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Abstract. It is known that for a wide class of discrete-time stationary processes
possessing spectral densities f, the variance o2 (f) of the best linear unbiased
estimator for the mean depends asymptotically only on the behavior of the spectral
density f near the origin, and behaves hyperbolically as n — oo. In this paper, we
obtain necessary as well as sufficient conditions for exponential rate of decrease of
a2 (f) as n — oo. In particular, we show that a necessary condition for o2 (f) to
decrease to zero exponentially is that the spectral density f vanishes on a set of
positive measure in any vicinity of zero, and if f vanishes only at the origin, then it
is impossible to obtain exponential decay of o2 (f), no mater how high the order of

the zero of f at the origin.
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1. INTRODUCTION

Consider the following, possibly complex-valued, stochastic model:
Y(t)=m+X(t), teZ=1{0,£1,£2,..},

where m is the constant unknown mean of Y (¢), and the noise X (¢) is assumed
to be a zero-mean, wide-sense stationary process with a spectral density function

f(A), A€ A :=[—m,x], and a covariance function r(t), t € Z, so that

T

(1.1) r(t) = E[X(t + 5)X(s)] = / e F(N)dA.

—T
In this paper we consider the problem of estimation of the unknown mean m for

this model by unbiased linear estimators m,, based on a random sample {Y (t),t =

*The research of M. S. Ginovyan was partially supported by National Science Foundation
Grant #DMS-1309009 at Boston University.
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0,1,...,n}:

(1.2) M= aY(k), Y =1,
k=0 k=0

where the condition ZZ:O cx = 1 is needed for unbiasedness of m,,. Of particular
interest is the best linear unbiased estimator (BLUE) m,, pru, that is, the estimator
of the form (1.2), where the weights cx, &k = 0,1,...,n, are chosen so that the
variance
(1.3) Var (M) = E|m, —m|* = Z cicrr(j — k)

§,k=0
is minimal under the condition Y, _, cx = 1.

We assume that the noise process X (¢) is non-degenerate, that is, E|X (t)]? =
r(0) = f:r f(A)dA > 0, which implies that the BLUE exists and is unique (see,
e.g., Adenstedt [1], or Grenander and Szegd [14], Sections 11.1). Also, under our
assumptions the BLUE m,, pru is a mean square consistent estimator for m, that
is, lim,, o0 E|fMy, pruy — m|? = 0 (see Grenander and Szegd [14], Sections 11.2).

Typically, calculation of m,, pru and its variance is difficult, because they involve
the inverse of covariance matrix, and hence adequate approximations are needed in
terms of more easily calculated estimators.

There is a substantial literature comparing the BLUE with other estimators,
especially the least squares estimator (LSE) m,, s = (n+1)71 > _, Y (see, e.g.,
Adenstedt [1], Adenstedt and Eisenberg [2], Beran [5], Beran and Kiinsch [6], Beran
et al. [7], Grenander [10]-[12], Grenander and Rosenblatt [13], Grenander and Szegd
[14], Samarov and Taqqu [18], Vitale [19], Yajima [20], and references therein).

We are concerned here with asymptotic behavior of the variance:
(1.4) o2(f) := Var (Mn.prLue, f) as n — oc.

To recall some known results in this direction, we first recall the definitions of
short memory, anti-persistent and long memory processes (see, e.g., Beran et al.
[7], Sections 1.3.1). We say that the process X (¢) displays short memory if the
covariance function 7(t) satisfies the condition: 0 <}, ., 7(t) < oo. In this case the
spectral density f(\) is bounded away from zero and infinity at frequency A = 0,
that is, 0 < f(0) < oo. The process X (t) is said to be anti-persistent if ), ., r(t) =
0. In this case the spectral density f(\) vanishes at frequency zero: f(0) = 0.
We say that the process X (t) displays long memory or long-range dependence if
> ez T(t) = oo. In this case the spectral density f()) has a pole at frequency zero,

that is, it is unbounded at the origin.
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The first result on asymptotic behavior of the variance o2 (f), defined by (1.4),
as n — 00, goes back to the classical works by Grenander (see [10]-[12], and [14],
Sections 11.1-11.3), who described the asymptotic behavior of o2(f) for short-
memory models. More precisely, he showed that, as n — oo, both m, prv and
My, s have asymptotic variance 27 f(0) /n as long as f(A) is positive and continuous.
Then Vitale [19] considered the case of anti-persistent models, when f(\) is continuous
and positive except at the origin, where f(\) = LA? (L > 0) as A — 0. He
showed that in this case 02(f) = 24nL/n® as n — oo, and the estimator (1.2)
with coefficients ¢, = 6k(n — k)/[n(n? — 1)] is asymptotically efficient, while 7, .5
is not. The asymptotic behavior of o2 (f) for long-memory models was studied by
Adenstedt [1]. Let

1 i 2 220[71 . >\ @ 1
(1.5) fa(/\):%|1—e)‘| = (sm2 2) , a>—§,
(1.6) gA) = hA) A = Ag]™ - A= A,
where r € N:={1,2,...}, A\;, A2, ..., A, are non-zero distinct constants in [—, 7],
«1,Qa, ..., q, are nonnegative constants, and 0 < C; < h(\) < Cy < 0o, with some

constants C7 and Cs.

In [1], it was shown that the variance Var (M, gru, f) depends asymptotically
only on the behavior of the spectral density f(\) near the origin A = 0, and among
others, was proved the following result: if the noise X (¢) has a spectral density of
the form f(A) = fo(A\)g(N) with fo(A) and g(A) as in (1.5) and (1.6), respectively,
then
—9a—1 I'(2a+1)g(0
o) et p B0
where B(p,q) =T'(p) -T'(¢)/T'(p+ ¢), and T'(p) is the gamma function.

2

Thus, the variance o

(f) of the best linear unbiased estimator for the mean
depends asymptotically only on the behavior of the spectral density f near the
origin, and for some classes of spectral densities satisfying the condition f(\) ~ \¥

(v > —1) as A — 0, the variance o2 (f) decreases hyperbolically, that is,
(1.7) o2(f)y~n""' as n— oo

In this paper we obtain necessary as well as sufficient conditions for exponential

rate of decrease of o, (f) as n — oo, that is, for fulfillment of the equality:

(1.8) on(f) =",
where 0 < 7 < 1 and {v,, n € N} is a sequence of positive numbers satisfying the

condition: lim, ... /7, = 1.
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Throughout the paper we will use the following notation.
By T we denote the unit circle |z|] = 1 in the complex plane C, that is, T =
{er, X € [-m,7]}. By 'y (0 < a < ) we denote the arc of the unit circle T
of length 2a with center at z = 1, that is, [, = {e?, |\| < 0,0 < a < 7}.
By T, we denote the arc of T of length 2(7 — «) with center at z = —1, that is,
I, ={e a<|\N<m0<a<nr} By W we denote the mapping W : A — T,
defined by formula W()\) = ¢**. By E; we denote the spectrum of process X (t),
that is, By = {e, f(\)) > 0}. By Q,, we denote the set of polynomials ¢, (2) =
coz" 412" e 124y, 2 € C of degree n € N with leading coefficient ¢y = 1.
For a fixed complex number z; € C, by Q,(z¢) we denote the set of polynomials
Gn(z), z € C of degree at most n, satisfying the condition ¢, (z9) = 1. In particular,
9,(1) ={gn(z) = coz" + 12" P+ cp1z+cn s gu(l) =30 ook =1}

The paper is structured as follows. In Section 2 we state the main results of the
paper - Theorems 2.1 and 2.2. Section 3 contains a number of preliminary results,
needed in the proofs of the main results. Section 4 is devoted to the proofs of

Theorems 2.1 and 2.2.

2. MAIN RESULTS

The main results of the present paper are the following theorems.

Theorem 2.1. If the spectrum E; = {e™*, f(\) > 0} of the process X (t) is an
arc of the unit circle or the unit circle itself, then the sequence { {/on(f), n € N}

converges to some limit T(Ey) < 1, that is,

(2.1) lim {/o,(f) =T7(Ey).

n— oo
Theorem 2.2. The following assertions hold:

(a) If the spectral density f()\) is positive almost everywhere in some vicinity

of zero, then

(2.2) lim Y/o,(f)=1.

n—roo
(b) If the spectral density f(\) vanishes almost everywhere for |\ < «, 0 <

a <, then 0,(f) decreases at least exponentially. More precisely, we have

(2.3) lim {o,(f) < cos <.

n—oo 2

As an immediate consequence of the assertion (a) of Theorem 2.2 we have the

following result.
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Corollary 2.1. A necessary condition for variance o2 (f) to decrease to zero exponentially

as n — oo is that the spectral density f()\) vanishes on a set of positive Lebesgue

measure in any vicinity of zero.

Remark 2.1. The relation (2.1) is equivalent to the equality (1.8), where 7 = 7(Ey)
and v, = 0, (f)/7". The quantity 7(Ey) is a metric characteristic of the spectrum
Ey, which we call the generalized Tchebychev constant of the set E (see Lemma
3.3 and Remark 3.3). Thus, Theorem 2.1 shows that the question of exponential
decay of 0,,(f) in fact does not depend on the form of f(\) and is determined solely
by the value of 7(Ey), while the factor v, in (1.8) is determined by the behavior of
spectral density f(A) on the spectrum Ey.

Remark 2.2. From the proof of Theorem 2.1, one conclude that the assertion of
the theorem remains valid also in the case where the spectrum E¢ consists of the

union of a finite number of arcs of the unit circle.

Remark 2.3. From the results mentioned in Introduction (see, e.g., (1.7)), it
follows that the higher the order of zero of spectral density f(A) at A = 0, the
higher the rate of decrease of o2 (f) to zero. Corollary 2.1 shows, in particular, that
if f(\) vanishes only at the origin, then it is impossible to obtain exponential decay

of 2 (f), no matter how high the order of the zero of f(\) at the origin.

Remark 2.4. For the considered estimation problem we have a complete similarity
with the problem of asymptotic behavior of the best linear prediction error variance
for stationary processes (see Babayan [3], [4] and Rosenblatt [17]). The only difference
is that in the prediction problem the asymptotic of prediction error variance is
determined by the behavior of spectral density f(\) on the entire interval [—m, 7]

but not only at the origin.

3. PRELIMINARIES

In this section we present a number of auxiliary results that will be used in the
proofs of Theorems 2.1 and 2.2. We first use Kolmogorov’s isometric isomorphism
between the time- and frequency-domains: X (t) <+ e*** to reformulate the problem
of finding BLUE in the frequency domain, and apply a result by Szegb to obtain
a convenient formula for variance o2 (f) = Var (M gru, f) in terms of orthogonal

polynomials on the unit circle with respect to spectral density f(A).
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Using (1.1)-(1.3) we can write

2

Var(in) = > carG-B= [ M)A

J,k=0
/77
-7

where ¢,,(2) = coz"+c12" '+ - -+cp_12+¢;,. Thus, the problem of finding 7, pru

n
§ cyew)\
v=0

sovir= [ " (€M RNA,

—T

i Cyei(nfl/))\

v=0

becomes to the solution of the following minimum problem:
(3.1) / lgn (€M PF(N)dA = min, ¢,(z) € Q,(1).
The polynomial p,(z) := p,(z, f) that solves the minimum problem (3.1) is called
the optimal polynomial for f(\). The optimal polynomial p,(z, f) exists, is unique
and can be expressed in terms of orthogonal polynomials ¢,(z), n € Z; :=
{0,1,2,...}, on the unit circle T with respect to f()).

The system of orthogonal polynomials {¢,(2) = pn(f;2), z = e, n € Z,} is

uniquely determined by the following conditions:

(1) @n(z) = kn(f)z™ + lower order terms
is a polynomial of degree n, in which the coefficient x,, = £, (f) is real
and positive;
(ii) for arbitrary nonnegative integers k and j

L[" — e _J 1, fork=j Y
[ amEin=s,={ ¢ il e

For a fixed zy € C, consider the Szegé kernel G,,(z, zo) defined by

Gn(2,20) = Gu(f,2,20) = > ¢r(2)r(20)-
k=0

The kernel G,,(z,z9) possesses the following extremal property (see Nikishin and

Sorokin [16], Section 3.6, and Grenander and Szegd [14], Section 2.2).

Lemma 3.1. Let the set of polynomials Q,,(zo) and the kernel G,,(z, zo) be as above.

The polynomial

Gn(Z»ZO)
n(2) = 7=
Pn(2) G (20, 20)
is the unique solution of the extremal problem:
win [ e 10 = [ pale NP 00N =
€9 (20) J_x o Gn(20,20)

33



N. M. BABAYAN, M. S. GINOVYAN

Applying Lemma 3.1 with zg = 1, we obtain that the optimal polynomial p,(z, f)

in finding M, pru is given by formula:

n

2. po(Dpu(2)

PSR CCR V="
Pz ) =G0 > Lo (1)[2

v=0

Thus, for variance o2 (f) we have

0 = i [l i = [ e P s
1 1
(52 S G

S en (D
v=0

Remark 3.1. From the obvious embedding 9, (1) C Q,41(1), it follows that the
sequence {o2(f), n € N} is non-increasing in n: o2, (f) < o2(f). Also, it follows

from (3.2) that o2 (f) is a non-decreasing functional of f(\):
(3.3) on(f) Son(g) when f(N) <g(h), AeA.

Indeed, by the definition of optimal polynomials p,(z, f) and p,(z, g), corresponding

to spectral densities f and g, respectively, we have

/ pue ) v < |

s

o2(f) pa(e, g)|” F(N)dA

IN

/ﬂ Ipa(e™,9)|” g(N)dA = 02 (g).

—T
The next lemma is an analog of the assertion on existence of Tchebychev polynomial

for the class Q,(1) (see Goluzin [9], Section 7.1).

Lemma 3.2. Let F be an arbitrary infinite bounded closed set in the complex
plane C, and let Q, (1) be the set of polynomials q,(z), z € C of degree at most n,
satisfying the condition q,(1) = 1. Then in the class Q, (1) there exists a polynomial
To(2) := Ty (z, F) with least mazimum modulus on F:

3.4 T,(z) = mi .
(3.4) max |T,,(2) qngé}f(l)‘}lea}('q”(z)‘

Proof. Denote

3.5 fin(F) = inf n(2)].
(35) ma(F) = if | maxign(2)]

Let for a fixed n € N, {g,, 1(2), k € N} be a sequence of polynomials from the class

Q,,(1), whose maxima of moduli on F' tend to m,(F') as k — co. We fix n+1 points
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21,22, ..., 2n+1 € F and represent the polynomials g, x(z) by the Lagrange formula

as follows:
n+1

QTL,k‘(Z) = Z

v=1

(z—2z)(z—22) (2= 20-1)(2 — 2v41) -~ (2 — Zny1)
(2o —21)(20 — 22) - (20 — 2v—1) (20 — Zog1) - (20 — Znp

) qn,k(zu)~

It follows from this representation that the polynomials ¢, (z) are uniformly in k
bounded in modulus on an arbitrary bounded closed set of C.

Hence, in view of known condensation principle (see Goluzin [9], Section 1.1),
the sequence {g, x(2), k¥ € N} contains a subsequence of polynomials that converges
uniformly on every bounded set of C. Also, together with the polynomials from
this subsequence, the sequence of their coefficients converges as well, and hence
the limiting function T}, (z) := T}, (z, F) is a polynomial from the class Q,(1), and

satisfies the condition (3.4), that is, we have

3.6 Tn(z,F)| = m,(F) = mi n(2)].
(3. max [T, (2, )| = i (F) = min e g (2)
Lemma 3.2 is proved. u

Remark 3.2. The polynomial fn(z, F) is an analog of the Tchebychev polynomial
T,(z, F), which has least maximum modulus on the set F' in the class Q,, and
hence, we call Tn(z, F) the Tchebychev polynomial for the set F with respect to the

point zg = 1, or simply the generalized Tchebychev polynomial.

The next lemma is an analog of the assertion on existence of Tchebychev constant
for an arbitrary bounded closed set F' of the complex plane C (see Goluzin [9],
Section 7.1).

Lemma 3.3. For any bounded closed set F' of the complex plane C, the sequence
{Tn(F) := ¥/m,(F), n € N}, where m,,(F) is as in (3.5), converges to some finite
limit 7(F), that is,
(3.7) 1Lm Vmn(F) =7(F) < oo.

Proof. Taking into account that the set F' is bounded, we have

(3.8) R:=Rp = max |z] < o0.

Next, observing that the polynomial ¢, (z) = 2™ belongs to the class Q, (1), in view
of (3.6) and (3.8), we conclude that the sequence {7,,(F), n € N} is bounded:

. T, = VYm < n nl = R.
(39) 70(F) = ¥/n(F) < yfmax 7] = R
Define

liminf7,,(F) =a and limsup7,(F) =",

n—00 n—00
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and observe that a < b. So, to complete the proof, we have to show that b < a. To
this end, for given € > 0 we choose ng € N so that 7,,(F') < a + €. Then on the set
F we have the following inequality

Too(2)] < (a+ )™, zEF.

Next, observe that for any ¢ € N and r € Z,, the polynomial s, (z) = 2" [T}, (2)]?
of degree n = ngq + r satisfies the conditions:
(3.10) sn(2) € Q,(1) and |s,(2)| < R"(a+¢e)", z€F.
Therefore, in view of (3.6) and (3.10), we have
o (F) < max 5 (2)] < ' (a-+ )"0
and
noa

(3.11) T(F) < Ru(a+e)™m .

Now let the subsequence {7, (F), n, € N} converge to b as v — co. We write the

inequality (3.11) for n, := ngq, + r, with 0 < r, < ng to obtain

noav

(3.12) T, (F) <R (a+e) .

Finally, letting v tend to infinity, from (3.12) we obtain b < a + e. Taking into

account arbitrariness of €, we conclude that b < a. O

Remark 3.3. 1. The quantity 7(F) is a metric characteristic of a closed set F,
similar to Tchebychev constant 7(F') (see Goluzin [9], Section 7.1). Hence, we call
T(F) the Tchebychev constant of the set F with respect to the point zy = 1, or
simply the generalized Tchebychev constant of F.

2. It follows from the relation (3.9) that 7(F) < Rp. In particular, for unit circle T

we have

(3.13) FHT) < 1.
3. The quantity 7(F) is a non-decreasing set function, that is, if F} C F», then
(3.14) HF) < 7(F).
Indeed, in view of (3.6) we have

M (F) = max T (2, Fy)| < max Tz, Fy)| < max T2, F)| = it (F3),
from which, after taking the root of order n and passing to the limit as n — oo,
we obtain (3.14). Also, from inequalities (3.13) and (3.14) it follows that for any
F C T, we have

(3.15) F(F) < 1.
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4. If the set F' contains the point z = 1, then we obviously have
(3.16) T(F) > 1,

and from inequalities (3.15) and (3.16) we infer that for any set F' C T, containing
the point z = 1, we have

T(F)=1.
In particular, for the unit circle T and for any its arc T, := {e?*, [|A\| < a, 0< a <

m} we have
(3.17) T(T)=7T,) =1

Notice that for unit circle T, the Tchebychev constant 7(T) is also equal to 1 (see
Goluzin [9], Section 7.1). Thus, we have 7(T) = 7(T) = 1.

In the proof of Theorem 2.1 will be used arguments similar to those applied in
Babayan [3], [4], to obtain the corresponding result concerning asymptotic behavior
of the best linear prediction error variance for stationary processes, where a key role

played the following result by S. Mazurkievicz (see, e.g., Geronimus [8], Mazurkievicz

[15]).

Lemma 3.4. For any € > 0 there is 6 = d(¢) > 0 depending only on €, such that
for any continuum T of diameter d and any of its closed subset F C T the following
inequality holds:
M, = n < (1 " n(2)],
mas lgn ()] < (1 + )" miae g, ()]

provided that u(T'\ F) < dd, where q,(z) is an arbitrary polynomial of degree n,

and p(e) stands for the linear measure of a set e.

4. PROOF OF THEOREMS 2.1 AND 2.2

Proof of Theorem 2.1. In view of the definition of optimal polynomial p,(z, f), and
formulas (3.2) and (3.6), we can write

2= [ e e < [T BRI

—Tr
T

< mn(Br)- [ f)dA
Hence, by Lemma 3.3 and (3.15), we get i
(4.1) mn:,up Voo (f) <F(Ef) < 1.
Now we proceed to prove thne ijloequality:
(4.2) liminf {/0,(f) > 7(Ef).

n—oo
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To this end, we first consider a sequence of subsets {e,,n € N} of E;, defined by

the relation:

(43) n = { € Byt pu(es 1)) > o) -mn<Ef>} ,

and by 1y denote a measure on the unit circle defined as follows:
1se) = / FOVdA, e c By,
W=1(e)

where W=1(e) = {A € A : e € e}. Tt is clear that

limsup §/pf(en) < 1.

n—oo

Next, for a given sufficiently small number p, 0 < p < 1, the set of natural numbers

N we write in the form N = J; U .J5, where

Ji = Jilp)={neN:pus(e,) > (1

> (1-p)"},
Jo = Jo(p) ={n €N:pgen) < (1

p)"}.

It is clear that at least one of the sets J; and J5 is infinite. Without loss of generality,

we can assume that both J; and Js are infinite sets.

For n € J;, we have
onl(f) = / Pz, f)Pdpy > / (2, F)1Pdpy > on(f)mn(Ef)ps(en),
Ef €n

implying that

(44)  liminf {/o, () > lim {/i,(Ey) - lminf {/us(eq) > 7(E)(1 - p).

n—r oo n— oo

For n € J5, we have

(4.5) lim ps(e,) =0.

n—oo
Since the spectral density f()) is positive on
Wﬁl(Ef) = {/\ S e”‘ S Ef},
the measure y is absolutely continuous with respect measure p . Taking into account

that the measure p is also finite, in view of (4.5), we conclude that

(4.6) le ulen) =0, ne€Js.
For n € J; define the sets E,, = Ef\e, and observe that in view of (4.3), for z € E,,
we have
(4.7) P (2, )l < \fon(f) - mn(Ey).
Let € > 0 be an arbitrary number satisfying
(4.8) 1 >1
' (1+¢)2 7~ P
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and let § :== 0(Ey,¢) be chosen according to Lemma 3.4. Then, in view of (4.6), for

large enough n € Jy, we have
W(EN\En) = plen) < 8(Ey,2).
Therefore, in view of (4.7) and Lemma 3.4, we can write

M (Ey) = max IT(=, Byl < < max Pn (2 f)

< (1+e)" max |p, (2, )l < L+ )" /ou(f) - mn(Ep), n €y,

implying that

my(E
on(f) = (11(8;;21 ne Jp.
Therefore, letting n tend to infinity, and taking into account the inequality (4.8),
we obtain
(4.9) liminf {/o T(Ef)(1 = p).

n—o0
Putting together (4.4) and (4.9), and taking into account arbitrariness of p, we
obtain (4.2).

A combination of (4.1) and (4.2) implies (2.1), and thus completes the proof of
the theorem. O

Proof of Theorem 2.2. Both assertions (a) and (b) of the theorem we infer from
Theorem 2.1. To prove the assertion (a), observe first that since the spectral density
f(A) is positive almost everywhere in some vicinity of zero, one can assume that
E; D T, for some 0 < a < 7, where ', = {e*, |\| < a}. Denoting by f,()\) the
contraction of f()\) on the set W~1(T,,):

(4.10) fa(N) ={ (J)I(A) iﬁ Ii}ii

and taking into account the obvious inequality f(\) > fo()) and (3.3), we conclude
that o, (f) > on(fa)- Hence, in view of Theorem 2.1 and equality (3.17), we obtain

(4.11) liminf /o, (f) > hm on(fo) =7T(Ty) = 1.

n—oQ
Combining the relations (4.1) and (4.11) we obtain (2.2), and the assertion (a) of
the theorem follows.
Now we proceed to prove the assertion (b) of the theorem. In this case, without

loss of generality, we can assume that

By =T, ={e™, a <[\ <},
39



N. M. BABAYAN, M. S. GINOVYAN

and hence, the equality (2.1) is fulfilled. So, to complete the proof, it remains to
show that

(4.12) FEy) = F(I,) < cos =

2

To prove (4.12), consider the following polynomial of degree n:

n(z) = [zglr

and observe that

gn(2) € Qu(1) and |qn(ei’\)|=<cos;\>n.

Next, according to the definition of minimizing polynomial fn(z), with E; = T,

we have

~ -~ . o n
in(Ep) = max [T (2, By)| < max lan(2)] = max aa ()] = (cos 5 )

Taking the root of order n and passing to the limit as n — oo, we obtain (4.12).
Finally, from (2.1) and (4.12) we obtain (2.3), and the assertion (b) of the theorem
follows. O
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