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1. INTRODUCTION

It is well-known (for details see e.g. [8] and [14]) that the Vilenkin system does
not form a basis in the space L1 (G,,) . Moreover, there is a function in the Hardy
space Hy (G,), (for details see [12, 13, 21, 22]) such that the partial sums of f are
not bounded in L;-norm. However, (see e.g. [2, 23]) the subsequence Sy, of partial

sums are bounded from the Hardy space H; (G,,) to the Lebesgue space Li (Gy,) :

(1.1) 1Su fll g, < cllflly, (K eN).

Moreover, in Gét [7] (see also Simon [18, 19]) it was proved the following strong

convergence result for all f € H; :

1 Zuskf fly _ g

n—)oologn

where Si f denotes the k-th partial sum of the Vilenkin-Fourier series of f.

It follows that there exists an absolute constant ¢, such that

1.2 — E — < n=273..
( ) 1 nk f k — CHf”Hl ( ?3 )

and for all f € Hy

S
! Z” WL g

n—>oo log n

Similar result for the trigonometric system was proved by Smith [20], and for the
Walsh-Paley system by Simon [17].
*The research of author is supported by Shota Rustaveli National Science Foundation grant
no. PHDF -18-476.
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If the partial sums of Vilenkin-Fourier series was bounded from H; to L, we also
would have:

1 n
(1.3) sup ;Z 1Sm flly < cllflla,

n€NL Ty
but as it was presented above the boundednes of the partial sums does not hold
from H; to Li, However, we have inequality (1.2).

On the other hand, in the one-dimensional case, Fujji [6] and Simon [16] proved

that maximal operator Fejér means are bounded from H; to Ly, that is
1 n
n

m=1

So, natural question has arised that if inequality (1.3) holds true, which would be

(1.4) sup

<cllfllg, -
neNyL

1

generalization of inequality (1.4) or is we have negative answer on this problem.
In this paper we prove that there exists a function f € H; such that
n
nSEUI\II:)JrTleZ_l 1Sm fly = oo
This paper is organized as follows: in order not to disturb our discussions later on
some definitions and notations are presented in Section 2. For the proofs of the main
results we need some auxiliary Lemmas. These results are presented in Section 3.

The formulation and detailed proof of main results can be found in Section 4.

2. DEFINITIONS AND NOTATIONS

Let N denote the set of the positive integers, N = N;U{0}. Let m = (mg mq,...)
denote a sequence of positive integers not less than 2. Denote by
Zm, =10,1,...,my — 1}

the additive group of integers modulo my.
Define the group G, as the complete direct product of the group Z,,, with the

product of the discrete topologies of Z,,, s. The direct product u of the measures

p({53) = 1/me (5 € Zm,)
is the Haar measure on G,, with 4 (G,,) = 1.
If sup,,en My < 00, then we call G, a bounded Vilenkin group. If the generating
sequence m is not bounded, then G,, is said to be an unbounded Vilenkin group.
The elements of G,,, are represented by sequences
= (T, L1,y Thy---), Tk € Zp,,-

It is easy to give a base for the neighbourhood of G,, namely Iy(z) = G,

Ii(z) ={ye€Gml|y =20, . ,Yn-1=2n_1} (x € Gy, n €N)
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Denote I,, = I,, (0) forn € Nand I,, = G, \ I,. Let e,, = (0,...,0,2,, = 1,0,...) €
G, n € N. If we define the so-called generalized number system based on m in the
following way:
My =1, M1 = mp My, keN

then every n € N can be uniquely expressed as n = Zzozo n;M; where n; € Zp,
(j € N) and only a finite number of n;‘s differ from zero. Let |n| = max {j € N;
nj # 0}.

Next, we introduce on G, an orthonormal system, which is called the Vilenkin
system.

At first define the complex valued function 74 (z) : G, — C, the generalized

Rademacher functions as
r (z) = exp (2muxg/my) , 1 =—1, € G, kEN.

Now define the Vilenkin system ¢ = (¢, : n € N) on G, as:

Uu(@) =] @), meN
k=0
Specially, we call this system the Walsh-Paley one if m = 2.

The norm (or quasi norm) of the space L,(G,,) is defined by

i1, = (| If(x)l”du(x)>l/p, 0<p< oo

m

The Vilenkin system is orthonormal and complete in Lo (G,,) (see [1, 25]).
If fe Li(G,) we can define Fourier coefficients, partial sums of the Fourier
series, Fejér means, Dirichlet kernels with respect to the Vilenkin system in the

usual manner:

Fk) = [o. Fpdn, keN
Snf:ZZ;é f(k) Vr, neN;, Sof =0
onf = % Yizo Skl neN;
Dy =020 r s neN; .
Recall that
(2.1) Dy, (z) = { é”n i;ﬁ
and
Sn—1 Sp—1
(2.2) Ds,m, =D, Y ¥em, =D, Y 1l 1< s, <my—1.
k=0 k=0

The n-th Lebesgue constant is defined in the following way

L,= ”DnHl .
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It is well-known [25] that
(2.3) L, = O(logn), n — occ.

Moreover, (for unbounded Vilenkin systems it can be found in [5], for bounded
Vilenkin systems see [9] and [11, 24]) there exist absolute constant ¢; and ¢y such
that

1 n
24 1 < =) L(k)<col =23, ...
( ) Clogn—n; ()_CQOgTL, n )y
The concept of the Hardy space [4] can be defined in various manners, e.g. by a

maximal function
f*:SUP|SMnf|7 feGn,
neN

saying that f belongs to the Hardy space if f* € L!'(G,,). This definition is
suitable if the sequence m is bounded. In this case a good property of the space
{f € L' (Gn): f*eL'(Gn)} is the atomic structure [4]. To the definition of space
of Hardy type for an arbitrary m, first we give the concept of the atoms [16]. A
set I C G, is called an interval if for some x € G,,, and n € N, I is of the form

I= U I,(z,k), where U is obtained from Z,, by dyadic partition.
kEU
The sets Uy, Us, ... C Z,,,,, are obtained by means of such a partition if

U, = {o,..., [%} - 1}, Uy = {[";L] ey Ty — 1},
o o [ ) (ilAt] )

etc.; [ ] denotes the entire part. We define the atoms as follows: the function

a € L™ (G,,) is called an atom if eather a = 1 or there exists an interval I for which
supa C I, |a| < |I|" and J;a=0hold. (|I| denotes the Haar measure of I ).
Now we can define the space H; (G,,) (for details see e.g |26, 27]) as the set of

o0
all functions f = > A\;a;,where a;’s are atoms and for the coefficients \; we have
i=0

oo
> IAi| < co. Hy (Gyy,) is a Banach space with respect to the norm
i=0

(2.5) £l g, == inf > [Ak| < o0,
k=0

o0
where the infimum is taken over all decompositions f = > A;a;. It is known [7]
i=0

that || f|| 7, is equivalent to || f**|, (f € L' (Gin)), where f**(x) == sup, |I| ™" | [, f
(x € G, € I and [ is interval). Since by (2.1)

/ £ () o ()
I, (x)

)

" _ 1
J7 @) = s )
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we have f* < f** and, thus, H (G,) C {f € L' (Gw) : f* € L' (Gn)} . Moreover

these spaces coincide if the sequence m is bounded.

3. THE MAIN RESULT

Our main result is the following theorem.

Theorem 3.1. a) Let f € Hy. Then there exists an absolute constant ¢, such that

1 n
D ISkfly < 1 s, -

nlognk=1

sup
neN

b) Let o : N. — [1, 00) be a nondecreasing function satisfying the condition

logn

(3.1) lim

n—oo SDTE

= +o00.

Then there exists a function f € Hy, such that

1 n
sup
ne

1Sk flly = oo
Nn(p”k:l

Corollary 3.1. (see [10, 16, 18])There exists a function f € Hy, such that
SN
sup — wfll, = oo.
neN = !

4. PROOF OF THEOREM 3.1

Proof. By using (2.3) we can conclude that

1 ¢ Il
Z [Skfll; < Wgnzlogk < C”fHHl :
k=1

nlog ne—~

The proof of part a) is complete.
Under the condition (3.1) there exists an increasing sequence of the positive

integers {ay, : k € N} such that

log M.,
lim 08 Mo _ +00
k—o0 QOQMO%
and
o 801/2
oM.,
(4.1) 272 k<< oo
—log'/? M,

Let f =Y, Akag, where a; = rayDu, = Do, —Du, and

1/2
‘»%?\/L,k
log'/? My, .

85

A =



G. TUTBERIDZE

By the definition of H; and (2.5), if we apply (4.1) we can conclude that f € H;.

Moreover,

Ao jE€{My,,...2M,, —1}, k€N

4.2 ) = o, o

(4.2) F=9 o0, 5 U AMoy o 2Mo, =1},
=1

Since
Dji Mo, = Dy, + ¥ur,,, Dis when j < Mo,
if we apply (4.2) we obtain that
(4.3) Sif = Sata, 4 X0h,, FOWSM f+ M X0, Yo
= SM., [+ Ak (Dj - DM%> = Sm,, |+ ¥, Dj—m,, =1+ 1o,
In view of (1.1) we can write that
(4.4) 152l < [[Sa, 7|, < el L,

By combining (2.4) and (4.4) we get that

1Snflly = [H2lly = [[1ally = AL (n = May) = e[| £, -

Hence,
" 1
sup ZHSkﬂh > W Z HSlle
neNL nr_q ag ap {MGRSZSQMQR}
1/2
> i 2 (L(l o) iy _ )
- 2M, 1/2 H,
o P2Mo, (Mo, <1220, ) log™* M,
0901/2 Mo, —1
2May, 1/2
> L(l) = cllfllz
2M,, log"? My, 20, l; !
1/2 1/2
c log M, 1 M,
> @12%% ki > ¢ Ogl/Q e 5 00, as k — oo.
1Og MakSDQMak S02M”k
The proof is complete. O
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