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Abstract

In this paper we show that h-prime and h-semiprime ideals in a Nobusawa I'-semiring
are preserved by the functions *' ('), *'(), *(), *(), I'( ) and S( ). This preservation property
R T
S L)
Moreover, characterization theorems of h-regular and H-Noetherian I'—semirings have been

is then used to characterize h-prime and h-semiprime ideals in matrix semiring

obtained.
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1 Introduction

Semiring is a well known universal algebra. If in a ring we do away with the requirement
of having additive inverse of each element then the resulting algebraic structure becomes
a semiring. Semiring has found applications in various branches of mathematics. In this
connection reader may be referred to Golan’s monograph[4]. Semiring arises very naturally as

the nonnegative cone of a totally ordered ring. But the nonpositive cone of a totally ordered
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ring does not form a semiring because multiplication is no longer a binary composition.
However, nonpositive cone of a totally ordered ring can be provided an algebraic home
which is nothing but a I'—semiring. I'—semiring was introduced by Rao [9]. It generalizes
not only semiring but also I'-ring. Introducing the notion of operator semirings of a I'-
semiring, Dutta and Sardar enriched the theory of I'-semirings [I][2][3]. They have studied
the functions ()*, ()*, (), ()™ (definition follow) for ideals [2], prime ideals, prime radical
[1], Jacobson radical, Levitzki radical, semiprime ideals, irreducible ideals [3] of I'-semirings.
For a Nobusawa I'-semiring, introduced in [I0], we find various other functions namely *( ),
(), *(), *(), () and S( )(definition follow).

In this paper we extend the results of Dutta and Sardar [I 2 B] to h-prime ideals and

h-semiprime ideals in terms of the functions mentioned above. We then apply these results

R T
to obtain structure of matrix semiring So:= L > , defined over a I'y—semiring.

S

It may be recalled here that though semiring is a generalization of ring, their ideal
structures differ a lot, for example, an ideal of a semiring need be the kernel of some semiring
morphism. To amend this gap different types of ideals namely k-ideals and h-ideals were
introduced by Lattore [6] and lizuka [5]. Olson et al [7][8], by using the notion of k-ideal
and k-closure, introduced the notion of pre-prime and pre-semiprime ideals in semirings.
We extended the same notion in the general setting of I'-semirings and I'y-semirings. This
also motivates us to introduce the notion of h-prime and h-semiprime ideals in semiring,
[-semiring and I"y-semiring by using the notion of h-ideal and h-closure.

This paper is a continuation of the study of h-prime and h-semiprime ideals in I'y-

semiring. Among other results we obtain the characterization theorems on H-Noetherianness,

R T
h-regularity for S—semiring I', ['—semiring S and matrix semiring ( - > :

2 Preliminaries

We recall the following definitions and results which we shall use in the sequel.

Definition 2.1 [I0] Let S and T" be two additive commutative monoids.

(1) If there exits a mapping SXI'xS—S, (with (51,7, $2)— $17s2 € S) satisfying the
following conditions:
for all sy, so, s3€8 and for all a,, BT
(i) s1a(sg + $3) = S189 + S1083, (81 + S2)s3 = S1S3 + Sauss, S1(a+ §)sy = s1a89 + 5189
(ii) s1(So383)=(s10082)Bs3;
(7i) syae0=0as1 =0, 0 is the zero element of S;
(1v) $10s2=0, 0 is the zero element of I', then S is called a Barnes I'-semiring or simply a
[-semiring [2].

(2) If S is a I'-semiring and T is a S-semiring and if
(a) sia(sef3s3)=(s10¢82)Bs3=51 (823 )s3,
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(b) as1(Bsyy) = (as1f)s2y = a(s18s2)7,for all s1, s2, s3 € S and for all o, 5,7, € T, then
S s called a weak Nobusawa I'-semiring or simply weak I'y-semiring .If in addition, we have
the following condition (3) for all s, sy €5,s1a89=51s2 implies a« =3, then S is called a
Nobusawa I'-semiring or simply a I'y-semiring.

Condition (3) is called the Nobusawa condition [12].

Note. As mentioned in the introduction, we note that if S and I' are taken to be the
non-positive cone of a totally ordered ring then S becomes a ['-semiring where the ternary

composition is the usual multiplication of integers.

Definition 2.2 [2] Let S be a I'-semiring and F be the free additive commutative semigroup

generated by SxI'. Then the relation p on F, defined by Z(:cl, a;)p Z(yj, B;) if and only if

i=1 j=1

m n
Z Tioua = Zyjﬁja for alla €S (m, ne Z"), is a congruence on F. Congruence class con-
i=1 j=1

aiming ZT;, Q) 1S aeNnote Y Ti, O, en 1S an aaaititve comimulalive SEmMiIgroup.
taini s denoted b Then F/p i dditi tati :
i=1 =1

Now F/p forms a semiring with the multiplication defined by (Z[mz, ozi]) (Z[yj, ,@]) =

=1 Jj=1

Z[Jciaiyj,ﬁj]. This semiring is denoted by L and called the left operator semiring of the
tj
['-semiring S.

Dually the right operator semiring R of the I'-semiring S has been defined where

i=1

R= {Z[Oﬁ’ﬂ?i} oy el iz, e 8i=1,2,..m;m e Z+}

and the multiplication on R is defined as

(Z[ai,ri]) (Z[@'%’]) = "l w8y,
i=1 j=1 ij
Four different structures viz, S-semiring I', I'-semiring S, the left operator semiring L. and
right operator semiring R are associated with a I'y-semiring S. There are various functions
between power sets of any two of the above structures which are shown by the following
diagrams.

The definition of the functions are as follows. Let S be a weak ['y-semiring and L. and

R be respectively the left and right operator semirings of the I'-semring S. For PCL(CR),
Pt={aeS: [a, I'|CP}(respectively P*={acS: [I', a]CP}). For QCS, Q+/:{Z[xi7ai]€ L:

i=1
(Z[wl, a,-]) SCQ}, where (Z[:ﬁl, ai]> S denotes the sets of all finite sums Z ;0485 S;ES.
i=1 i=1 4.J
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Similarly, Q*/:{Z[ai,xi}e R: S <Z[&i,xi]) CQ}, where S(Z[azi,ai]> denotes the sets
i=1

i=1 =1
of all finite sums Z s;a;x;, s;€3. For PC R and QCL we define *P = {y € I': [y, S|=[{v},
0,
S|ICP}, TQ = {v € I':[Sy]=[S, {7}]CQ}. For ©® C T" we define * © = {reRxI' C ©} and
T 0 = {leL:.T'IC ©}. It is known that *P(*P) is an ideal of the S-semiring I', where P is an
ideal of R (respectively of L) and * © (T ©) is an ideal of R (respectively of L), where O is

an ideal of the S-semiring I'.

P(L)

I'(A)={a € I': SaSCA} and S(®)={seS: I'sI' C @}, where ACS and & C I". We note
that I'(A) is an ideal of the S-semiring I' and S(®) is an ideal of the I'-semiring S, where A

is an ideal of the I'-semiring S and ® is an ideal of the S-semiring I'.
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Definition 2.3 [2] Let S be a I'-semiring and L and R be its left operator semiring and right

operator semiring respectively. If there exists an element Z[ei, 9] €L (Z[%, x| € R) such
i=1 j=1

thatz eid;a=a (Z av;x; = a)for all ae€S then S is said to have the left unity Z[ei,@]

i=1 j=1 =1

(respectively right umtyZhj, z;]).
j=1

It can be noted here that Z[ei, di (respectivelyZ[’yj, x;]) is the identity of L (respectively
i=1 j=1

of R).

Proposition 2.4 [II] Let S be a I'y-semiring with unities and A be an ideal of the T'-
semiring S and ® be an ideal of the S-semiring I'. Then I'(A) = TAT' and S(®) = SPS.

Theorem 2.5 [10] Let S be a T y-semiring with unities and A be any ideal of the T'-semiring
S and © be any ideal of the S-semiring T'. Then T (AT )=*(A* ) =T (A) and (T ©)" =
(*©)* = 5(0). i.e., the functions (* ()", (* ())*,['() and S(()) are the same.

Definition 2.6 [6]([2]) An ideal I of a semiring S (respectively I'-semring) is called an
h-ideal of S if x + y1 + 2 = yo + 2; y1,y2 €1; x, 2 €S implies x €1.

Definition 2.7 [14]([13]) Let A be an ideal of a semiring (T —semiring) S. The h-closure A
of A is defined as A={x € S:x+a+z=as+z, forsome aj,as € A,z €S}

For the sake of convenience, we denote A by H(A). Then it can be said that H defines a
mapping from the power set P(S) of S to itself where S is a semiring or a I'—semiring.

For more on preliminaries we refer to references and their references.

3 h-prime and h-semiprime ideals in ['y-semirings

The following are some preliminaries on h-prime and h-semiprime ideals in I'—semirings

(semirings) which we recall from [I3] for immediate application.

Definition 3.1 [I3] An ideal P of a I'—semiring (semiring) S is said to be an h-prime ideal
of S if ITJCH(P) (respectively 1J CH(P))implies ICH(P) or JCH(P), where I, J are ideals
of S.

Definition 3.2 [I3] An ideal P of a I'—semiring (semiring) S is said to be an h-semiprime
ideal of S if I'ICH(P) (respectively I? CH(P))implies ICH(P), where I are ideals of S.
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Now let us recall the following theorem from [I3], which state that the functions( )*" and

( )* are inclusion preserving bijections for h-prime and h-semiprime ideals.

Theorem 3.3 [I3] There exists an inclusion preserving bijection between the h-prime or h-
semiprime ideals of the I'-semiring S and that of L( R) via the mapping I — I (respectively,
I 1¢).

By an easy application of Theorem we can deduce the following results which show
that the functions (( )*)*', (( )¥)* are inclusion preserving bijections for h-prime and h-

semiprime ideals.

Proposition 3.4 Let S be a I'y-semiring with unities and R, L be respectively the right and
left operator semirings of the I'-semiring S.

(i) If P is an h-prime(h-semiprime) ideal of R then (P*)J“/ is an h-prime (respectively h-
semiprime) ideal of L.

(ii) If Q is an h-prime (h-semiprime) ideal of L then (Q*)*, is an h-prime (respectively h-
semiprime) ideal of R.

(iii) P n—>(P*)+/ gives an inclusion preserving bijection between the h-prime (h-semiprime)
ideals of R and that of L.

Now we recall some lemmas from [I3], which, together with some more lemmas obtained
hereinafter, play a crucial role in the development of this paper. These lemmas are, infact,

on commutative property of H (cf. Definition with the functions under consideration.

Lemma 3.5 [I3] Let S be a T'-semiring with the identities and I be any ideal of the T'-
semiring S. Then H(I* ) =H(1)* and HI") =H(1)* . i.e., H commutes with ( )* and
O

Lemma 3.6 [I3] Let S be a I'-semiring with the identities and @Q be any ideal of the right
operator semiring R (left operator semiring L) of the I'-semiring S. Then H(Q*) =H(Q)*
(respectively H(QT ) =H(Q)" ). i.e., H commutes with ( )*and ( )*.

Lemma 3.7 Let S be a I' y-semiring with the identities and ® be an ideal of the S-semiring
[. Then H(* ®) =* H(®) and H(T ®) =+ H(®). i.e., H commutes with * () and *'( ).

Proof. Since the argument is similar for *( ) and *'( ), we prove the result for *'( ). Let

Z[ei, d;] and Zhj’ ;] be respectively the left unity and right unity of the I'-semiring S.
i=1 j=1

Let x EH(*lfIJ). Then there exist 71,79 E*/<I> and r €R such that x +r +1r = ry + 7.
Then 1,79y €l and ry € T, for all v € I'. Now xy + 717y + ry = ro7y + rvy implies zy €H(I),
for all v € I'. Hence « €* H(®). Consequently, H(* &) C* H(®).
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Conversely, let Z[ak,yk] 6*,H((I>). Then Zakyk'y € H(®), for all v € I'. Hence we
k 2

can find t1,t € ® and § € I' such that Z apyrY +t1 + 8 = ts + 5. Then in particular,
k

+t, 8148, 5] = [t2, 5]+(5, 8],

Z apyryj+t1+ B = to+ B for all j, which gives [Z QrYrYj, S
- k

for all s €S and for all 7 whence [Z QRYEY; fj] + [t1, ;] + 18, fi] = [t2, f;] + (B, f;], for all
k
J-

Summing over j we deduce that

Z [Z YKVs, I
k

J

DI NIED NS N DN

which gives

D e Y s SV 4D b BB =D [t £+ Y 1B, fil.

k J J J J J

Hence Z[ak, yk] + Z[tl, f]] + Z[ﬁ, fj] = Z[tQ, f]] + Z[B, fj] .......... (A)

J J
Since ® is an ideal of the S-semiring I and ¢1,t, € ®, we see that Ztlfj’y, Zthj’y € o,
j J

j
for all v € . Hence Z[tl, fils Z[tg,fj] e . Again f €T, so Z[ﬁ,fj] €R. Therefore,

j J j
from (A), Z[ak,yk] € H(*ICD). Thus *,H((ID) C H(*ICD). Consequently, H(*/q)) :*,H@)).D
k

Lemma 3.8 Let S be al'y-semiring with the identities and ) be an ideal of the right operator
semiring R (left operator semiring L) of the I'-semiring S. Then H(*Q) =*H(Q) (respectively
H(tQ) =tH(Q)). i.e., H commutes with *(') and *().

Proof. Since the argument is similar for *( ) and *( ), we prove the result for *( ). Let

Z[ei, 9;] and Z[’yj, f;] be respectively the left unity and right unity of the I'-semiring S.
i=1 j=1
Let x€H(*@). Then there exist y;,y2 €* @ and o € I such that x + y; + a = y2 + a.

This gives[z + y1 + «, 5| = [y2 + «, s, for all s €S whence
[z, 8] + [y1, 8] + [, 8] = [ya2, 8] + [, 8], for all for all s €S.
Now [y1, s, [y, s] €Q and [z, s], [a, s] €R. Hence [z, s] €H(Q) for all s €S whence z €*H(Q).
Consequently, H(*Q) C*H(Q).

To prove the reverse containment, let © €*H(Q). Then [z, s] €H(Q), for all s €S. So we
can find ¢, ¢y €Q and r €R such that [z,s] + ¢ + 7 = g2 + r, for all s €S. In particular,
[z, e;]+q1+7r = go+7, for all ¢ which gives [z, e;]y+qy+71v = q2y+7r7, for all i and for all v €
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[. In particular, [z, €;]0;4+q10;4+7; = q20;+710;, for all i whence we;0;+q10;+10; = q20;+7r0;, for
all 7. Summing over ¢ we easily deduce that Z xre;0; + Z q10; + Z ro; = Z q20; + Z r;

which gives ZE—{—qu(SZ’ + Zr&i = Zqﬁijl—zr@. ZNOW 26;151'7261;51' € «Q Z and

ZT(S,- € I Hence it follows that € H(*Q). Thus *H(Q) CH(*Q). Consequently,

H(*Q) ="H(Q).U

Lemma 3.9 Let S be a I'y-semiring with unities and P be an ideal of the I'-semiring S and
O be an ideal of the S-semiring I'. Then H(I'(P)) = I'(H(P)) and H(S(®)) = S(H(D)).
i.e., H commutes with I'(') and S().

Proof. Since the argument is similar for I'(H( )) and S(H( )), we prove the result for
['(H()). Let « € H(T'(P)). Then a+ S+~ = § 4, for some 5,6 € I'(P) and v € T'. Hence
si(a+P+7)ses = s1(d+7)se, for all s1, so €S which gives sjasy+s1 852+ 517S2 = 81082+ 517S2,
for all sq,s9 €S. Now since s10s9, 51082 €P, for all s1,59 €S (as 8,0 € ['(P)) and s17ys2 €S,
from the above relation we see that siasy, € P, for all s;,s, €S. Hence a € T'(H(P)).
Consequently, H(T'(P)) C I'(H(P)).

Conversely, let o € I'(H(P)) = 'H(P)I' (cf. Proposition [2.4). Then there exist
a;, B; € I'and p; € H(P) (i = 1,2....n) such that a = Zaipiﬁi. Again p; being in

i=1
H(P),i=1,2...n, there exist t;,k; € P and u; €S such that p; + t; + u; = k; + u; for all

1 =1,2...n. This gives that Z a;(p; + t; + ) B Z a;(k; + u;)B; whence we deduce that
i=1

Z a;pifBi + Z ot B + Z o B = Z ki B + Z a;u; B;, where Z a;ti B, Z ok B €
=1 =1 =1

I'PI', and Zaiuiﬁi € I'. Hence Z%Pi@' € H(I'PT) = H(I'(P)) (cf. Proposition [2.4))
i=1 =1

whence a € H(I'(P)). Thus I'(H(P)) C H(I'(P)). Consequently, H(I'(P)) ='(H(P)).J

Now we apply the above lemmas to investigate the behaviour, of the functions under
consideration, regarding the preservation of h-prime and h-semiprime ideals.
The following proposition shows that h-prime(h-semiprime) ideals are preserved by the

functions *( ) and *( ).

Proposition 3.10 Let S be a I'y-semiring with unities and P be an h-prime or h-semiprime
ideal of the right operator semiring R (the left operator semiring L) of the T'-semiring S .
Then * P (respectively * P) is an h-prime or h-semiprime ideal of the S-semiring T' according

as P is h-prime or h-semiprime.
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Proof. We prove the result for h-prime ideals as the proof for the h-semiprime ideal is
similar. We first prove the result for the right operator semiring R. Let P be an h-prime
ideal of R and A and B be two ideals of the S-semiring I" such that ASB C H(*P). Then
ASB C* H(P) (cf. Lemma [3.8). Hence [ASB,S] C H(P) (cf. Definition of *P) which
gives [A, S][B,S] € H(P). Now since [A,S],[B,S] are ideals of R and P is an h-prime
ideal of R, we see that either [A,S] C H(P) or [B,S| C H(P) whence by definition of *( ),
A C* H(P) = H(*P). From this by using Lemma (3.8, we easily obtain B C* H(P) = H(*P)
. Consequently, * P is an h-prime ideal of the S-semiring I'. Using Lemma |3.8] an analogous

argument proves the result for the left operator semiring L.[J

Now by using Lemma we can deduce the following result on preservation of h-prime
and h-semiprime ideals by the functions *'( ) and *'( ).

Proposition 3.11 Let S be a I'y-semiring with unities and ® be an h-prime or h-semiprime
ideal of the S-semiring T'. Then * ® (* ®) is an h-prime or h-semiprime ideal of the right
operator semiring R (respectively the left operator semiring L)of the T'-semiring S according

as P is h-prime or h-semiprime.

Now, for an immediate use, we recall from [10] the following lattice isomorphism theorem
between the set of ideals of the S-semiring I" and that of L and R.

Theorem 3.12 [I0] Let S be a I'y-semiring with unities and R(L) be the right operator
semiring (respectively the left operator semiring) of the I'-semiring S. Then the lattices of all
ideals of the S-semiring I' and R(L) are isomorphic via the mapping © ~7 0 (respectively
0 —-*0)

By using the above theorem and Propositions [3.10], we deduce below that * (), *'()

are inclusion preserving bijections for h-prime and h-semiprime ideals.

Theorem 3.13 Let S be a I'y-semiring with unities and R (L) be the right operator semir-
ing(respectively the left operator semiring) of the I'-semiring S. Then there exists an inclusion
preserving bijection between the h-prime or h-semiprime ideals of the S-semiring I' and that

of R (respectively L) via the mapping I T (respectively [ st I).

Proof. Since the argument is similar for h-prime and h-semiprime ideals we prove the
result for h-semiprime ideals. Let P be an h-prime ideal of the S—semiring I'. Then by
the successive use of Propositions and we see that *(*'P) is an h-prime ideal of T'.
Again by Theorem m, *(* P) = P. Consequently, P is an h-prime ideal of T

Conversely, let P be an h-prime ideal of R. Then *@) is an h-prime ideal of I' (cf. Propo-
sition . Hence *(*Q) be an h-prime ideal of R (cf. Proposition . Consequently,
P is an h-prime ideal of R(cf. Theorem . Now by using Theorem we see that the

function is inclusion preserving.
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If we use the functions *( ) and *'( ) respectively instead of the functions *( ) and *'( )

then we can deduce the result for the left operator semiring L.[]

The following are the results on preservation of h-prime and h-semiprime ideals by the
functions I'(') and S( ).

Proposition 3.14 Let S be a I'y-semiring with unities. If A is an h-prime (h-semiprime)
ideal of the T'-semiring S and ® is an h-prime (h-semiprime) ideal of the S-semiring I'.
Then T'(A) is an h-prime (respectively h-semiprime) ideal of the S-semiring I' and S(®) is

an h-prime (respectively h-semiprime) ideal of T'-semiring S.

Proof. Let A be an h-prime ideal of S. Then by Theorem 3.3, A* is an h-prime ideal
of the right operator semiring R. Hence by Proposition , we see that *(A*') is h-prime
in the S—semiring I'. Now by Theorem we have I'(A) =* (A*/). Consequently, I'(A)
is an h-prime ideal of the S-semiring I'. Now, in an analogous way, by using Theorem 2.5
Theorem and Proposition |3.10| we can deduce the result for h-semiprime ideal.[]

Now we recall the definition of H-Noetherian I'-semiring(semiring).

Definition 3.15 [I3] A I'-semiring (semiring) S is said to be an H-Noetherian I'-semiring
(respectively semiring) if for any ascending chain I C I C ........ of ideals of S the corre-
sponding ascending chain H(I;) C H(I3) C ........ of ideals terminates.

It can be recalled here that a I-semiring(semiring) S is H-Noetherian if it is Noetherian and
a ['—semiring S is H-Noetherian if and only if L(R) is H-Noetherian [13].

Now as an application of Lemmas [3.5, [3.6] 3.7} and Theorems 6.6[2], we obtain

the following characterization theorem of H-Noetherian I'-semiring.

Theorem 3.16 Let S be a weak T n-semiring with unities. Then the I'-semiring S is H-

Noetherian if and only if the S-semiring I is H-Noetherian.

Proof. Let the I'-semiring S be H-Noetherian and ©; C ©, C ........... be a sequence of
ascending chain of ideals in the S-semiring I'. Then * ©; C* O, C ........... is a sequence of
ascending chain of ideals in R (cf. Theorem [3.12)). Hence (* ©1)* C (* ©9)* C ........... is a

sequence of ascending chain of ideals in I'-semiring S (cf. Theorem 6.6 of [2]). Now, since
S is H-Noetherian there exists a positive integer m such that H((*/ 0,)") = H((*l ©n)"), for
all i« > m. Hence (*/H(@z))* = (*/H(@m))*, for all ¢ > m (successively using Lemma
and Lemma [3.7]). This implies that ((*/H(@z))*)*/ = ((*,H(@m))*)*’, for all @ > m. Hence
*IH(G)i) = H(©,,), for all i > m (cf. Theorem 6.6 of[2]) whence *(*,H(@i)) =" (*/H(G)m)),
for all i > m. Thus we see that H(0;) = H(0,,), for all i > m (cf. Theorem [3.12). Conse-
quently, the S-semiring I' is H-Noetherian.

If we use Lemmas [3.8] and [3.5] instead of Lemmas and [3.7] respectively, we can deduce
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the converse by reversing the above argument.[]

In [13] we define a I'-semiring(semiring) S to be h-regular if every h-ideal of S is semiprime
and prove that S is h-regular if and only if every ideal of S is h-semiprime. Also we have
shown that S is h-regular if and only if L(R) is h-regular.

Using the above results we obtain the following theorem which characterizes an h-regular

['-semiring.

Theorem 3.17 Let S be a weak ' y-semiring. Then the I'-semiring S is h-regqular if and

only if S-semiring ' is h-reqular.

Proof. Let the I'-semiring S be h-regular. Then R is also h-regular. Let ® be an ideal of
S-semiring I'. Then “® is an ideal of R. Hence * @ is an h-semiprime ideal of R whence
*(*/CD) is an h-semiprime ideal of the S-semiring I'(cf. Proposition . Now by Theorem
3.12 *(*/<I>) = &. Hence @ is an h-semiprime ideal of the S-semiring I". Consequently,the
S-semiring I is h-regular.

The converse follows by slight modification of the reverse argument.[]

4 h-prime and h-semiprime ideals in matrix semiring
R T

S L

2:

It is well known that for a I'y-semiring S with R and L respectively its right and left operator

52:{<r 7):r€R,l€L,7€F,seS}
S

forms a semiring with respect to the addition and multiplication defined as follows:

T M n T2 Y2 | _ r+re 1+

S1 ll S9 l2 S1 + S l1 + 12 ’
rom r2 Y2 | _ [ T2 + 1, 82) rive +nls
s1 4 59 o 5179 4 1159 [s1,72) + lila

¥ T(1
and I, = ( . IEI) is an ideal of Sy for an ideal I of S. Also every ideal of Sy is of

semirings,

the form I, for some ideal I of S and an ideal I, is prime (semiprime) if and only if the
corresponding ideal I of S is prime (respectively semiprime). Throughout this section S will
denote a I'y-semiring with unities and to denote the left and right operator semirings we
shall use L and R respectively.
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Now we establish the following lemma, on commutativity of the H-closure (cf. Definition

, which we use here extensively to study the matrix semiring Ss.

Lemma 4.1 H(P,) = H(P)s, where P is an ideal of S.

Proof. Let | 7 € H(P,), where s € S,r € R,y € I',l € L. Then
s

Ty i ™ M i s 3 _ To2 72 I rs 3 for some
s 1 S1 ll S3 lg S9 lg S3 l3
<?“1 71>’<r2 72>€P2
S1 ll S9 l2

r ’ ’
3 S 527 where 51,83, 53 € P7 r1,73,73 € P » V1,772,773 € F(P)7l17l27l3 S P+

sg 3
whence we obtain

and

rtritrs Yyttt ) [ 2ty 2t
s+s 483 [+ 41 So4s3 lo+1ly |

Hencer+7’1+7’3 :T2+T3,’}/—|—’Yl +’}/3 :72+73, S+ 81+ S3 = 82+83,l+l1+l3 :l2+l3.
From these relations we see that r € H(P*), v € H(I'(P)), s € H(P),l € H(P"). Now
by Lemma , H(P*)= H(P)*, by Lemma , H(I'(P)) =T'(H(P)) and by Lemma ,

/

H(PY) = H(P)*. Hence r € H(P)", v € T(H(P)), | € H(P)* whence we find that
< n ) € ( HP) DUHP) N pyopy, Thas B(P) € H(P),.

s 1 H(P) H(P)*
We can prove the reverse containment by reversing the above argument. Hence we conclude
that H(P,) = H(P),.O

The following theorem gives a characterization of h-prime ideals of the matrix semiring
So.

P TP
Theorem 4.2 Let P be an ideal of S. Then Py= PJ(F/ ) is an h-prime(h-semiprime)
P

ideal of Sy if and only if P is an h-prime(respectively h-semiprime) ideal of S.

Proof. Since the argument is similar for h-prime and h-semiprime ideal we prove the
result for h-prime ideal. Let Py be an h-prime ideal of Sy. Then H(P,) is a prime ideal of Sy
(Olson [7]). Hence by Lemma [4.1, H(P), is a prime ideal of Sy. Hence from the discussion
made in the beginning of this section we see that H(P) is a prime ideal of S. Consequently,
P is an h-prime ideal of S.

The converse follows by reversing the above argument.[]

Now we obtain following lemmas which we use to obtain further characterization of h-

prime and h-semiprime ideals of the matrix semiring So.
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Lemma 4.3 Let P be an ideal of R(L). Then I'(P*) =* P (respectively T'(Q") =T Q).

Proof. From Theorem [2.5| we see that T'(A) =* (A*'), for any ideal A of the '-semiring
S. Now since P is an ideal of R, P* is an ideal of S and P = (P*)* (cf.Theorem 6.6
[2]).Consequently, I'(P*) =* ((P*)*,) =* P. By using similar argument we can prove the
result for L.[J

The following theorem is another characterization of h-prime and h-semiprime ideal of

the matrix semiring S,.

P =P
P (P*)*
ideal of Sy if and only if P is an h-prime or h-semiprime ideal of R.

Theorem 4.4 Let P be an ideal of R. Then (

/ ) 18 an h-prime or h-semiprime

Proof. Since P is an ideal of R, P* is an ideal of S. Hence by definition, (P*); =

. Now by Theorem 6.6 of [2], P = (P*)*. Again by Lemma |4.3] *P =

P (PY)*
. P *P
['(P*). Hence we easily deduce that (P*)y = .
pP* (P*)*
Now, if P is an h-prime ideal of R, then P* is an h-prime ideal of S. Hence by using
*P
Theorem (4.2 (P*)s is an h-prime ideal of So. Consequently, ( P (P*)*l ) is an h-prime
ideal of Ss.
P P ) .. . .
Conversely, suppose P (P*)*l is an h-prime ideal of the matrix semiring So. Now

Pl (P*)" T(P)
by Lemma 4.3[ and Theorem 6.6 of [2], / = + |. Hence
pP* (P*)* P (Pt

P* */ L(P*
( ;* ) (;*)2/ is an h-prime ideal of S5. Consequently, by Theorem |4.2| we see that P*
is an h-prime ideal of S. Now by using Theorem [3.3, we conclude that P is an h-prime ideal

of R. By adopting analogous argument we can prove the the result for h-semiprime ideal.[]

By using the Lemma and by using analogy between L and R and following the
argument of the proof of Theorem [4.4] we can obtain the following characterization theorem
of h-prime and h-semiprime ideals of the matrix semiring Sy in terms of the left operator
semiring L.

Theorem 4.5 Let () be an ideal of L. Then is an h-prime (h-semiprime)

@) @
QF Q
ideal of Sy if and only if Q is an h-prime (respectively h-semiprime) ideal of L.

The following theorem characterizes H-Noetherianness of the matrix semiring S,.
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Theorem 4.6 The matriz semiring Sy is H-Noetherian if and only if the I'-semiring S is
H-Noetherian.

Proof. Let S be H-Noetherian and (I')y C (I?)y C (I%)y; € (I*)y C ....... be an ascending
chain of ideals of So. Then H((I')y) C H((I?)2) C H((I?)2) C H((I*)s) C ....... is an ascend-
ing chain of ideals of Sy. Hence by LemmaH(Il)g C H(I*)y C H(I?)y CH(I")y C .......
is an ascending chain of ideals of S, whence we see that H(I') C H(I?) C H(I?) C H(I*) C
....... is an ascending chain of ideals of S. Since S is H-Noetherian, there is a positive integer
n such that H(I*) = H(I"), for all k > n. This gives H(I*)y = H(I"),, for all k > n. Hence
by Lemma 4.1 we deduce that H((I*)y) = H((I")3), for all k > n. Consequently, Sy is an
H-Noetherian semiring.

By reversing the above argument we can deduce the converse.[]

Now to conclude the paper we obtain the following characterization of h-regularity of the

matrix semiring S,.
Theorem 4.7 The matrix semiring Sy is h-reqular if and only if I'-semiring S is h-reqular.

Proof. Let S be h-regular and I, be an ideal of S;. Then [ is an ideal of S. Hence by
h-regularity of S we see that [ is an h-semiprime ideal of S. This means that I, is an h-
semiprime ideal in Sy (cf. Theorem [4.2)). Hence S, is h-regular. By reversing the above

argument the converse can be easily deduced.l]
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