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Àííîòàöèÿ. Äîêàçàíî, ÷òî åñëè {nk} ëþáàÿ âîçðàñòàþùàÿ ïîñëåäîâàòåëü-
íîñòü íàòóðàëüíûõ ÷èñåë è îòíîøåíèå nk+1 íà nk îãðàíè÷åíî, òî nk-ÿ ÷à-
ñòè÷íàÿ ñóììà ðÿäà ïî ñèñòåìå Ôðàíêëèíà íå ìîæåò ñòðåìèòüñÿ ê +∞ íà
ìíîæåñòâå ïîëîæèòåëüíîé ìåðû. Äîêàçàíî òàêæå, ÷òî åñëè ýòî îòíîøåíèå
íå îãðàíè÷åíî, òî ñóùåñòâóåò ðÿä ïî ñèñòåìå Ôðàíêëèíà, nk-ÿ ÷àñòè÷íàÿ
ñóììà êîòîðîãî ñòðåìèòüñÿ ê +∞ ïî÷òè âñþäó â [0, 1].

MSC2010 number: 42C05.

Êëþ÷åâûå ñëîâà: ñèñòåìà Ôðàíêëèíà; ðÿä Ôðàíêëèíà; ñõîäèìîñòü ê +∞.

1. Ââåäåíèå

Â 1915 ãîäó Í. Í. Ëóçèíîì [1] áûëà ïîñòàâëåíà çàäà÷à: ìîæåò ëè òðèãîíîìåò-

ðè÷åñêèé ðÿä ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû?

Ñ òåõ ïîð ìíîãèå ìàòåìàòèêè èññëåäîâàëè âîïðîñ ñõîäèìîñòè èëè ñóììèðóå-

ìîñòè ê +∞ îðòîãîíàëüíûõ ðÿäîâ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû.

Þ. Á. Ãåðìåéåð [2] äîêàçàë, ÷òî òðèãîíîìåòðè÷åñêèé ðÿä íå ìîæåò ñóììèðè-

âàòüñÿ ìåòîäîì Ðèìàíà ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû. Í. Í. Ëóçèí

è È. È. Ïðèâàëîâ [3] ïîñòðîèëè ïðèìåð òðèãîíîìåòðè÷åñêîãî ðÿäà, ïî÷òè âñþäó

ñóììèðóåìîãî ê +∞ ìåòîäîì Àáåëÿ. Ä. Å. Ìåíüøîâ [4] äîêàçàë, ÷òî äëÿ ëþáîé

ôóíêöèè, íå îáúÿçàòåëüíî êîíå÷íîé ïî÷òè âñþäó, ñóùåñòâóåò òðèãîíîìåòðè÷å-

ñêèé ðÿä, ñõîäÿùèéñÿ ê íåé ïî ìåðå. Â ÷àñòíîñòè, ñóùåñòâóåò òðèãîíîìåòðè÷å-

ñêèé ðÿä, êîòîðûé ïî ìåðå ñõîäèòñÿ ê +∞ íà [−π, π]. À. À. Òàëàëÿí [5] óñòàíîâèë,

÷òî äëÿ ëþáîé èçìåðèìîé íà [−π, π] ôóíêöèè f ñóùåñòâóåò òðèãîíîìåòðè÷åñêèé

ðÿä, ñõîäÿùèéñÿ ê íåé ïî ìåðå è ïî÷òè âñþäó íà ìíîæåñòâå, ãäå f êîíå÷íà. Íà-

êîíåö, â 1988 ãîäó Ñ. Â. Êîíÿãèí [6] ðåøèë ïðîáëåìó Í. Í. Ëóçèíà, äîêàçàâ

ñëåäóþùóþ òåîðåìó.
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Òåîðåìà 1.1. Ïóñòü S (x) è S (x) íèæíèå è âåðõíèå ïðåäåëû ÷àñòè÷íûõ ñóìì

íåêîòîðîãî òðèãîíîìåòðè÷åñêîãî ðÿäà. Òîãäà

µ
({
x ∈ [−π, π] : −∞ < S (x) ≤ S (x) = +∞

})
= 0.

Â ÷àñòíîñòè, òðèãîíîìåòðè÷åñêèé ðÿä íå ìîæåò ñõîäèòüñÿ ê +∞ íà ìíî-

æåñòâå ïîëîæèòåëüíîé ìåðû.

Äëÿ ðÿäîâ ïî ñèñòåìàì Õààðà è Óîëøà èìååòñÿ ñëåäóþùàÿ êàðòèíà. À. À.

Òàëàëÿí è Ô. Ã. Àðóòþíÿí [7] äîêàçàëè, ÷òî ðÿäû ïî ñèñòåìàì Õààðà è Óîëøà

íå ìîãóò ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû. Â ðàáîòàõ [8], [9]

äàíû áîëåå ïðîñòûå äîêàçàòåëüñòâà ýòîé òåîðåìû. Îäíàêî (ñì. [10]), ñóùåñòâó-

þò ðàâíîìåðíî îãðàíè÷åííûå îðòîíîðìèðîâàííûå ñèñòåìû ôóíêöèé, ðÿäû ïî

êîòîðûì ìîãóò ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû ïðè ëþáîé

ïåðåñòàíîâêå ÷ëåíîâ ðÿäà. Í. Á. Ïîãîñÿí [11] óñòàíîâèë, ÷òî äëÿ êàæäîé ïîëíîé

îðòîíîðìèðîâàííîé ñèñòåìû ñóùåñòâóåò ðÿä, êîòîðûé ïîñëå ïîäõîäÿùåé ïåðå-

ñòàíîâêè ñõîäèòñÿ ïî÷òè âñþäó ê +∞.

Â ðàáîòå [12] Ã. Ã. Ãåâîðêÿí äîêàçàë, ÷òî ðÿä ïî ñèñòåìå Ôðàíêëèíà íå ìîæåò

ñõîäèòñÿ ê +∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû.

Òåîðåìà 1.2. ([12]) Ïóñòü Sn (x) ÷àñòè÷íàÿ ñóììà íåêîòîðîãî ðÿäà ïî ñèñòå-

ìå Ôðàíêëèíà. Òîãäà

µ

({
x ∈ [0, 1] : lim

k→∞
S2k (x) = +∞

})
= 0.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ âîçìîæíîñòü ñòðåìëåíèÿ ê +∞ ÷àñòè÷íûõ

ñóìì Snk
(x) ðÿäà ïî ñèñòåìå Ôðàíêëèíà íà ìíîæåñòâå ïîëîæèòåëüíîé ìåðû.

2. Íåîáõîäèìûå îïðåäåëåíèÿ è ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü n = 2µ + ν, ãäå µ = 0, 1, 2, . . . è 1 ≤ ν ≤ 2µ. Îáîçíà÷èì

sn,i =


i

2µ+1
, 0 ≤ i ≤ 2ν

i− ν
2µ

, 2ν < i ≤ n.

Ïîëîæèì òàêæå sn,−1 = sn,0 = 0 è sn,n+1 = sn,n = 1.

Îáîçíà÷èì ÷åðåç Sn ïðîñòðàíñòâî íåïðåðûâíûõ è êóñî÷íî-ëèíåéíûõ íà [0, 1]

ôóíêöèé, ñ óçëàìè {sn,i}ni=0 ò.å. f ∈ Sn, åñëè f ∈ C [0, 1] ëèíåéíà íà êàæäîì

èç èíòåðâàëîâ [sn,i−1, sn,i] , i = 1, 2, . . . , n. ßñíî, ÷òî dimSn = n + 1 è ìíîæåñòâî

55



Ê. À. ÍÀÂÀÑÀÐÄßÍ, Â. Ã. ÌÈÊÀÅËßÍ

{sn,i}ni=0 ïîëó÷àåòñÿ äîáàâëåíèåì sn,2ν−1 âî ìíîæåñòâî {sn−1,i}n−1
i=0 . Ñëåäîâàòåëü-

íî, ñóùåñòâóåò åäèíñòâåííîå (ñ òî÷íîñòüþ äî çíàêà) ôóíêöèÿ fn ∈ Sn, êîòîðàÿ
îðòîãîíàëüíà ê Sn−1 è ‖fn‖2 = 1. Ïîëîæèâ f0 (x) = 1 è f1 (x) =

√
3 (2x− 1) , x ∈

[0, 1], ìû ïîëó÷èì îðòîíîðìàëüíóþ ñèñòåìó {fn (x)}∞n=0, êîòîðàÿ ýêâèâàëåíòíîì

îáðàçîì áûëà îïðåäåëåíà Ôðàíêëèíîì â [13].

Ïóñòü {nk} ëþáàÿ âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë. Îáî-
çíà÷èì ÷åðåç σk (x), k = 1, 2, . . ., ñóììû ïåðâûõ nk + 1 ÷ëåíîâ ðÿäà

(2.1)

∞∑
n=0

anfn (x) .

ò.å.

σk (x) =

nk∑
n=0

anfn (x) .

Â íàñòîÿùåé ðàáîòå äîêàçàíû ñëåäóþùèå òåîðåìû.

Òåîðåìà 2.1. Åñëè sup
k∈N

nk+1

nk
< +∞, òî

µ

({
x ∈ [0, 1] : lim

k→∞
σk (x) = +∞

})
= 0.

Òåîðåìà 2.2. Åñëè sup
k∈N

nk+1

nk
= +∞, òî ñóùåñòâóåò ðÿä ïî ñèñòåìå Ôðàíêëèíà

òàêîé, ÷òî lim
k→∞

σk (x) = +∞ ïî÷òè âñþäó â [0, 1].

Òåîðåìà 2.3. Äëÿ âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè {nk} óñëîâèå

µ

({
x ∈ [0, 1] : lim

k→∞
σk (x) = +∞

})
= 0

âûïîëíÿåòñÿ äëÿ âñåõ ðÿäîâ âèäà (2.1) òîãäà è òîëüêî òîãäà, êîãäà sup
k∈N

nk+1

nk
<

+∞.

Òåîðåìà 2.3 ñëåäóåò èç òåîðåì 2.1 è 2.2.

Ïðè äîêàçàòåëüñòâå òåîðåìû 1.1 âàæíóþ ðîëü èãðàåò ïîíÿòèå ñêàëÿðíîãî ïðî-

èçâåäåíèÿ ðÿäà (2.1) íà ôóíêöèè ïðîñòðàíñòâà Sn, îïðåäåëåííîå â ðàáîòå [14] è

óñïåøíî ïðèìåíåííîå â âîïðîñàõ åäèíñòâåííîñòè ðÿäîâ ïî ñèñòåìå Ôðàíêëèíà

(ñì. òàêæå [15]).

×åðåç S ôîðìàëüíî îáîçíà÷èì ðÿä (2.1). Èç îïðåäåëåíèÿ ñèñòåìû Ôðàíêëèíà

ñëåäóåò, ÷òî åñëè g ∈ Sm è n > m, òî

1∫
0

fn (x) g (x) dx = 0.

56



Î ÑÕÎÄÈÌÎÑÒÈ ×ÀÑÒÈ×ÍÛÕ ÑÓÌÌ ÐßÄÎÂ ÔÐÀÍÊËÈÍÀ Ê +∞

Ïîýòîìó ìîæíî îïðåäåëèòü ñêàëÿðíîå ïðîèçâåäåíèå ðÿäà S è ôóíêöèè g ∈ Sm
ïî ôîðìóëå

(S, g) =

∞∑
n=0

an

1∫
0

fn (x) g (x) dx =

m∑
n=0

an

1∫
0

fn (x) g (x) dx.

Î÷åâèäíî, ÷òî åñëè g1 ∈ Sm1 è g2 ∈ Sm2 , òî äëÿ ëþáûõ α, β èìååì

(S, αg1 + βg2) = α (S, g1) + β (S, g2) .

Ïóñòü δij-ñèìâîë Êðîíåêåðà, ò.å. δij = 1, åñëè i = j, è δij = 0, åñëè i 6= j. Äëÿ

n ≥ 2 îïðåäåëèì ôóíêöèè {Nn,i (t)}ni=0 ñëåäóþùèì îáðàçîì:

Nn,i (sn,j) = δij , j = 0, . . . , n è Nn,i (t) ëèíåéíà íà [sn,j−1, sn,j ] , j = 1, . . . , n.

Ôóíêöèè {Nn,i (t)}ni=0 íîðìèðîâàíû â ïðîñòðàíñòâå C[0, 1] è èç Nn,i (sn,j) = δij

ñëåäóåò, ÷òî ñèñòåìà {Nn,i (t)}ni=0 îáðàçóåò áàçèñ â Sn. Îáîçíà÷èâ

Mn,i (t) =
2

sn,i+1 − sn,i−1
Nn,i (t) ,

ïîëó÷èì äðóãîé áàçèñ â Sn, êîòîðûé íîðìèðîâàí â L[0, 1].

Òàê êàê â äàëüíåéøåì èçëîæåíèè ìû áóäåì èìåòü äåëî òîëüêî ñ ôóíêöèÿìè

Mn,i, êîãäà n = nk, òî ñ öåëüþ óìåíüøåíèÿ êîëè÷åñòâà èíäåêñîâ, âìåñòî Mnk,i

áóäåì ïèñàòü Mk
i

Ââåäåì òàêæå îáîçíà÷åíèå τki = snk,i, ∆k
i = suppMk

i =
[
τki−1, τ

k
i+1

]
. Ñëåäóþùèå

òðè ëåììû âïåðâûå ïîÿâèëèñü â ðàáîòàõ [14], [16], [12].

Ëåììà 2.1. Ïóñòü ôóíêöèÿ ϕ ëèíåéíà íà îòðåçêàõ
[
τki−1, τ

k
i

]
è
[
τki , τ

k
i+1

]
. Òîãäà

(
ϕ,Mk

i

)
:=

1∫
0

ϕ (t)Mk
i (t) =

1

6
ϕ
(
τki−1

)
+

2

3
ϕ
(
τki
)

+
1

6
ϕ
(
τki+1

)
,

åñëè τki+1 − τki = τki − τki−1 è

(
ϕ,Mk

i

)
:=

1∫
0

ϕ (t)Mk
i (t) =

1

9
ϕ
(
τki−1

)
+

2

3
ϕ
(
τki
)

+
2

9
ϕ
(
τki+1

)
,

åñëè τki+1 − τki = 2
(
τki − τki−1

)
.

Ëåììà 2.2. Äëÿ ëþáûõ Mν0
j0

è ν > ν0 ñóùåñòâóþò ÷èñëà αj òàêèå, ÷òî

Mν0
j0

=
∑
j

αjM
ν
j
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ïðè÷åì ∑
j

αj = 1, αj ≥ 0 è αj = 0, åñëè ∆ν
j 6⊂ ∆ν0

j0
.

Ëåììà 2.3. Åñëè (S,Mn,i) =: A < 0, òî

µ

({
x ∈ ∆n,i :

n∑
i=0

aifi (x) <
A

2

})
>
µ (∆n,i)

9
.

3. Äîêàçàòåëüñòâî òåîðåìû 2.1

Èç sup
k∈N

nk+1

nk
< +∞ ñëåäóåò, ÷òî ñóùåñòâóåò àáñîëþòíàÿ êîíñòàíòà C ∈ (0, 1)

òàêàÿ, ÷òî äëÿ ëþáûõ l ∈ N, i = 0, 1, . . . , nl, j = 0, 1, . . . , nl−1,

(3.1) µ
(
∆l
i

)
> Cµ

(
∆l−1
j

)
.

Îáîçíà÷èì E =

{
x ∈ [0, 1] : lim

k→∞
σk (x) = +∞

}
. Äîïóñòèì µ (E) > 0. Òîãäà íàé-

äåòñÿ îòðåçîê ∆k0
i0

òàêîé, ÷òî

(3.2) µ
(

∆k0
i0
∩ E

)
> (1− 0.0001C)µ

(
∆k0
i0

)
.

Ñëåäîâàòåëüíî, ñóùåñòâóåò ÷èñëî L < 0, ÷òî

(3.3) µ (EL) < 0.0001Cµ
(

∆k0
i0

)
, ãäå EL =

{
x ∈ ∆k0

i0
: inf
k
σk (x) < L

}
.

Äëÿ èíòåãðèðóåìîé ôóíêöèè g îáîçíà÷èì

M2 (g, x) = sup
k,i:∆k

i 3x

1

µ
(
∆k
i

) ∫
∆k

i

|g (t)| dt.

ßñíî, ÷òî M2 (g, x) íå ïðåâîñõîäèò ìàêñèìàëüíóþ ôóíêöèþ Õàðäè-Ëèòòëâóäà

ôóíêöèè g è ïîýòîìó

(3.4) µ (D) < 0.01µ
(

∆k0
i0

)
, ãäå D =

{
x ∈ ∆k0

i0
: M2 (χEl

, x) >
C

15

}
.

Â ñèëó ëåììû 2.3 èìååì, ÷òî

(3.5)
(
σk,M

k
i

)
> 2L, åñëè ∆k

i ⊂ ∆k0
i0

è ∆k
i 6⊂ D.

Ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè äëÿ ëþáîãî k > k0 íàéäåì ïðåäñòàâëåíèå

(3.6) Mk0
i0

=

k∑
l=k0

∑
j∈Λl

α
(l)
j M

l
j +

∑
j∈Bk

β
(k)
j Mk

j ,

ãäå

(3.7) α
(l)
j ≥ 0, β

(k)
j ≥ 0,

k∑
l=k0

∑
j∈Λl

α
(l)
j +

∑
j∈Bk

β
(k)
j = 1,
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à ìíîæåñòâà Λl è Bk îïðåäåëèì ïî õîäó.

Ñíà÷àëà îòìåòèì, ÷òî èç (3.4) ñëåäóåò, ÷òî ∆k0
i0
6⊂ D. Â ñëó÷àå k = k0, îáîçíà-

÷èâ Λk0 = ∅, Bk0 = {i0}, áóäåì èìåòü

Mk0
i0

=
∑
j∈Bk

Mk
j .

Äîïóñòèì èìååì ïðåäñòàâëåíèå (3.6) äëÿ k è ïîëó÷èì åå äëÿ k+1. Â ñèëó ëåììû

2.2, êàæäàÿ ôóíêöèÿ Mk
i , i ∈ Bk, ïðåäñòàâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ôóíê-

öèéMk+1
i ñ íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè. Ïîäñòàâëÿÿ ýòè ïðåäñòàâëåíèÿ

âî âòîðóþ ñóììó èç (3.7), ïîëó÷èì

(3.8)
∑
j∈Bk

β
(k)
j Mk

j =
∑

j∈Λk+1

α
(k+1)
j Mk+1

j +
∑

j∈Bk+1

β
(k+1)
j Mk+1

j ,

ãäå

(3.9) Λk+1 =
{
j : ∆k+1

j ⊂ D ñ αk+1
j 6= 0

}
è

(3.10) Bk+1 =
{
j : ∆k+1

j 6⊂ D ñ βk+1
j 6= 0

}
.

Âìåñòî ïîñëåäíåé ñóììû â (3.6), ïîäñòàâëÿÿ ñóììû â ïðàâîé ÷àñòè ðàâåíñòâà

(3.8), ïîëó÷èì (3.6) äëÿ k + 1. Ñîîòíîøåíèÿ α
(l)
j ≥ 0, β

(k)
j ≥ 0 ñëåäóþò èç íåîò-

ðèöàòåëíîñòè êîýôôèöèåíòîâ â (3.6) â ëåììå 2.2. À ïîñëåäíåå ðàâåíñòâî èç (3.7)

ñëåäóåò èç òîãî, ÷òî èíòåãðàëû âñåõ ôóíêöèé, âõîäÿùèõ â (3.6) ðàâíû åäèíèöå.

Äîêàæåì, ÷òî

(3.11)
(
S,Mk

i

)
> 2L, êîãäà i ∈ Λk.

Äîïóñòèì îáðàòíîå, ò.å.
(
S,Mk

i

)
≤ 2L, òîãäà â ñèëó ëåììû 2.3

(3.12) µ
({
x ∈ ∆k

i : σk (x) < L
})

>
µ
(
∆k
i

)
9

.

Èç îïðåäåëåíèÿ Λl â ïðåäñòàâëåíèè (3.6) èìååì, ÷òî åñëè i ∈ Λk, òî ñóùåñòâóåò

òàêîå j ∈ Bk−1, ÷òî ∆k
i ⊂ ∆k−1

j . Èç (3.12) è (3.1) ñëåäóåò, ÷òî

µ
({
x ∈ ∆k−1

j : σk (x) < L
})

>
µ
(
∆k
i

)
9

>
Cµ
(
∆k−1
j

)
9

.

Îòñþäà ïîëó÷àåòñÿ (ñì. òàêæå (3.3) è (3.4)), ÷òî ∆k−1
j ⊂ D äëÿ íåêîòîðîãî j ∈

Bk−1, êîòîðîå ïðîòèâîðå÷èò (3.10). Ñëåäîâàòåëüíî âûïîëíÿåòñÿ (3.11).

59



Ê. À. ÍÀÂÀÑÀÐÄßÍ, Â. Ã. ÌÈÊÀÅËßÍ

Èòàê, äëÿ ëþáîãî k ≥ k0 èìååì ïðåäñòàâëåíèå (3.6) è ñîîòíîøåíèÿ (3.7), (3.11).

Òîãäà äëÿ ëþáîãî k èìååì

(3.13) d :=
(
S,Mk0

i0

)
=

k∑
l=k0

∑
j∈Λl

α
(l)
j

(
S,M l

j

)
+
∑
j∈Bk

β
(k)
j

(
S,Mk

j

)
=

=

k∑
l=k0

∑
j∈Λl

α
(l)
j

(
σl,M

l
j

)
+
∑
j∈Bk

β
(k)
j

(
σk,M

k
j

)
=: I1 (k) + I2 (k) .

Äëÿ I1 (k) èìååì (ñì. (3.11))

(3.14) I1 (k) ≥ 2L

k∑
l=k0

∑
j∈Λl

α
(l)
j .

Äëÿ ïðîèçâîëüíîãî ïîëîæèòåëüíîãî L0 > −100L îáîçíà÷èì

Ωk =
{
i ∈ Bk : σk

(
τki
)
> L0

}
.

Äëÿ i ∈ Ωk èìååì, ÷òî ∆k
i 6⊂ D. Ñëåäîâàòåëüíî

(3.15) µ
([
τki−1, τ

k
i

]
∩ EL

)
<
C

5

(
τki − τki−1

)
è

(3.16) µ
([
τki , τ

k
i+1

]
∩ EL

)
<
C

5

(
τki+1 − τki

)
.

Îáîçíà÷èì ω1 = σk
(
τki−1

)
, ω2 = σk

(
τki
)
, ω3 = σk

(
τki+1

)
. Èç (3.15) è ëèíåéíîñòè

ôóíêöèè σk íà
[
τki−1, τ

k
i

]
ñëåäóåò, ÷òî åñëè ω1 < L, òî

ω2 − ω1

L− ω1
>

5

C
. Ñëåäîâà-

òåëüíî, â ëþáîì ñëó÷àå ω1 >
5L

5− C
− C

5− C
ω2. Àíàëîãè÷íî, èç (3.16) ïîëó÷àåòñÿ,

÷òî ω3 >
5L

5− C
− C

5− C
ω2. Ïîýòîìó èç ëåììû 2.1 ïîëó÷àåì

(
σk,M

k
i

)
≥ min

{
1

6
ω1 +

2

3
ω2 +

1

6
ω3,

1

9
ω1 +

2

3
ω2 +

2

9
ω3

}
≥

(3.17) ≥ 2

3
ω2 +

1

3

(
5L

5− C
− C

5− C
ω2

)
≥ 7

12
ω2 −

0.05L0

12
>
L0

2
, êîãäà i ∈ Ωk.

Èç (3.13), (3.14), (3.5), (3.10), (3.17), ñëåäóåò

(3.18) d ≥ 2L

 k∑
l=k0

∑
j∈Λl

α
(l)
j +

∑
j∈Bk\Ωk

β
(k)
j

+ 0.5L0

∑
j∈Ωk

β
(k)
j .

60



Î ÑÕÎÄÈÌÎÑÒÈ ×ÀÑÒÈ×ÍÛÕ ÑÓÌÌ ÐßÄÎÂ ÔÐÀÍÊËÈÍÀ Ê +∞

Ó÷èòûâàÿ, ÷òî èíòåãðàëû îò ôóíêöèé M l
j , l ≥ k0, l ∈ Λk ðàâíû åäèíèöå è èìååò

ìåñòî (3.6), ïîëó÷èì

k∑
l=k0

∑
j∈Λl

α
(l)
j =

k∑
l=k0

∑
j∈Λl

α
(l)
j

∫
∆l

j

M l
j (x) dx ≤

∫
F1

Mk0
i0

(x) dx,

ãäå F1 =

k⋃
l=k0

⋃
j∈Λk

∆l
j .

Ïî îïðåäåëåíèþ Λk èìååì F1 ⊂ D. Ñëåäîâàòåëüíî µ (F1) ≤ 0.01µ
(

∆k0
i0

)
è

ïîýòîìó

(3.19)

k∑
l=k0

∑
j∈Λl

α
(l)
j ≤ µ (F1)

∥∥∥Mk0
i0

∥∥∥
∞
≤ 0.02.

Òåïåðü äîêàæåì, ÷òî ïðè äîñòàòî÷íî áîëüøèõ k èìååò ìåñòî

(3.20)
∑

j∈Bk\Ωk

β
(k)
j ≤ 0.9.

Îáîçíà÷èì

(3.21) Γk0 :=
{
i : ∆k

i ⊂ ∆k0
i0

}
, m = card

(
Γk0
)

+ 1.

ßñíî, ÷òî äëÿ êàæäîãî i ∈ Γk0

(3.22)
1

2m
µ
(

∆k0
i0

)
≤
∣∣τki+1 − τki

∣∣ ≤ 2

m
µ
(

∆k0
i0

)
.

Ïîëîæèì ∆̃k
j =

[
τkj−1 + τkj

2
,
τkj + τkj+1

2

]
. Çàìåòèì, ÷òî

∑
j∈Bk\Ωk

β
(k)
j =

∑
j∈Bk\Ωk

β
(k)
j Mk

j

(
τkj
) τkj+1 − τkj−1

2
≤

∑
j∈Bk\Ωk

Mk0
i0

(
τkj
) τkj+1 − τkj−1

2
≤

(3.23) ≤
∑

j∈Bk\Ωk

j 6∈{i1,i2}

∫
∆̃k

j

Mk0
i0

(t) dt+Mk0
i0

(
τk0i0

) τki1+1 − τki1−1

2
+Mk0

i0

(
τki2
) τki2+1 − τki2−1

2
,

ãäå i1 è i2 âûáðàíû òàê, ÷òî τki1 = τk0i0 , à τ
k
i2+1 − τki2 = 2

(
τki2 − τ

k
i2−1

)
(åñëè òàêîå

i2 íå ñóùåñòâóåò òî âìåñòî ïîñëåäíîãî ñëàãàåìîãî íóæíî ïîíèìàòü 0). Èç (3.22),

(3.23) ïîëó÷èì

(3.24)
∑

j∈Bk\Ωk

β
(k)
j ≤

∑
j∈Bk\Ωk

j 6∈{i1,i2}

∫
∆̃k

j

Mk0
i0

(t) dt+
4

m
Mk0
i0

(
τk0i0

)
µ
(

∆k0
i0

)
.
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Î÷åâèäíî, ÷òî åñëè τki , τ
k
i+1 ∈ Bk\Ωk, òî σk (x) < L0, êîãäà x ∈

[
τki , τ

k
i+1

]
. Îòñþäà,

ó÷èòûâàÿ (3.22) è ÷òî ïðè äîñòàòî÷íî áîëüøèõ k èìååò ìåñòî îöåíêà

µ
({
x ∈ ∆k0

i0
: σk (x) > L0

})
> 0.999µ

(
∆k0
i0

)
,

ïîëó÷èì card
{

Γk1
}
≤ 0.002m äëÿ áîëüøèõ k, ãäå Γk1 = {i ∈ Bk \ Ωk : i+ 1 ∈ Bk \ Ωk}.

Ñëåäîâàòåëüíî, èç (3.22) ïîëó÷èì

(3.25)
∑
j∈Γk

1

∫
∆̃k

j

Mk0
i0

(t) dt ≤ card
(
Γk1
)
· 2

m
µ
(

∆k0
i0

)∥∥∥Mk0
i0

∥∥∥
∞
≤ 0.008.

Ñ äðóãîé ñòîðîíû, åñëè Γk2 = {i ∈ Bk \ Ωk : i+ 1 6∈ Bk \ Ωk è i 6∈ {i1, i2}} òîãäà
(3.26)

1 =

∫
∆

k0
i0

Mk0
i0

(t) dt ≥
∑
j∈Γk

2

∫
∆̃k

j

Mk0
i0

(t) dt+
∑
j∈Γk

2

∫
∆̃k

j+1

Mk0
i0

(t) dt ≥ 9

8

∑
j∈Γk

2

∫
∆̃k

j

Mk0
i0

(t) dt.

Èç (3.24)-(3.26) ïîëó÷èì, ÷òî äëÿ áîëüøèõ k∑
j∈Bk\Ωk

β
(k)
j ≤ 0.9.

Îöåíêà (3.20) äîêàçàíà. Èç (3.20), (3.19) è (3.7) ñëåäóåò

(3.27)
∑
j∈Ωk

β
(k)
j ≥ 0.08.

Èç (3.18)-(3.20) è (3.27) ïîëó÷àåòñÿ, ÷òî ïðè ëþáîì L0 > −100L èìååì d >

0.01L0, ïðè äîñòàòî÷íî áîëüøèõ k, ò.å. ÷èñëî d áîëüøå ëþáîãî ÷èñëà. Ïîëó÷åííîå

ïðîòèâîðå÷èå äîêàçûâàåò òåîðåìó.

4. Äîêàçàòåëüñòâî òåîðåìû 2.2

Ëåììà 4.1. Äëÿ ëþáûõ p, q ∈ N ñ q > p + 2 è äëÿ ëþáîé i = 0, 1, . . . , 2p − 1

ñóùåñòâóåò ôóíêöèÿ ϕip,q ∈ S2q òàêîé, ÷òî

1) supp
(
ϕip,q

)
=

[
i

2p
,
i+ 1

2p

]
,

2) µ
({
x ∈ [0, 1] : ϕip,q (x) = 1

})
=

1

2p
− 1

2q−2
,

3)

1∫
0

fn (x)ϕip,q (x) dx = 0, ïðè n ∈ N \ {2p, 2p + 1, . . . , 2q}.
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Äîêàçàòåëüñòâî. Ïóñòü p, q ∈ N è q > p + 2. Íà [0, 1] ðàññìîòðèì ñëåäóþùóþ

ôóíêöèþ

ϕip,q (x) =



1, ïðè x ∈
[
i

2p
+

1

2q−1
,
i+ 1

2p
− 1

2q−1

]
,

3

2
− 2q−p−1, ïðè x ∈

{
i

2p
+

1

2q
,
i+ 1

2p
− 1

2q

}
,

0, ïðè x /∈
[
i

2p
,
i+ 1

2p

]
,

è êîòîðàÿ êóñî÷íî ëèíåéíà ñ óçëàìè{
0,

i

2p
,
i

2p
+

1

2q
,
i

2p
+

1

2q−1
,
i+ 1

2p
− 1

2q−1
,
i+ 1

2p
− 1

2q
,
i+ 1

2p
, 1

}
.

Ëåãêî ïðîâåðèòü, ÷òî äëÿ ýòîé ôóíêöèè ïåðâûå äâå óñëîâèÿ âûïîëíÿþòñÿ. Èç

ϕip,q ∈ S2q è èç îïðåäåëåíèè ñèñòåìû Ôðàíêëèíà ñëåäóåò, ÷òî

1∫
0

fn (x)ϕ (x) dx =

0, ïðè n > 2q. Åñëè n < 2p, òîãäà fn ëèíåéíàÿ â îòðåçêå

[
i

2p
,
i+ 1

2p

]
. Ïóñòü

fn (x) = a+ b

(
x− 2i+ 1

2p+1

)
, x ∈

[
i

2p
,
i+ 1

2p

]
.

Èç ðàâåíñòâà

ϕip,q

(
x+

2i+ 1

2p+1

)
= ϕip,q

(
x− 2i+ 1

2p+1

)
, x ∈

[
i

2p
,
i+ 1

2p

]
ñëåäóåò, ÷òî

1∫
0

fn (x)ϕip,q (x) dx = a

1∫
0

ϕip,q (x) dx+ b

i+1
2p∫
i
2p

(
x− 2i+ 1

2p+1

)
ϕip,q (x) dx = 0.

�

Ëåììà 4.2. Äëÿ ëþáûõ p, q ∈ N ñ q > p + 2 ñóùåñòâóåò ôóíêöèÿ ψp,q ∈ S2q

òàêàÿ, ÷òî

1) µ ({x ∈ [0, 1] : ψp,q (x) 6= 1}) =
1

2q−p−2
,

2)

1∫
0

fn (x)ψp,q (x) dx = 0, ïðè n ∈ N \ {2p, 2p + 1, . . . , 2q}.

Äîêàçàòåëüñòâî. Ïóñòü p, q ∈ N è q > p+ 2. Îáîçíà÷èì ψp,q =

2p−1∑
i=0

ϕip,q, ãäå ϕ
i
p,q

îïðåäåëÿåòñÿ èç ëåììû 4.1. Ïóíêò 2) ñðàçó ñëåäóåò èç ëåììû 4.1. Çàìåòèì, ÷òî

µ ({x ∈ [0, 1] : ψp,q (x) 6= 1}) = 1− 2p
(

1

2p
− 1

2q−2

)
=

1

2q−p−2
.
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�

Äîêàçàòåëüñòâî òåîðåìû 2.2. Ïóñòü pk = [log2(nk)]+1 è qk = [log2(nk+1)]−1. Èç

óñëîâèè òåîðåìû ñëåäóåò, ÷òî limsup(qk−pk)→ +∞, ñëåäîâàòåëüíî äëÿ êàæäîãî

j ∈ N ñóùåñòâóåò ñòðîãî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü kj ∈ N òàêîé, ÷òî
1

2qki
−pki

−2 ≤
1

i2
. Èç ëåììû 4.2 ñëåäóåò, ÷òî äëÿ ëþáîãî j ∈ N ñóùåñòâóåò ψj ∈

S
2
qkj òàêîé, ÷òî

1) µ ({x ∈ [0, 1] : ψj (x) 6= 1}) ≤ 1

j2
,

2)

1∫
0

fn (x)ψj (x) dx = 0, ïðè n ∈ N \ {2pkj , 2pkj + 1, . . . , 2qkj }.

Ïóñòü Ej = {x ∈ [0, 1] : ψj (x) = 1}, j ∈ N. Çàìåòèì ÷òî äëÿ ëþáîãî m ∈ N

µ

 ∞⋂
j=m

Ej

 = 1− µ

 ∞⋃
j=m

Ecj

 ≥ 1−
∞∑
j=m

µ
(
Ecj
)
≥ 1−

∞∑
j=m

1

j2
,

ñëåäîâàòåëüíî

(4.1) µ

(
lim inf
j→∞

Ej

)
= 1.

Èç ïóíêòà 2) ñëåäóåò, ÷òî

ψj =

2
qkj∑

n=2
pkj

a(j)
n fn,

à èç (4.1) ïîëó÷èì

∞∑
j=1

2
qkj∑

n=2
pkj

a(j)
n fn = +∞ ïî÷òè âñþäó â [0, 1]. �

Abstract. In this paper, we prove that if {nk} is an arbitrary increasing sequence of
natural numbers such that the ratio nk+1/nk is bounded, then the nk-th partial sum

of a series by Franklin system cannot converge to +∞ on a set of positive measure.

Also, we prove that if the ratio nk+1/nk is unbounded, then there exists a series by

Franklin system, the nk-th partial sum of which converges to +∞ almost everywhere

on [0, 1].
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