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Abstract. The main purpose of the present paper is to investigate a number of
useful properties such as sufficiency criteria, distortion bounds, coefficient estimates,
radius of starlikness and radius of convexity for a new subclass of analytic functions,

which are defined here by means of a newly defined g-linear differential operator.
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1. INTRODUCTION

Quantum calculus (g-calculus) is simply the study of classical calculus without
the notion of limits. The study of g-calculus attracted the researcher due to its
applications in various branches of mathematics and physics (see [6, 7]). Jackson
[11, 12] was the first who gave some applications of the g-calculus and introduced the
g-analogues of the derivative and integral. Later on, Aral and Gupta [5] — [7] defined
the ¢g-Baskakov-Durrmeyer operator by using the g-beta function, while Aral [4] and
Anastassiu and Gal [8, 9] have discussed the g-generalizations of complex operators
known as g-Picard and ¢-Gauss-Weierstrass singular integral operators. Recently,
Kanas and Ré#ducanu [13] defined a g-analogue of the Ruscheweyh differential
operator by using the concept of convolution and then studied some of its properties.
For more applications of this operator we refer the reader to the paper by Aldweby
and Darus [3].

The aim of the present paper is to study some properties of a new family
of starlike functions associated with a circular domain involving a g¢-differential
operator.

Let 2 denote the family of all normalized analytic functions f in the open unit

disc D = {z € C: |z| < 1} obeying the normalization:

(1.1) f(z):z—l—iakzk, z € D.
k=2
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Also, let 8* (a)) and X («) denote the well-known families of starlike and convex
functions of order o (0 < v < 1), respectively. For two functions f and g that are

analytic in D and have the form (1.1), we define their convolution by

f(z)xg(z) =2+ Zakbkzk, z € D.

k=2
For 0 < g < 1, the g-derivative of a function f is defined by
flaz) — f(2)

1.2 0, f(z) = LT IE) .
(12) ) = L =L 2 p
If £(0) =0, then 9,f(#) is well defined also at z = 0. It can easily be seen that for
neN=1{1,2,3,...} and z € D we have

(1.3) dy {Z anz”} => [nqan""",

n=1

where
n n—1

1_
l_qq =1+ ¢, [0,q=0.
=1

For any non-negative integer n the g-number shift factorial is defined by
mar={ 220
’ [1,4][2,4]3,4] - [n,q], n€N.
Also, the g-generalized Pochhammer symbol for x > 0 is given by
e q]n:{ 1, n=0,
’ [z,q][x+1,q]---[x+n—1,¢], n €N,

and for x > 0, let the g-gamma function be defined as

[TL, q] =

Fy(x+1)=[z,qT,(t) and Ty (1) = 1.

We now define the function:

(1.4) (qputliz)=z+» Apz" p>-1, z€D,
n=2
with
_ [:U/+ 17q]n+1
" n41,q)!

Using the function @ (g, p; z) and the definition of ¢g-derivative, Kanas and Raducanu
[13] defined the differential operator L4 : 21 — %A by

(1.5) Lhf(2) =@ (q,p52) % f(2) = 2+ Z/\n a2, u>—1, z € D.
n=2

We note that £0f(z) = f(z), £;f(z) = 20,f(2), and

20" (szlf(z))
[m, q]!
Note that when ¢ — 17, the ¢-differential operator defined in (1.5) reduces to the

LI f(z) = , meN.

familiar differential operator introduced in [17].
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From (1.5), one can easily obtain the following identity
(1.6) [1+1,qlL5 7 f (2) = [, a1 84 f (2) + ¢"20, (L4 F () -
For more details on the g-analogue of differential operators we refer to the papers
[1, 2, 15].
Motivated from the works [10, 18], we now define a subfamily 8} (u, A, B) of A

by using the operator £} as follows.

Definition 1.1. Let -1 < B < A< 1, u> —1and 0 < ¢ < 1. We say that a
function f € %A is of the class 8} (1, 4, B) if it satisfies the condition:
20,LH f (2) - 1+ Az

Lhf(2) 1+ Bz’

where the symbol "<"stands for the familiar subordination.

(1.7)

Equivalently, a function f € 24 is of the class 8} (11, A, B) if and only if

zaqu;f(z)
L4 f(2)

(18) A pouLhi)
e

-1
<1, ze€D.

Lemma 1.2 ([16]). Let a function h(z) be analytic in D with series representation.:
h(z) =1+ i dnz",
n=1
and let a function k(z) be analytic and convex univalent in D with series representation:
k(z) =1+ i knz".
n=1
If h(z) < k(z), then |d,| < |k1|, for n e N:={1,2,...}.

Lemma 1.3 ([14]). Let —1 < By < By < A; < Ay < 1. Then

1+A12’ 1+AQZ
1+ Biz 1+ Bz’

2. THE MAIN RESULTS
Theorem 2.1. Let f € A be a function of the form (1.1). Then f € 8} (i, A, B) if
and only if the following inequality holds:

(2.1) Y An(lngl(1=B) = (1= A))as| < (A~ B).

Proof. We first assume that the inequality (2.1) holds. To show that f €

8y (1, A, B), we only need to prove the inequality (1.8). To this end, we first use
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(1.5), and then (1.2) and (1.3), to obtain

zaquz‘f(z)

O _ 20,84 f (2) — L4 (2)
A Baﬁ%(()) ALEF (2) — B20,L4 f (2)

24 3ot Ml [0,q) 2" — (24 3007 5 Anan2")
A(z+ 30 5 Aanz") — B(z+ >0 5 Anan [n,q] 2")
> neo Antn ([, g] — 1) 2"
(A=B)z+ 30", Anan (A— Bln,q]) 2"

3 S Al (g~ 1) 2"
T (A= Bzl = X0l Anlan] (A= Bln,q]) |2
) 2 Al (fn.g] ~ 1)
T (A-B)-33 s Anlan| (A= Bln,q])
This completes the direct part of the proof.
Conversely, let f € 87 (11, A, B) be of the form (1.1) . Then from (1.8) along with
(1.5), we have for z € D,
z Hf(z
“ppe 1| > S Y ES

A= | T [(A=B)z = 37, Avaa (A= Bln.q]) ="

<1.

<1.

Since |Rez| < |z|, we have

Z?:Q AnGnp ([na Q] - 1) z"
22 e { (A= B)z - >y Antn (A~ Blnyq) } <!

N
Now choose the values of z on the real axis so that %f“(fzaz) is real. Upon clearing
q

the denominator in (2.2) and letting z — 1~ through real values, we obtain (2.1). O

Theorem 2.2. Let a function f € Sy (u, A, B) be of the form (1.1). Then the

following inequalities hold:

o] < —A=B
([27Q]_1)/\2

las] < A—B(HA—B),

] < A‘B<1+ A-B | _A-B )
([47 C]] - 1) Ny ([Q,Q] - 1) ([SvQ] - 1)

Proof. If f € 8; (u, A, B) , then we have

20,08 f (2) - 14+ Az
LLf(2) 1+ Bz’

Let
20,00 f (2)

Lof(z)
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and be of the form:

h(z) =1+ i dpz"
Since "
h(z) < iigz =1+ (A—B)z+---,
then by Lemma 1.2 we get
(2.4) |dn| < A— B.

Now substituting the series forms of h(z) and f(z) into (2.3), and then simplifying

and comparing the coefficients of z™ on both sides, we get
An([nygl =1)an = Ap-1ap-1di + Ap—2an_ada +---+ Arard, ;.

Taking absolute value on both sides and then using (2.4), we obtain

n—1

A (In,q] = 1) an| < (A= B) Y~ Axlal,
k=1

implying that

(A-B)
lan| < m;/\k lag] -

Now taking n = 2,3, 4 and using that |a1| = 1 we get the desired result. O

Theorem 2.3. Let a function f € 8} (u, A, B) be of the form (1.1). Then for
|z| = r the following inequalities hold:

(A-B)[2.]
S T AL (a(-B) =4y

(A-B)[2.q]
" s Eai-s -y = G

Proof. We have

Rl =

o0 o0 o0
z—i—Zan 2" §|z|+2\an| |z\n:r+Z|an| r.
n=2 n=2 n=2

Since |z| = r < 1, we have r™ < r < 1 and

(25) )< szmn«

Similarly, we get :

(26) 2= ol
n=2

Since f € 8y (u, A, B), by (2.1) we get

Y et (g 1= B) = (1= A)lan| < A-B.
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On the other hand, we have
2 (Inq] (1= B) = (1= 4)) 3 an|

< 3 Bl (g) (1 - B) — (1- 4)) la .

CES I

Hence

Lz (fn,q) (1 - B) = (1—-A)) X |an| < A-B,

n=2
implying that
S (A=B)[2,q)!
2 lanl S g G- LaR

Finally, combining this inequality with (2.5) and (2.6) , we get the required result. O

Theorem 2.4. Let a function f € 8 (u, A, B) be of the form (1.1). Then for
|z| = r the following inequalities hold:
(A—B)[2q]!
(gl (1-B)+(1-4)"

Proof. By the virtue of (1.2) and (1.3), we can write

<9716 < g )y

oo

0y f(2) = _[n glmanz"""

n=2

Since |z| = r < 1, we have r"~™ < r for m < n, and hence
(2.7) 05" F()] <> [0 alm [an]
n=2
Similarly, we get
(2:8) |07 £(2) —rZ[n @) [an] -
Now, using (2.1) and the following inequality
(20-B)-0=A) ni[ﬂ 1, st |an]

22 ltdlnis (12,q) (1= B) = (1 = A)) |au,

we obtain . '
S bt ol < T eyt
On the other hand, we have
i[n,fﬂm |an| < i[u + Lt |an)
implying that - "
S A—B)[2,q]!
;[n’ hnlanl = ([Q,q]((l - B))[— (1] —A))
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Finally, combining this inequality with (2.7) and (2.8), we obtain the required
result. O

Theorem 2.5. Let f € 8 (u, A, B). Then f € 8" (a) for [z < r1, where

= ((l—a) [+ 1, 4] ([0, q] (1—B)_(1_A))>ni1
1 (n— ) (A~ B) [n.q! ~

Proof. Let f € 8 (i, A, B). To prove that f € 8" (a), we only need to show
that

)
o L

zf ()

Using (1.1) along with some simple computation, we get

(2.9) i (?_z) lan| 2"t < 1.

n=2

<1.

Since f € 8 (u, A, B), from (2.1), we can easily obtain that

5 itgle (ad0ZBZ0) g, < 1.

[n,q]!

Now the inequality (2.9) will be satisfied if the following holds:

£ (1=2) o < gt (A0,

n=2

which implies that

|Z|n—1 < (1 70‘) ([nalﬂ (1 7B) — (1 70‘))[M+17Q]7L
(n —a) (A= DB)n,q]!

Therefore

=T,

(1—a)(n,g)(1—B) = (1= A) [u+1,q,\ "
'”<( (n—a) (A~ B)[mq! >

and the result follows. O

Theorem 2.6. Let f € 8} (u, A, B). Then f € C(a) for |z| <ra, where

<(1—a)([n7Q](1—B)—(1—A)) [u+17q]n>n1
n(n—a)(A-B)[n,q!

Proof. We know that f € € («) if and only if

(zf'(2))
72

GG 1
7y tlm2a

o =

-1

<1

Using (1.1) and some simplification, we get

(2.10) i (@) lan| 2|7 < 1.
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Next, from (2.1) we can easily obtain

&, ,q)n n, —B)—(1-A
S [u+1,q] (([ q](lAfi)B(l ))>|an| < 1.

=y [l

For inequality (2.10) to be true it will be enough to have

!

This gives

2|

vt (A =a)(nq) (1= B)— (1 — A) [u+1,qn
<( n(n—a)(A— B)n,q! )
and hence

(1-a)(ng)(1—B) = (1— A) [u+1,q,\ "7 .
|z| < ( n(n—a) (A - B)[n,q] > =T,
and the result follows. 0

Theorem 2.7. Let —1 < By < By < A1 < Ay <1, and let Lgf(z) #0in D and
satisfy

(2.11) w\ L) T3 Bz

Then f € 8 (1, Aa, Ba) .

1<[u+1,q]ag+lf(z)[ ]> 1+ 4z

Proof. Since £} f(2) # 0 in D, we can define the function p(z) by
20,88 f (2)
Ly f(2)

In view of identity (1.6), we easily obtain

1 <[u +1,q) L4 f(2)

=p(z) (z€D)

qr L f(2)

- [Wﬂ) = p(2).

Therefore, using (2.11), we get

20,L4 f (2) 1+ Az
Tl p) < e
Lyf(2) 1+ Bz
Applying Lemma 1.3, we conclude that f € 8 (i, Az, Ba) . ]
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