
The regions la and lb are limited by the curves on which the speed is 
critical, as is shown in fig. 7 (for p ~ 2,'3), where the roots p\ and p', 
cross the w axis in points corresponding with these curves. But thera 
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is another region of instability (II). where two roots p? become com
plex, which also is shown in fig. 7. The latter region can only be found 
by calculating the roots p\ and determining the values of where two 
roots coincide.

That the curves of critical speeds partially constitute the stability 
boundaries, can also be shown by considering the influence of the gy
roscopic forces: this enables us to check one of the results of the in
vestigations of Rayleigh and Cetaev |8j. We shall do so in the next 
section.
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Fig. 7. The behaviour ftf the i uots p’̂ a։ (unction of for 
?.-'•՛P 1. ‘ 2 3. ։=fand ;J 3/4.

Fig. N. The stability regions fur 
!»։ !, 3 -2 and I I;

7. The relation brtzeeen the curves of critical speed and the sta
bility boundaries. Il is possible to consider ihe equations of motion 
(3.21) ns l.-t gran go’s equation:
I L^TL o; (7.U

til dqi dqt
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derived from the modified kinetic energy

r֊-= Lm(^ + ^)--L/y+ -!֊./,/ (7.2a)

the modified potential energy

t’* ֊ “ (cu zn-T')(x I y") c'iAx/ — y?)

• •֊•k2։-(/J֊;>r! ?■-- ֊■ c., — (jt—,/ji'r}/- (7.2b)
X X

and the modified generalised forces

0, = '2m՝>y, Qv - — 2rn՝՝>x
= Jy֊J.)՝"i- Q-; = -(/.֊./,-/.)֊- ',,2c)

Here the kinetic energy 7** is a homogeneous quadratic positive de
finite function of the velocities x, y, ? and / and the potential energy 
U is a homogeneous quadratic, but not always positive definite, function 
of the coordinate x, y, z and /; the generalised forces Q, have the 
character of gyroscopic forces. Thus, the power of the generalised 
forces

Q.;y • Q՜- - (7.3)

is equal to zero. Because 
the energy balance

7"" is a homogeneous quadratic function, now

— (7^* U*) = P* (7.4)

(with 7 0) holds, and we see that the stability of (he motion de
pends on the nature of 6՛՜՜՜: when U"'՛՜ is positive definite, the motion 
is certainly stable, whereas its nature is uncertain when 1՛:: is not po
sitive definite. Celaev [8] has shown that for such an (undamped) system 
the gyroscopic forces can stabilise the system in a certain domain of 
the region where the potential energy is not positive definite.

To find the boundaries separating the regions where U* is po
sitive definite from the regions where this is not the case, we have 
to calculate the eigenvalues of the matrix C* of the potential energy, 
the expression of which can be written as

(7.5)

From (7.2b) we find
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c12 0 0

C’=
cr. c23 — f./r ~ JzV՝;՜ u 0

(7.6)
0 0 C|J Z7JW2 c։2

0 0 ^22-

By comparing this expression with the matrix of the combined equations 
(5.1a) and (5.1b) we easily find that the values of ֊v where an eigen
value of C* is equal Io zero, are the roots of the equations (5.4) for 
the critical speed of the system, in agreement with our previous result. 
For the further discussion it is advantageous to use again reduced 
quantities; by means of (5.3) and (6.2) we find for the characteristic 
equation for C* in such quantities

1 — or — л f 0

7 1 “ a Cl.r — IH’ —0

0 0 1

0 0 T 1

Thus the values of > arc determined by

— с,/, h c0 = 0 
with

(7.7)

(7.8)

(7.9)
с0 = (1- 5՝){1 a(i*r, ։j - 1)^J -r 

cx - 1 w։ 4- 1 — a (;*<։ y — 1) с։՜'

For stability it is necessary that both c0 *> 0 and t։։^>0.
For c0 this is indicated in fig. 9a 9b, which correspond with fig. 4 

for the special values of x — — and 7 — 2. For cq we have draw:։ up an

analogous set of figures: fig. 10 and fig. 11a lib. Comparing the four 
figures we find that in the only quadrant which has a physical signi
ficance (|\։ 1; 0, 0) there is always a stable region situated against
the axis, whereas for certain values of a a second stable region 
is possible (such as in the case of fig. 8).

In this way it is possible to determine the regions where the 
motion is certainly stable. In the regions where one or more values of 
'■ are negative, the motion can cither be stable or unstable. This is 
demonstrated by comparing the, figures 4, 10, Ila and 11b. Here we 
find that in the unstable regions la and lb one eigenvalue is negative, 
whereas in the domain consisting of the unstable region II and the two 
adjacent stable regions two eigenvalues / arc so. In this latter domain, 
with the exception of region II the unstability is removed by the effect 
of the gyroscopic forces.
4 Известия All Армянской ССР. Механика. № 6
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The figures 4, 10, Ila
cantilever shaft to determine

and lib enable us for the case of a 
the region where the 'notion is stable

Fig. I1՝. The é'urvûs B| n lor 3 I ind various ValùàS of ՛.

anyhow. For finding the nature of the notion in the remaining regions 
it is necessary to calculate the roots of the characteristic equation 
(6.6).
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•l’- 3,4. 73-3/4.

8. Conclusions. By means of the results of the previous sections 
it is possible to find the stability of a cantilever shaft with a symme
trical cross-section, bearing an unsymmetrical body. It is not difficult 
to extend the investigation to the case of a shaft which is supported 
in other ways, because it is only necessary to change the- value of the 
parameter

It would be quite interesting to extend the investigation Io the 
case of (external and internal) damping.

Delft University of Technology
Department of Mechanical Engineering

Laboratory of Engineering Mechanics Received !5 VII 1'՜՚76

Ա. Դ. 'Mi ՊԱՏԵՐ I. Ա. մՈՒԴհՐՎԱէ՚Դ
ՈԱ ՍԻ1Ո;ՏՐԽ'ւ ՌՈՏՈՐ ՈՐՈՎ ՊՏՏՎՈՂ ԱՈԴ.Ի ՇԱՐԺՍԱՆ «|ԱՅՈ1’Ն111’Թ:;Աև ՎԵՐԱԲԵՐՅԱԼԱ մ փ ո փ ո ւ մ

11լսումնասիրւէէէէմ է ան ղան ղվ ա ծ աոաձղական պ տ տ վ ո էյ և սիմետրիկ 
(ավնական կտրվածք ունեցող ձողի շարժում ր, երր նա կրում է ոչ սիմետրիկ 
մարմին։

Մարմնի ղանղված ի կենտրոն լ։ դես.եղված Լ ձողի պատման առանցքի 
վրա ե իներցիա լի ղչխավոր առանցքներիդ մեկը համընկնում է ,"!Դ ասան ց բի 
հետ ձողի չղեֆ էէ իմացված վիճակում ։ Շ արմ մ ան հանդարտում ր ՝ս,շվի 
աոնվումէ ~ողի պտտման անկլունա էին արաղով) Հունը հաստատուն էւ

Գտնվել են երկու տեսակ ան կա շան շրջանակներ' մեկը սահմանափա կ֊ 
վւսծ Լ կրիւոիկակւսՆ տրաղութ(Ոլնների սիստեմին Համաս/աուաոխանող կո 
րերով, մյոէսր կորերով, որոնց վրա "('"շի) հավասարման արմ էսաների երկու 

է1Ոէ2,ք/՚մ համցնկնում են երկոէսր, իսկ երկուսն Լք մաքուր կեղծ են: Մրղյէէէնք֊ 
ներր համաձայնեցվում են քեելեչի ե 'վետաեի ձևակերպումների հետ։
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А. Д. дс 11АТЕР. А ХУГЕРВАРД

ОБ УСТОЙЧИВОСТИ ДВИЖЕНИЯ ВРАЩАЮЩЕГОСЯ СТЕРЖНЯ, 
1 ЮСЯЩЕГО НЕСИММЕТРИЧНЫЙ РОТОР

Р С 3 ю м с

I кслсдустся движение вращающегося, упругого, с симметричным по
перечным сечением стержня без массы, когда на нем находится несиммет
ричное тели.

Центр массы тела расположен на оси вращения стержня и одна из его 
главных осей инерции говпадае։ с этой осью стержня в его недеформнро- 
ванним состоянии. Затухание движения нс принимается по янимание. Угло
вая скорость вращения стержня является постоянной.

Найдено два вида областей неустойчивости: одна ограничена кривы
ми. которые соответствуют системе критических скоростей, -ругая — кри
выми. на которых из двух пар корней характеристического уравнения два 
корня сопиад.исл. а два других являются чисто мнимыми.
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