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Abstract. The main purpose of the present paper is to investigate a number of
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which are de�ned here by means of a newly de�ned q-linear di�erential operator.
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1. Introduction

Quantum calculus (q-calculus) is simply the study of classical calculus without

the notion of limits. The study of q-calculus attracted the researcher due to its

applications in various branches of mathematics and physics (see [6, 7]). Jackson

[11, 12] was the �rst who gave some applications of the q-calculus and introduced the

q-analogues of the derivative and integral. Later on, Aral and Gupta [5] � [7] de�ned

the q-Baskakov-Durrmeyer operator by using the q-beta function, while Aral [4] and

Anastassiu and Gal [8, 9] have discussed the q-generalizations of complex operators

known as q-Picard and q-Gauss-Weierstrass singular integral operators. Recently,

Kanas and R�aducanu [13] de�ned a q-analogue of the Ruscheweyh di�erential

operator by using the concept of convolution and then studied some of its properties.

For more applications of this operator we refer the reader to the paper by Aldweby

and Darus [3].

The aim of the present paper is to study some properties of a new family

of starlike functions associated with a circular domain involving a q-di�erential

operator.

Let A denote the family of all normalized analytic functions f in the open unit

disc D = {z ∈ C : |z| < 1} obeying the normalization:

(1.1) f(z) = z +

∞∑
k=2

akz
k, z ∈ D.
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Also, let S∗ (α) and K (α) denote the well-known families of starlike and convex

functions of order α (0 ≤ α < 1), respectively. For two functions f and g that are

analytic in D and have the form (1.1), we de�ne their convolution by

f(z) ∗ g(z) = z +

∞∑
k=2

akbkz
k, z ∈ D.

For 0 < q < 1, the q-derivative of a function f is de�ned by

(1.2) ∂qf(z) =
f (qz)− f(z)

z (q − 1)
, z 6= 0.

If f(0) = 0, then ∂qf(z) is well de�ned also at z = 0. It can easily be seen that for

n ∈ N = {1, 2, 3, . . .} and z ∈ D we have

(1.3) ∂q

{ ∞∑
n=1

anz
n

}
=

∞∑
n=1

[n, q] anz
n−1,

where

[n, q] =
1− qn

1− q
= 1 +

n−1∑
l=1

ql, [0, q] = 0.

For any non-negative integer n the q-number shift factorial is de�ned by

[n, q]! =

{
1, n = 0,
[1, q] [2, q] [3, q] · · · [n, q] , n ∈ N.

Also, the q-generalized Pochhammer symbol for x > 0 is given by

[x, q]n =

{
1, n = 0,
[x, q][x+ 1, q] · · · [x+ n− 1, q], n ∈ N,

and for x > 0, let the q-gamma function be de�ned as

Γq (x+ 1) = [x, q] Γq (t) and Γq (1) = 1.

We now de�ne the function:

(1.4) Φ (q, µ+ 1; z) = z +

∞∑
n=2

∧n zn, µ > −1, z ∈ D,

with

∧n =
[µ+ 1, q]n+1

[n+ 1, q]!
.

Using the function Φ (q, µ; z) and the de�nition of q-derivative, Kanas and R�aducanu

[13] de�ned the di�erential operator Lµq : A→ A by

(1.5) Lµq f (z) = Φ (q, µ; z) ∗ f(z) = z +

∞∑
n=2

∧n anzn, µ > −1, z ∈ D.

We note that L0
qf(z) = f(z), L1

qf(z) = z∂qf(z), and

Lmq f(z) =
z∂mq

(
zm−1f(z)

)
[m, q]!

, m ∈ N.

Note that when q → 1−, the q-di�erential operator de�ned in (1.5) reduces to the

familiar di�erential operator introduced in [17].
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From (1.5) , one can easily obtain the following identity

(1.6) [µ+ 1, q]Lµ+1
q f (z) = [µ, q]Lµq f (z) + qµz∂q

(
Lµq f (z)

)
.

For more details on the q-analogue of di�erential operators we refer to the papers

[1, 2, 15].

Motivated from the works [10, 18], we now de�ne a subfamily S∗q (µ,A,B) of A

by using the operator Lµq as follows.

De�nition 1.1. Let −1 ≤ B < A ≤ 1, µ > −1 and 0 < q < 1. We say that a

function f ∈ A is of the class S∗q (µ,A,B) if it satis�es the condition:

(1.7)
z∂qL

µ
q f (z)

L
µ
q f (z)

≺ 1 +Az

1 +Bz
,

where the symbol "≺"stands for the familiar subordination.

Equivalently, a function f ∈ A is of the class S∗q (µ,A,B) if and only if

(1.8)

∣∣∣∣∣∣
z∂qL

µ
q f(z)

L
µ
q f(z)

− 1

A−B z∂qL
µ
q f(z)

L
µ
q f(z)

∣∣∣∣∣∣ < 1, z ∈ D.

Lemma 1.2 ([16]). Let a function h(z) be analytic in D with series representation:

h(z) = 1 +

∞∑
n=1

dnz
n,

and let a function k(z) be analytic and convex univalent in D with series representation:

k(z) = 1 +

∞∑
n=1

knz
n.

If h(z) ≺ k(z), then |dn| ≤ |k1| , for n ∈ N := {1, 2, . . .}.

Lemma 1.3 ([14]). Let −1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1. Then

1 +A1z

1 +B1z
≺ 1 +A2z

1 +B2z
.

2. The main results

Theorem 2.1. Let f ∈ A be a function of the form (1.1) . Then f ∈ S∗q (µ,A,B) if

and only if the following inequality holds:

(2.1)

n∑
n=1

∧n ([n, q] (1−B)− (1−A)) |an| ≤ (A−B) .

Proof. We �rst assume that the inequality (2.1) holds. To show that f ∈
S∗q (µ,A,B) , we only need to prove the inequality (1.8). To this end, we �rst use
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(1.5), and then (1.2) and (1.3) , to obtain∣∣∣∣∣∣
z∂qL

µ
q f(z)

L
µ
q f(z)

− 1

A−B z∂qL
µ
q f(z)

L
µ
q f(z)

∣∣∣∣∣∣ =

∣∣∣∣ z∂qL
µ
q f (z)− Lµq f (z)

ALµq f (z)−Bz∂qLµq f (z)

∣∣∣∣
=

∣∣∣∣ z +
∑∞
n=2 ∧nan [n, q] zn − (z +

∑∞
n=2 ∧nanzn)

A (z +
∑∞
n=2 ∧nanzn)−B (z +

∑∞
n=2 ∧nan [n, q] zn)

∣∣∣∣
=

∣∣∣∣ ∑∞
n=2 ∧nan ([n, q]− 1) zn

(A−B) z +
∑∞
n=2 ∧nan (A−B [n, q]) zn

∣∣∣∣
≤

∑∞
n=2 ∧n |an| ([n, q]− 1) |z|n

(A−B) |z| −
∑∞
n=2 ∧n |an| (A−B [n, q]) |z|n

≤
∑∞
n=2 ∧n |an| ([n, q]− 1)

(A−B)−
∑∞
n=2 ∧n |an| (A−B [n, q])

< 1.

This completes the direct part of the proof.

Conversely, let f ∈ S∗q (µ,A,B) be of the form (1.1) . Then from (1.8) along with

(1.5), we have for z ∈ D,∣∣∣∣∣∣
z∂qL

µ
q f(z)

L
µ
q f(z)

− 1

A−B z∂qL
µ
q f(z)

L
µ
q f(z)

∣∣∣∣∣∣ =

∣∣∣∣ ∑∞
n=2 ∧nan ([n, q]− 1) zn

(A−B) z −
∑∞
n=2 ∧nan (A−B [n, q]) zn

∣∣∣∣ < 1.

Since |Rez| ≤ |z|, we have

(2.2) Re

{ ∑∞
n=2 ∧nan ([n, q]− 1) zn

(A−B) z −
∑∞
n=2 ∧nan (A−B [n, q]) zn

}
< 1.

Now choose the values of z on the real axis so that
z∂qL

µ
q f(z)

L
µ
q f(z)

is real. Upon clearing

the denominator in (2.2) and letting z → 1− through real values, we obtain (2.1). �

Theorem 2.2. Let a function f ∈ S∗q (µ,A,B) be of the form (1.1) . Then the

following inequalities hold:

|a2| ≤
A−B

([2, q]− 1)∧2
,

|a3| ≤
A−B

([3, q]− 1)∧3

(
1 +

A−B
([2, q]− 1)

)
,

|a4| ≤
A−B

([4, q]− 1)∧4

(
1 +

A−B
([2, q]− 1)

+
A−B

([3, q]− 1)

)
.

Proof. If f ∈ S∗q (µ,A,B) , then we have

z∂qL
µ
q f (z)

L
µ
q f (z)

≺ 1 +Az

1 +Bz
.

Let

(2.3) h(z) =
z∂qL

µ
q f (z)

L
µ
q f (z)

,
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and be of the form:

h(z) = 1 +

∞∑
n=1

dnz
n.

Since

h(z) ≺ 1 +Az

1 +Bz
= 1 + (A−B)z + · · · ,

then by Lemma 1.2 we get

(2.4) |dn| ≤ A−B.

Now substituting the series forms of h(z) and f(z) into (2.3), and then simplifying

and comparing the coe�cients of zn on both sides, we get

∧n ([n, q]− 1) an = ∧n−1an−1d1 + ∧n−2an−2d2 + · · ·+ ∧1a1dn−1.

Taking absolute value on both sides and then using (2.4) , we obtain

∧n ([n, q]− 1) |an| ≤ (A−B)

n−1∑
k=1

∧k |ak| ,

implying that

|an| ≤
(A−B)

([n, q]− 1)∧n

n−1∑
k=1

∧k |ak| .

Now taking n = 2, 3, 4 and using that |a1| = 1 we get the desired result. �

Theorem 2.3. Let a function f ∈ S∗q (µ,A,B) be of the form (1.1) . Then for

|z| = r the following inequalities hold:

r − (A−B)[2,q]!
[µ+1,q]2([2,q](1−B)−(1−A)) ≤ |f(z)| ≤ r + (A−B)[2,q]!

[µ+1,q]2([2,q](1−B)−(1−A)) .

Proof. We have

|f(z)| =

∣∣∣∣∣z +

∞∑
n=2

an z
n

∣∣∣∣∣ ≤ |z|+
∞∑
n=2

|an| |z|n = r +

∞∑
n=2

|an| rn.

Since |z| = r < 1, we have rn < r < 1 and

(2.5) |f(z)| ≤ r +

∞∑
n=2

|an| .

Similarly, we get

(2.6) |f(z)| ≥ r −
∞∑
n=2

|an| .

Since f ∈ S∗q (µ,A,B), by (2.1) we get

∞∑
n=2

[µ+1,q]n+1

[n+1,q]! ([n, q] (1−B)− (1−A)) |an| ≤ A−B.
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On the other hand, we have

[µ+1,q]2
[2,q]! ([n, q] (1−B)− (1−A))

∞∑
n=2
|an|

≤
∞∑
n=2

[µ+1,q]n+1

[n+1,q]! ([n, q] (1−B)− (1−A)) |an| .

Hence
[µ+1,q]2

[2,q]! ([n, q] (1−B)− (1−A))
∞∑
n=2
|an| ≤ A−B,

implying that
∞∑
n=2
|an| ≤ (A−B)[2,q]!

([n,q](1−B)−(1−A))[µ+1,q]2
.

Finally, combining this inequality with (2.5) and (2.6) , we get the required result. �

Theorem 2.4. Let a function f ∈ S∗q (µ,A,B) be of the form (1.1) . Then for

|z| = r the following inequalities hold:

(A−B) [2, q]!

([n, q] (1−B) + (1−A))
r ≤

∣∣∂mq f(z)
∣∣ ≤ (A−B) [2, q]!

([n, q] (1−B)− (1−A))
r.

Proof. By the virtue of (1.2) and (1.3) , we can write

∂mq f(z) =

∞∑
n=2

[n, q]manz
n−m.

Since |z| = r < 1, we have rn−m ≤ r for m < n, and hence

(2.7)
∣∣∂mq f(z)

∣∣ ≤ r ∞∑
n=2

[n, q]m |an| .

Similarly, we get

(2.8)
∣∣∂mq f(z)

∣∣ ≥ −r ∞∑
n=2

[n, q]m |an| .

Now, using (2.1) and the following inequality

([2,q](1−B)−(1−A))
[2,q]!

∞∑
n=2

[µ+ 1, q]n+1 |an|

≤
∞∑
n=2

[µ+1,q]n+1

[n+1,q]! ([2, q] (1−B)− (1−A)) |an| ,

we obtain
∞∑
n=2

[µ+ 1, q]n+1 |an| ≤
(A−B) [2, q]!

([2, q] (1−B)− (1−A))
.

On the other hand, we have
∞∑
n=2

[n, q]m |an| ≤
∞∑
n=1

[µ+ 1, q]n+1 |an| ,

implying that
∞∑
n=2

[n, q]m |an| ≤
(A−B) [2, q]!

([2, q] (1−B)− (1−A))
.
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Finally, combining this inequality with (2.7) and (2.8) , we obtain the required

result. �

Theorem 2.5. Let f ∈ S∗q (µ,A,B) . Then f ∈ S∗ (α) for |z| < r1, where

r1 =

(
(1− α) [µ+ 1, q]n ([n, q] (1−B)− (1−A))

(n− α) (A−B) [n, q]!

) 1
n−1

.

Proof. Let f ∈ S∗q (µ,A,B). To prove that f ∈ S∗ (α) , we only need to show

that ∣∣∣∣∣∣
zf ′(z)
f(z) − 1

zf ′(z)
f(z) + 1− 2α

∣∣∣∣∣∣ < 1.

Using (1.1) along with some simple computation, we get

(2.9)

∞∑
n=2

(
n− α
1− α

)
|an| |z|n−1

< 1.

Since f ∈ S∗q (µ,A,B), from (2.1) , we can easily obtain that

∞∑
n=2

[µ+1,q]n
[n,q]!

(
[n,q](1−B)−(1−A)

A−B

)
|an| < 1.

Now the inequality (2.9) will be satis�ed if the following holds:
∞∑
n=2

(
n− α
1− α

)
|an| |z|n−1

<

∞∑
n=2

[µ+ 1, q]n
[n, q]!

(
[n, q] (1−B)− (1−A)

A−B

)
|an| ,

which implies that

|z|n−1
<

(1− α) ([n, q] (1−B)− (1− α)) [µ+ 1, q]n
(n− α) (A−B) [n, q]!

.

Therefore

|z| <
(

(1− α) ([n, q] (1−B)− (1−A)) [µ+ 1, q]n
(n− α) (A−B) [n, q]!

) 1
n−1

= r1,

and the result follows. �

Theorem 2.6. Let f ∈ S∗q (µ,A,B). Then f ∈ C (α) for |z| < r2, where

r2 =

(
(1− α) ([n, q] (1−B)− (1−A)) [µ+ 1, q]n

n (n− α) (A−B) [n, q]!

) 1
n−1

.

Proof. We know that f ∈ C (α) if and only if∣∣∣∣∣∣∣
(zf ′(z))

′

f ′(z) − 1

(zf ′(z))′

f ′(z) + 1− 2α

∣∣∣∣∣∣∣ < 1.

Using (1.1) and some simpli�cation, we get

(2.10)

∞∑
n=2

(
n (n− α)

1− α

)
|an| |z|n−1

< 1.
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Next, from (2.1) we can easily obtain
∞∑
n=2

[µ+1,q]n
[n,q]!

(
([n,q](1−B)−(1−A))

A−B

)
|an| < 1.

For inequality (2.10) to be true it will be enough to have
∞∑
n=2

(
n (n− α)

1− α

)
|an| |z|n−1

<

∞∑
n=2

[µ+ 1, q]n
[n, q]!

(
([n, q] (1−B)− (1−A))

A−B

)
|an| .

This gives

|z|n−1
<

(
(1− α) ([n, q] (1−B)− (1−A)) [µ+ 1, q]n

n (n− α) (A−B) [n, q]!

)
,

and hence

|z| <
(

(1− α) ([n, q] (1−B)− (1−A)) [µ+ 1, q]n
n (n− α) (A−B) [n, q]!

) 1
n−1

= r2,

and the result follows. �

Theorem 2.7. Let −1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1, and let Lµq f(z) 6= 0 in D and

satisfy

(2.11)
1

qµ

(
[µ+ 1, q]Lµ+1

q f(z)

L
µ
q f(z)

− [µ, q]

)
≺ 1 +A1z

1 +B1z
.

Then f ∈ S∗q (µ,A2, B2) .

Proof. Since Lµq f(z) 6= 0 in D, we can de�ne the function p(z) by

z∂qL
µ
q f (z)

L
µ
q f (z)

= p(z) (z ∈ D).

In view of identity (1.6), we easily obtain

1

qµ

(
[µ+ 1, q]Lµ+1

q f(z)

L
µ
q f(z)

− [µ, q]

)
= p(z).

Therefore, using (2.11), we get

z∂qL
µ
q f (z)

L
µ
q f (z)

= p(z) ≺ 1 +A1z

1 +B1z
.

Applying Lemma 1.3, we conclude that f ∈ S∗q (µ,A2, B2) . �
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