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1. Ââåäåíèå

Ïóñòü Lp[0, 1] (p > 0) � êëàññ âñåõ èçìåðèìûõ íà [0, 1] ôóíêöèé f(x), äëÿ êî-

òîðûõ
∫ 1

0
|f(x)|pdx < +∞.

Ïóñòü {Wk(x)}∞n=0 � ñèñòåìà Óîëøà, ck(g) =
∫ 1

0
g(x)Wk(x)dx êîýôôèöèåíòû

Ôóðüå - Óîëøà ôóíêöèè g ∈ L1[0, 1] è ïóñòü

Sn(x, g) =

n∑
k=0

ck(g)Wk(x).

Õîðîøî èçâåñòíî, ÷òî ðÿä Ôóðüå êàæäîé èíòåãðèðóåìîé ôóíêöèè ïî ñèñòåìå

Óîëøà [1] (à òàêæå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå (ñì. [2])) ñõîäèòñÿ â Lp[0, 1]

äëÿ êàæäîãî p ∈ (0, 1). Èç ýòîãî ðåçóëüòàòà ñëåäóåò, ÷òî íå ñóùåñòâóåò ôóíêöèÿ

U ∈ L1[0, 1] ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå êîòîðîé ïî ñèñòåìå Óîëøà (à òàêæå

ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå) áûëè áû ïëîòíûìè â Lp[0, 1] ïðè íåêîòîðîì

p ∈ (0, 1).

Ñðàçó æå âîçíèêàåò ñëåäóþùèé âîïðîñ, îòâåò íà êîòîðûé íàì íå èçâåñòåí:

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî êîìèòåòà ïî íàóêå
ÌÎÍ ÐÀ â ðàìêàõ íàó÷íîãî ïðîåêòà íî. 18T-1A148.
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Âîïðîñ 1. Ñóùåñòâóåò ëè îãðàíè÷åííàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà {ϕn(x)}
òàêàÿ, ÷òî ìîæíî áûëî áû ïîñòðîèòü ôóíêöèþ U ∈ L1[0, 1] ÷àñòè÷íûå ñóììû ðÿ-

äà Ôóðüå êîòîðîé ïî ñèñòåìå {ϕn(x)} áûëè áû ïëîòíûìè â Lp[0, 1] ïðè íåêîòîðîì

p ∈ (0, 1)?

Îòìåòèì, ÷òî Ì. Ãðèãîðÿí [3] ïîñòðîèë ôóíêöèþ U ∈L1[0, 1] òàêóþ, ÷òî ïî-

ñëå âûáîðà ñîîòâåòñòâóþùèõ çíàêîâ äëÿ åãî êîýôôèöèåíòîâ Ôóðüå, ÷àñòè÷íûå

ñóììû âíîâü ïîëó÷åííîãî ðÿäà
∑∞
k=0 δkck(U)Wk(x) ( δk = ±1) áóäóò ïëîòíûìè

â Lp[0, 1] , p ∈ (0, 1).

Â ýòîé ñòàòüå ìû ðàññìîòðèì âîïðîñ î òîì, ìîæíî ëè ïîëó÷èòü àíàëîãè÷íûé

ðåçóëüòàò â äâóìåðíîì ñëó÷àå.

Ïóñòü T = [0, 1]2, è ïóñòü f(x, y) ∈ Lp(T ), p ∈ [1,∞). Êîýôôèöèåíòû Ôóðüå

ôóíêöèè f ∈ Lp(T ), p ∈ [1,∞), ïî äâîéíîé ñèñòåìå Óîëøà {Wk(x)Ws(y)}∞k,s=0

îáîçíà÷èì ÷åðåç

(1.1) ck,s(f) =

∫∫
T

f(t, τ)Wk(t)Ws(τ)dtdτ.

Ïîëîæèì

(1.2) Λ(f) = spec{ck,s(f)} = spec(f) = {(k, s), ck,s(f)} 6= 0, k, s ∈ N∪{0}.

Ïðÿìîóãîëüíûå è ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû äâîéíîãî ðÿäà Ôóðüå - Óîëøà

îïðåäåëÿþòñÿ ñîîòâåòñòâåííî ñëåäóþùèì îáðàçîì:

(1.3) SN,M (x, y, f) =

N∑
k=0

M∑
s=0

ck,s(f)Wk(x)Ws(y),

(1.4) SR(x, y, f) =
∑

k2+s2≤R2

ck,s(f)Wk(x)Ws(y).

Îïðåäåëåíèå 1.1. Ãîâîðÿò, ÷òî äâîéíîé ðÿäà Ôóðüå - Óîëøà ôóíêöèè f ∈
L1[0, 1)2 ñõîäèòñÿ â Lp[0, 1)2 , p > 0, ïî ïðÿìîóãîëüíèêàì ñîîòâåñòâåííî ïî

ñôåðàì, åñëè

lim
N→∞
M→∞

∫∫
T

|SN,M (x, y, f)− f(x, y)|p dxdy = 0,

ñîîòâåñòâåííî, åñëè

lim
R→∞

∫∫
T

|SR(x, y, f)− f(x, y)|p dxdy = 0.
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Îïðåäåëåíèå 1.2. Ñêàæåì, ÷òî ÷ëåíû â ïîñëåäîâàòåëüíîñòè {ck,s(f)}∞
k,,s=0

íà ñïåêòðå Λ(f) ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì (ëó-

÷àì), åñëè ck2,s2(f) < ck1,s1(f), êîãäà k2 ≥ k1, s2 ≥ s1, k2 + s2 > k1 + s1, (k2 , s2),

(k1, s1) ∈ Λ(f).

Â ýòîé ðàáîòå äîêàçûâàåòñÿ

Òåîðåìà 1.1. Ñóùåñòâóþò ÷èñëà {δk,s = ±1}∞k,s=0 è ôóíêöèÿ U ∈ L1[0, 1)2

(suppU ⊂ [0, ε] × [0, 1]) ∪ ([0, 1] × [0, ε]) , çäåñü ε ∈ (0, 1)− íàïåðåä çàäàííîå

÷èñëî), ðÿä Ôóðüå êîòîðîé ïî äâîéíîé ñèñòåìå Óîëøà ñõîäèòñÿ ê íåé êàê ïî

ïðÿìîóãîëüíèêàì, òàê è ïî ñôåðàì, êîýôôèöèåíòû íà ñïåêòðå ïîëîæèòåëüíûå

è ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì, è ñôåðè÷åñêèå ÷à-

ñòè÷íûå ñóììû ðÿäà
∑∞
k=0 δk,sck,s(U)Wk(x)Ws(y)(çäåñü ck,s(U)− êîýôôèöèåíòû

Ôóðüå - Óîëøà ôóíêöèè U) ïëîòíû â Lp(T ), p ∈ (0, 1).

Îòìåòèì, ÷òî ýòèì ñâîéñòâîì îáëàäàåò áîëüøèíñòâî ôóíêöèé è ìîæíî îïè-

ñàòü ñòðóêòóðó ýòèõ óíèâåðñàëüíûõ ôóíêöèé ñ òî÷êè çðåíèÿ øèðoêî èçâåñòíûõ

êëàññè÷åñêèõ òåîðåì Ëóçèíà è Ìåíüøîâà �Îá èñïðàâëåíèè ôóíêöèé�. Òî÷íåå

èìåeò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1.2. Äëÿ ëþáîãî ÷èñëà 0 < ε < 1 ñóùåñòâóåò èçìåðèìîå ìíîæåñòâî

Eε ⊂ [0, 1)2 ñ ìåðîé |Eε| > 1 − ε è òàêîå, ÷òî äëÿ êàæäîé ôóíêöèè f ∈ L1(T )

ìîæíî íàéòè ÷èñëà { δk ,s = ±1}∞k,s=0 è ôóíêöèþ f̃ ∈ L1(T ), ñîâïàäàþ-

ùóþ ñ f íà Eε ðÿä Ôóðüå êîòîðîé ïî äâîéíîé ñèñòåìå Óîëøà ñõîäèòñÿ êàê ïî

ïðÿìîóãîëüíèêàì, òàê è ïî ñôåðàì, êîýôôèöèåíòû íà ñïåêòîðå ïîëîæèòåëü-

íûå è ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì è ñôåðè÷åñêèå

÷àñòè÷íûå ñóììû ðÿäà
∑∞
k=0 δk,sck,s(f̃)Wk(x)Ws(y) ïëîòíû â Lp(T ), p ∈ (0, 1).

Çàìå÷àíèå 1.1. Ñëåäóåò îòìåòèòü, ÷òî òåîðåìà îêîí÷àòåëüíà â íåêîòîðîì

ñìûñëå (íåóëó÷øàåìa), èáî êàêîâû áû íå áûëè ÷èñëî p ≥ 1 è îãðàíè÷åííàÿ îðòî-

íîðìèðîâàííàÿ ñèñòåìà {ϕn(x)}, íå ñóùåñòâóþò ôóíêöèÿ U ∈ L1(T ) è ÷èñëà

δk ,s = ±1}∞k,s=0 òàêèå, ÷òî ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû ðÿäà
∞∑
k=0

δk,sck,s(U)

ϕk(x)ϕs(y) áûëè áû ïëîòíûìè â Lp(T ).

Äåéñòâèòåëüíî, åñëè áû ïðè íåêîòîðîì p ≥ 1 îòíîñèòåëüíî íåêîòîðîé îãðàíè-

÷åííîé îðòîíîðìèðîâàííîé ñèñòåìû {ϕn(x)} ñóùåñòâîâàëè ôóíêöèÿ U ∈ L1(T )

è ÷èñëà {δk ,s = ±1 , k, s = 0, 1, 2, ...} òàêèå, ÷òî ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû
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ðÿäà
∞∑

k,s=0

δk,sck,s(U) ϕk(x)ϕs(y) áûëè áû ïëîòíûìè â Lp(T ), òîãäà äëÿ ëþáîé

ôóíêöèè f ∈ Lp(T ) ñ c1,1(f) 6= 0 íàøëèñü áû ÷èñëà Nm, Υm, m = 1, 2, ...

òàêèå, ÷òî

lim
m→∞

∫∫
T

∣∣∣∣∣∣
∑

k2+s2≤N2
m

δk,sck,s(U)ϕk(x)ϕs(y)− f(x, y)

∣∣∣∣∣∣ dxdy = 0,

lim
m→∞

∫∫
T

∣∣∣∣∣∣
∑

k2+s2≤Υm

δk,sck,s(U))ϕk(x)ϕs(y)− 2 f(x, y)

∣∣∣∣∣∣ dxdy = 0.

Îòñþäà ñðàçó ïîëó÷àåì ïðîòèâîðå÷èå c1,1(f) = δ1,1c1,1(U) = c1,1(2f) = 2c1,1(f).

Áûëî áû èíòåðåñíî óçíàòü îòâåò íà âîïðîñ:

Âîïðîñ 2. Ñóùåñòâóåò ëè ôóíêöèÿ U ∈ L1(T ) ïðÿìîóãîëüíûå èëè ñôåðè÷å-

ñêèå ÷àñòè÷íûå ñóììû äâîéíîãî ðÿäà Ôóðüå êîòoðîé ïî äâîéíîé ñèñòåìå Óîëøà

{Wk(x)Ws(y)}∞k,s=0 èëè ïî äâîéíîé òðèãîíîìåòðè÷åñêîé ñèñòåìå {e2πkixe2πsix}∞k,s=0

áûëè áû ïëîòíûìè â Lp(T ), ïðè íåêîòîðîì p ∈ (0, 1)?

2. Äîêàçàòåëüñòâî òåîðåì 1.1 è 1.2

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùóþ ëåììó, äîêàçàííóþ â [4].

Ëåììà 2.1. Ïóñòü 0 < p1 < p2 < 1, n0 ∈ N, ε, θ ∈ (0, 1) è f(x, y) =
∑ν̃0
m=1 γ̃mχ∆̃m

(x, y)

åñòü òàêàÿ ñòóïåí÷àòàÿ ôóíêöèÿ, ÷òî γ̃m 6= 0 è {∆̃m}ν̃0m=1 � ñóòü íåïåðå-

ñåêàþùèåñÿ äâîè÷íûå ïðÿìîóãîëüíèêè ñ
∑ν̃0
m=1 |∆̃m| = 1. Òîãäà ìîæíî íàéòè

èçìåðèìîå ìíîæåñòâî E ⊂ [2−n0 , 1)2 è ïîëèíîìû

H(x, y) =

2n1−1∑
k,s=2n0

ak,sWk(x)Ws(y),

Q(x, y) =

2n1−1∑
k,s=2n0

δk,sak,sWk(x)Ws(y), δk,s = ±1,

ïî ñèñòåìå Óîëøà, óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

êîýôôèöèåíòû ak̃,s̃, (k̃, s̃) ∈ spec(H) ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî

âñåì íàïðàâëåíèÿì è

1) 0 < ak̃,s̃ < ε, P (x, y) · χ[2−n0 ,1)2(x, y) ≡ 0,

2) H(x, y) = f(x, y), êîãäà (x, y) ∈ E, |E| > 1− θ − 2−n0

3)

∫∫
T

|f(x, y)−H(x, y)|p dxdy < ε, ∀p ∈ (p1, p2),
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4) max
2n0≤N,M<2n

∫∫
T

∣∣∣∣∣
N,M∑
k=2n0

δk,sak,sWk(x)Ws(y)

∣∣∣∣∣
p

dxdy < 5

∫∫
T

|f(x, y)|pdxdy,

5) max√
22n0≤R<

√
22n

∫∫
T

∣∣∣∣∣∣
∑

k2+s2≤R2

δk,sak,sWk(x)Ws(y)

∣∣∣∣∣∣
p

dxdy < 5

∫∫
T

|f(x, y)|pdxdy,

6) max
2n0≤N,M<2n

∫∫
T

∣∣∣∣∣∣
N,M∑

k,s=2n0

δk,sak,sWk(x)Ws(y)

∣∣∣∣∣∣ dxdy < 4

∫∫
T

|f(x, y)|dxdy,

7) max√
22n0≤R<

√
22n

∫∫
T

∣∣∣∣∣∣
∑

k2+s2≤R2

δk,sak,sWk(x)Ws(y)

∣∣∣∣∣∣ dxdy < 4

∫∫
T

|f(x, y)|dxdy,

8) max
2n0≤N,M<2n

∫∫
T

∣∣∣∣∣∣
N,M∑

k,s=2n0

ak,sWk(x)Ws(y)

∣∣∣∣∣∣ dxdy < ε.

9) max√
22n0≤R<

√
22n

∫∫
T

∣∣∣∣∣∣
∑

k2+s2≤R2

ak,sWk(x)Ws(y)

∣∣∣∣∣∣ dxdy < ε.

Äîêàçàòåëüñòâî òåîðåìû 1.1. Ïóñòü {fm(x, y)}∞m=1 - åñòü ïîñëåäîâàòåëü-

íîñòü âñåõ ñòóïåí÷àòûõ ôóíêöèè âèäà

(2.1) fn(x, y) =

ln∑
j=1

γ
(n)
j χ

∆
(n)
j

(x, y)

ñ ðàöèîíàëüíûìè γ
(n)
j 6= 0 è óñëîâèåì

∑ln
j=1 |∆

(n)
j | = 1, ãäå {∆(n)

j }
ln
j=1 � íåïåðå-

ñåêàþùèåñÿ äâîè÷íûå ïðÿìîóãîëüíèêè. Ïóñòü 0 < ε < 1. Ïîëîæèì

(2.2) m0 = 2 + [log2

1

ε
] è M1 = 2m0 .

Ïóñòü

(2.3) αn ↘ 0, βn ↗ 1, 0 < α1 < 4−1, β1 >
3

4
.

Ïðèìåíèì Ëåììó 2.1, ïîëàãàÿ â åå ôîðìóëèðîâêå

n0 = m0 θ = ε2−8(1+2), p1 = α1, p2 = β1, f(x, y) = f1(x, y).

Òîãäà îïðåäåëÿþòñÿ èçìåðèìîå ìíîæåñòâî E1 ⊂ [0, 1] è ïîëèíîìû ïî ñèñòåìå

Óîëøà âèäà (M1 = 2m0 ,M2 = 2m1)

H
(1)
1 =

M2−1∑
k,s=M1

a
(1)
k,sWk(x)Ws(y), Q

(1)
1 =

M2−1∑
k,s=M1

δ
(1)
k,sa

(1)
k,sWk(x)Ws(y), δ

(1)
k,s = ±1,
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óäîâëåòâîðÿþùèå óñëîâèÿì: êîýôôèöèåíòû a
(1)

k̃,s̃
, (k̃, s̃) ∈ spec(H(1)

1 ) ðàñïîëîæåíû

â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì è

a
(1)

k̃,s̃
<

1

2m0
, ãäå (k̃, s̃) ∈ spec(H(1)

1 ),

Q
(1)
1 (x, y) = f1(x, y), (x, y) ∈ E1, |E1| > 1− ε

22
− 2−m0 ≥ ε

21
,

H
(1)
1 (x, y) · χ[t1,1]2(x, y) = 0, t1 =

1

M1
,∫∫

T

∣∣∣f1(x, y)−Q(1)
1 (x, y)

∣∣∣p dxdy < 4−8(1+2), p ∈ (α1, β1) ,

∫∫
T

|Q(1)
1 ()|dxdy < max

m,l∈[M1,M2)

∫∫
T

|
m,l∑
k=M1

δ
(1)
k a

(1)
k Wk(x)Ws(y)|dxdy < 3

∫∫
T

|f1(x, y)|dxdy,

max√
2M1≤R≤

√
2M2

∫∫
T

|
∑

√
2M1≤k2+s2≤R2

δ
(1)
k a

(1)
k Wk(x)Ws(y)|dx < 3

∫ 1

0

∫ 1

0

|f1(x, y)|dxdy,

∫∫
T

|H(1)
1 ()|dxdy ≤ max√

2M1≤R≤
√

2M2

∫∫
T

|
∑

√
2M1≤k2+s2≤R2

a
(1)
k,sWk(x)Ws(y)|dxdy+

+ max
m∈[M1,M2)

∫∫
T

|
m∑

k,s=M1

a
(1)
k,sWk(x)Ws(y)|dxdy < 4−2−1.

Ñíîâà ïðèìåíèì ëåììó, ïîëàãàÿ â åå ôîðìóëèðîâêå

n0 = [log2M2], θ = a
(1)
M2,−1, θ = ε2−8(1+2), p1 = α1, p2 = β1, f(x, y) = {f1()−H(1)

1 ()}.

Òîãäà îïðåäåëÿþòñÿ èçìåðèìîå ìíîæåñòâî E1 ⊂ [0, 1] è ïîëèíîìû ïî ñèñòåìå

Óîëøà âèäà

H
(2)
1 (x, y) =

M3−1∑
k,s=M2

a
(1)
k,sWk(x)Ws(y) , M2 = 2m1 ,M3 = 2m2

Q
(2)
1 (x, y) =

M3−1∑
k,s=M2

δ
(1)
k,sa

(1)
k,sWk(x)Ws(y), δ

(1)
k,s = ±1

óäîâëåòâîðÿþùèå óñëîâèÿì: êîýôôèöèåíòû a
(1)

k̃,s̃
, (k̃, s̃) ∈ spec(H(2)

1 ) ðàñïîëîæåíû

â óáûâàþùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì è

H
(2)
1 (x, y) · χ2

[t2,1]2(x, y) = 0, t2 =
1

M2
, a

(1)

k̃,s̃
<
A

(1)
0

2m1
,

ãäå

A
(1)
0 = min

(k̃,s̃)∈spec(H(1)
1 )

a
(1)

k̃,s̃
, A0 = 1,
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T

|{f1(x, y)−H(1)
1 (x, y)}−Q(2)

1 (x, y)|p dxdy < 4−8(1+2), p ∈ (α1, β1)

∫∫
T

|H(2)
1 (x, y)|dxdy < max√

2M2≤R<
√

2M3

∫∫
T

|
∑

√
2M2≤k2+s2≤R2

a
(1)
k,sWk(x)Ws(y)|dxdy+

+ max
m∈[M2,M3)

∫∫
T

|
m∑

k,s=M2

a
(1)
k,sWk(x)Ws(y)|dxdy < 4−2−1.

Íåòðóäíî âèäåòü, ÷òî ïðîäîëæàÿ ýòè ðàññóæäåíèÿ, ìû ìîæåì ïî èíäóêöèè îïðå-

äåëèòü ïîñëåäîâàòåëüíîñòè èçìåðèìûõ ìíîæåñòâ {En}∞n=1 è ïîëèíîìîâ {H
(1)
n (x, y)}∞n=1,

{H(2)
n (x, y)}∞n=1 è {Q(1)

n (x, y)}∞n=1, {Q
(2)
n (x, y)}∞n=1 âèäà

(2.4) H(1)
n =

M2n−1∑
k,s=M2n−1

a
(n)
k,sWk(x)Ws(y) , H(2)

n =

M2n+1−1∑
k,s=M2n

a
(n)
k,sWk(x)Ws(y),

(2.5) Q(1)
n =

M2n−1∑
k,s=M2n−1

δ
(n)
k,sa

(n)
k Wk(x)Ws(y), Q(2)

n =

M2n+1−1∑
k,s=M2n

δ
(n)
k,sa

(n)
k,sWk(x)Ws(y),

ãäå

(2.6) Mj = 2mj−1 , {mj}∞j=0 ↗∞,m0 = 2[log2

1

ε
], δ

(n)
k = ±1, k = 0, 1, 2, ..,

êîòîðûå äëÿ êàæäîãî n = 1, 2, .... óäîâëåòâîðÿþò óñëîâèÿì: êîýôôèöèåíòû a
(n)

k̃,s̃
,

(k̃, s̃) ∈ spec(H(1)
n ) ∪ spec(H(2)

n ) ðàñïîëîæåíû â óáûâàþùåì ïîðÿäêå ïî âñåì íà-

ïðàâëåíèÿì è

(2.7) 0 < a
(1)

k̃,s̃
<
A

(2)
n−1

2m1
, ãäå A

(2)
n−1 = min

(k̃,s̃)∈spec(H(2)
n−1)

a
(1)

k̃,s̃
,∀(k̃, s̃) ∈ spec(H(1)

n ),

(2.8) 0 < a
(2)

k̃,s̃
<
A

(1)
n

2m1
, ãäå A(1)

n = min
(k̃,s̃)∈spec(H(1)

n )

a
(1)

k̃,s̃
,∀(k̃, s̃) ∈ spec(H(2)

n ),

(2.9) |En| > 1− ε2−n,

(2.10) Q(1)
n (x, y) = fn(x, y), (x, y) ∈ En,

(2.11)

∫∫
T

∣∣∣∣∣∣{fn(x, y)−
n∑
j=1

(
H

(1)
j (.) +Q

(2)
j (.)

)∣∣∣∣∣∣
p

dxdy < 2−3n, ∀p ∈ (αn, βn)

(2.12) H(1)
n (x, y)χ[t2n−1,1]2(x, y) = H(2)

n (x, y)χ[I2n,1]2(x, y) = 0, Ij =
1

Mj
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(2.13)∫∫
T

|H(1)
n |dxdy < max

m,l∈[M2n−1,M2n)

∫∫
T

|
m,l∑

k,s=M2n−1

a
(n)
k,sWk(x)Ws(y)| < 4−2n−1.

(2.14) max√
2M2n−1≤R≤

√
2M2n

∫ 1

0

∫ 1

0

|
∑

√
2M2n−1≤k2+s2≤R2

a
(n)
k,sWk(x)Ws(y)| < 4−2n−1.

(2.15)

∫∫
T

|H(2)
n |dxdy < max

m,l∈[M2n,M2n+1)

∫∫
T

|
m,l∑

k,s=M2n

a
(n)
k,sWk(x)Ws(y)| < 4−2n−1,

(2.16) max√
2M2n≤R2<

√
2M2n+1

∫∫
T

|
∑

√
2M2n≤k2+s2≤R2

a
(n)
k,sWk(x)Ws(y)| < 4−2n−1,

∫∫
T

|Q(1)
n |dxdy < max

m,l∈[M2n−1,M2n)

∫∫
T

|
m,l∑

k,s=M2n−1

δ
(n)
k,sa

(n)
k,sWk(x)Ws(y)|dxdy <

(2.17) < 3

∫∫
T

|fn(x, y)| dx dy,

(2.18)

max
M2n−1≤ R√

2
R≤M2n

∫∫
T

|
∑

√
2M2n−1≤k2+s2≤R2

δ
(n)
k,sa

(n)
k,sWk()Ws()| < 3

∫∫
T

|fn|dxdy.

Èç (2.13) è (2.15) ñëåäóåò

(2.19)

∞∑
n=1

2∑
j=1

∫∫
T

∣∣∣H(j)
n (x, y)

∣∣∣ dxdy
 <

∞∑
n=1

< 2−n.

Îïðåäåëèì ôóíêöèþ U(x, y) è ïîñëåäîâàòåëüíîñòü ÷èñåë {ak,s} ñëåäóþùèì îá-

ðàçîì

(2.20) U(x, y) = H0(x, y) +

∞∑
n=1

(
H(1)
n (x, y) +H(2)

n (x, y)
)

=

∞∑
k,s=0

ak,sWk(x)Ws(y),

ãäå

(2.21) H0(x, y) =

2m0 −1∑
k,s=0

Wk(x)Ws(y),

(2.22) ak,s = 1, k, s ∈ [0, 2m0 ), ak,s = a
(n)
k,s , k, s ∈ [M2n−1,M2n+1), n = 1, 2, ...

Îòñþäà è èç (2.2), (2.12), (2.13), (2.15) âûòåêàåò, ÷òî U ∈ L1(T ), è U(x, y) =

0, (x, y) ∈ [2−m0 , 1]2 ⊂ [ε, 1]2.
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Ó÷èòûâàÿ ñîîòíîøåíèÿ (2.13) - (2.16) è (2.19)- (2.22), ïîëó÷èì, ÷òî ðÿä
∞∑

k,s=0

ak,s

Wk(x)Ws(y) ñõîäèòñÿ ê U(x, y) ïî L1(T )− íîðìå êàê ïî ïðÿìîóãîëüíèêàì, òàê è

ïî ñôåðàì, è ñëåäâàòåëüíî

(2.23) ak,s = ck,s(U) =

∫ 1

0

U(x, y)Wk(x)Ws(y)dx ≥ 0).

Îòñþäà è èç (2.7), (2.8), (2.20) - (2.22) âûòåêàåò, ÷òî êîýôôèöèåíòû Ôóðüå-Óîëøà

ôóíêöèè U íà ñïåêòðå Λ(U) (ñì.(1.2) ) ïîëîæèòåëüíûå è ðàñïîëîæåíû â óáûâà-

þùåì ïîðÿäêå ïî âñåì íàïðàâëåíèÿì.

Ïîëîæèì

(2.24) δk,s = 1, k, s ∈ [0, 2m0 )∪ [M2n−1,M2n), δk,s = δ
(n)
k,s , k, s ∈ [M2n,M2n+1).

Ïîêàæåì, ÷òî ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû äâîéíîãî ðÿäà (ñì. (2.20)- (2.24) )

(2.25)

∞∑
k,s=0

δk,sck,s(U) Wk(x)Ws(y)

ïëîòíû âî âñåõ ïðîñòðàíñòâàõ Lp(T ) ∀p ∈ (0, 1) .

Ïóñòü p ∈ (0, 1), òîãäà äëÿ íåêòîðîãî n/ ∈ N, p ∈ (αn, βn) ∀n ≥ n/ è ïóñòü

f ∈ Lp(T ).

Ëåãêî âèäåòü, ÷òî ìîæíî âûáðàòü ïîäïîñëåäîâàòåëüíîñòü {fnk(x, y)}∞k=1 èç

ïîñëåäîâàòåëüíîñòè (2.1) òàêóþ, ÷òî

lim
k→∞

∫∫
T

|{f(x, y)−H0(x, y)− fnk(x, y)|pdxdy = 0, nk > n1 ≥ n5.

Îòñþäà è èç (1.3), (1.4), (2.4), (2.5), (2.11), (2.19) è (2.22) - (2.25) (ïðè N
k

=

M2nk+1 − 1 Rk =
√

2N
k
) áóäåì èìåòü∫∫

T

|SRk(x, y)− f(x, y)|p dxdy =

∫∫
T

∣∣∣SN
k,
N
k
(x, y)− f(x, y)

∣∣∣p dxdy =

=

∫∫
T

∣∣∣∣∣∣
N
k∑

k,s=0

δk,sck,s(U) Wk(x)Ws(y)− f(.)

∣∣∣∣∣∣
p

dxdy ≤
∫∫
T

|f(x, y)−H0(x, y)−fnk(x, y)|pdxdy ≤

≤
∫∫
T

∣∣∣∣∣∣fnk()−
nk∑
j=1

(
H

(1)
j (x, y) +Q

(2)
j (x, y)

)∣∣∣∣∣∣
p

dxdy ≤ 2−nk → 0 k →∞.

Òåîðåìà 1.1 äoêàçàíà.

Äîêàçàòåëüñòâî Òåîðåìû 1.2. Ïîëîæèì

(2.26) E =

∞⋂
m=1

Em, Hn(x, y) =
(
H(1)
n (x, y) +H(2)

n (x, y)
)
.
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ßñíî, ÷òî (ñì. (2.9)), |E| > 1− ε. Ïóñòü f(x, y) ïðîèçâîëüíàÿ ôóíêöèÿ èç L1(T ).

Íåòðóäíî âèäåòü, ÷òî ìîæíî âûáðàòü ïîäïîñëåäîâàòåëüíîñòü {fkn(x, y)}∞n=1 èç

(2.1) òàêóþ, ÷òî

(2.27) lim
N→∞

∫∫
T

∣∣∣∣∣f(x, y)−H0(x, y)−
N∑
n=1

fkn(x, y)

∣∣∣∣∣ dxdy = 0, k1 > n0,

(2.28)

∫∫
T

|fkn(x, y)| dxdy < 2−8n ∀n ≥ 2.

Ïðåäïîëîæèì, ÷òî óæå îïðåäåëåíû ÷èñëà k1 = ν1 < ... < νq−1 ôóíêöèè fν1(x, y),

..., fνq−1
(x, y), g0(x, y), g1(x, y), ..., gq−1(x) è ïîëèíîìû

(2.29) Q(1)
νn (x, y) =

M2νn−1∑
k=M2νn−1

δ
(νn)
k akWk(x)Ws(y) , 1 ≤ n ≤ q − 1,

äëÿ âñåõ l ∈ [1, q − 1] óäîâëåòâîðÿþùèå óñëîâèÿì:

gl(x, y) = fkl(x, y), (x, y) ∈ E,∫∫
T

|gl(x, y)|dxdy < 2−(l+1),

(2.30)

∫∫
T

∣∣∣∣∣∣
l∑

j=1

gj()−
 νj−1∑
n=νj−1+1

Hn()+Q(1)
νj () +H(2)

νj ()

∣∣∣∣∣∣ dxdy < 2−2(l+1).

Íåòðóäíî âèäåòü, ÷òî ìîæíî âûáðàòü íàòóðàëüíîå ÷èñëî νq > νq−1 (ôóíêöèþ

fνq (x, y) èç ïîñëåäîâàòåëüíîñòè (2.1) ) òàêèì îáðàçîì, ÷òîáû∫∫
T

∣∣∣{fkq (x, y)−
∑q−1
j=1

[
gj()−

(∑νj−1
n=νj−1+1Hn(x, y)+Q

(1)
νj () +H

(2)
νj ()

)]}
−

−fνq (x, y)
∣∣ dxdy ≤ 2−3(q+3).(2.31)

Â ñèëó (2.28), (2.30) è (2.31) èìååì

(2.32)

∫∫
T

|fνq (x, y)|dxdy ≤ 2−2(q+1).

Ïîëîæèì

(2.33) gq(x, y) = fkq (x, y) + [Q(1)
νq (x, y)− fνq (x, y)].

Îòñþäà è èç (2.10) è (2.26) âûòåêàåò

(2.34) gq(x, y) = fkq (x, y) ∀(x, y) ∈ E ∀q ≥ 1.
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Ó÷èòûâàÿ ñîîòíîøåíèÿ (2.13), (2.15), (2.17) è (3.30)- (2.32) äëÿ âñåõ q ≥ 2 ïîëó-

÷èì∫∫
T

∣∣∣∣∣∣
q∑
j=1

gj(x, y)−

 νj−1∑
n=νj−1+1

Hn(x, y)+Q(1)
νj (x, y) +H(2)

νj (x, y)

∣∣∣∣∣∣ dxdy
 ≤

≤
∫∫
T

∣∣∣∣∣∣
fkq (x, y)−

q−1∑
j=1

gj()−
 νj−1∑
n=νj−1+1

Hn(x, y)+Q(1)
νj () +H(2)

νj ()

− fνq ()

∣∣∣∣∣∣ dxdy +

(2.35) +

∫∫
T

∣∣∣Q(1)
νq

∣∣∣ dxdy +

νq−1∑
n=νq−1+1

∫∫
T

|Hn()|+
∫∫
T

∣∣∣H(2)
νq ()

∣∣∣ dxdy < 2−2q−2.

Èç (2.28),(2.32) è (2.33) ñëåäóåò∫∫
T

|gq(x, y)|dxdy ≤
∫∫
T

|fkq (x)|dxdy+

(2.36) +

∫∫
T

|Q(1)
νq (x, y)|dxdy +

∫∫
T

|fνq (x, y)|dxdy ≤ 2−q−1.

ßñíî, ÷òî ïî èíäóêöèè îïðåäåëÿþòñÿ ïîñëåäîâàòåëüíîñòè ôóíêöèé {gq(x, y)}∞q=1

(g1(x, y) = fk1(x, y)) è ïîëèíîìîâ {Q(1)
νq (x, y}, óäîâëåòâîðÿþùèõ óñëîâèÿì (2.34)-

(2.36) äëÿ âñåõ q > 1. Èç (2.36) âûòåêàåò, ÷òî
∞∑
q=0

∫∫
T

|gq(x, y)|dxdy <∞.

Îïðåäåëèì ôóíêöèþ g(x, y) è ïîñëåäîâàòåëüíîñòü ÷èñåë {εk,s}∞k,s=0 ñëåäóþùèì

îáðàçîì

(2.37) g(x, y) = H0(x, y) +

∞∑
q=1

gq(x, y),

(2.38) εk,s = δ
(νq)
k,s , k ∈ [M2νq−1,M2νq ), εk,s = 1, k, s /∈ [M2νq−1,M2νq ), q = 1, 2, ..

Èç (2.27), (2.34) è (2.37)âûòåêàåò g ∈ L1(T ) , g(x, y) = f(x, y) ∀(x, y) ∈ E.
Â ñèëó (2.13) - (2.18), (2.22)-(2.24), (2.32) è (2.35) - (2.38) äëÿ âñåõ R ∈

[
√

2M2νq−1−1,
√

2M2νq+1−1) áóäåì èìåòü∫∫
T

∣∣∣∣∣∣
∑

k2+s2≤R2

εk,sck,s(U)Wk(x)Ws(y)− g(x, y)

∣∣∣∣∣∣ dxdy ≤
∞∑
j=q

∫∫
T

|gj(x, y)|dxdy

+

+

∫∫
T

∣∣∣∣∣∣
q−1∑
j=1

gj(x, y)−

 νj−1∑
n=νj−1+1

Hn(x, y)+Q(1)
νj () +H(2)

νj (x, y)

∣∣∣∣∣∣ dxdy+
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+2

νq−1∑
n=νq−1+1

max
m,l∈[M2n−1,M2n+1)

∫∫
T

|
m,l∑

k,s=M2n−1

a
(n)
k,sWk(x)Ws(y)|dxdy+

+ max√
2M2νq−1≤R<

√
2M2νq )

∫∫
T

|
∑

√
2M2νq−1≤k2+s2≤R2

δ
(νq)
k,s a

(νq)
k,s Wk()Ws()|dxdy < 2−q−1.

Îòñþäà ñëåäóåò

εk,sck,s(U) = ck,s(g)), k, s = 0, 1, 2, ...

Çíà÷èò, ðÿä Ôóðüå ôóíêöèè g(x, y) ïî äâîéíîé ñèñòåìå Óîëøà ñõîäèòñÿ â L1(T )

ïî ñôåðàì. Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ðÿä Ôóðüå ôóíêöèè g(x, y) ïî äâîéíîé

ñèñòåìå Óîëøà ñõîäèòñÿ â Lp(T ) ïî ïðÿìîóãîëüíèêàì.

Îáîçíà÷àÿ ÷åðåç βk,s = εk,sδk,s, k, s = 0, 1, 2, .. (ñì. (2.6),(2.23),(2.38) ) èìååì

δk,sck,s(U) = βk,sck,s(g), βk,s = ±1, k, s = 0, 1, 2, ...

Îòñþäà âûòåêàåò, ÷òî ñôåðè÷åñêèå ÷àñòè÷íûå ñóììû äâîéíîãî ðÿäà (ñì. (2.20)-

(2.25))
∞∑

k,s=0

βk,sck,s(g)Wk(x)Ws(y) =

∞∑
k,s=0

δk,sck,s(U) Wk(x)Ws(y)

ïëîòíû âî âñåõ ïðîñòðàíñòâàõ Lp(T ) ∀p ∈ (0, 1). Òåîðåìà 1.2 äîêàçàíà.

Abstract. In this paper we construct an integrable function of two variables for

which the double Fourier-Walsh series converges both by rectangles and by spheres.

Besides, we show that the coe�cients of the series on the spectrum are positive and are

arranged in decreasing order in all directions. Also, it is proved that after a suitable

choice of signs for the Fourier coe�cients of the series the spherical partial sums of

the obtained series are dense in Lp[0, 1]2, p ∈ (0, 1).

Ñïèñîê ëèòåðàòóðû

[1] C. Watari, �Mean convergence of Fourier- Walsh series�, Tohoku Math. J, 16, no. 2, 183 � 188
(1964).

[2] A. H. Kolmogorov, �Sur les fonctions harmoniques conjugeeset les series de Fourier�, FM, 7, 23
� 28 (1925).

[3] M. Grigoryan, �Functions, universal with respect to classical system�, Int. Conf. Harmonic
analysis and apprximatins VII, 16 - 22 September, 44 � 45, Armenia (2018).

[4] M. Grigoryan, A. Sargsyan, �On the structure of universal functions for classes Lp[0, 1]2, p ∈
(0, 1) with respect to the double Walsh system�, Banach Journal of Math. Analysis, 13, no. 3,
625 � 653 (2019).

Ïîñòóïèëà 6 ìàÿ 2019

Ïîñëå äîðàáîòêè 2 ñåíòÿáðÿ 2019

Ïðèíÿòà ê ïóáëèêàöèè 11 îêòÿáðÿ 2019

53


