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Abstract. In this paper, we focus on a conjecture concerning uniqueness problem
of meromorphic functions sharing three distinct polynomials with their difference
operators, which is mentioned in Chen and Yi (Result Math v. 63, pp. 557-565, 2013),
and prove that it is true for meromorphic functions of finite order. Also, a result of
Zhang and Liao, obtained for entire functions (Sci China Math v. 57, pp. 2143-2152,

2014), we generalize to the case of meromorphic functions.
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In Nevanlinna theory, the study of relationship between two meromorphic functions
that share several values CM or IM is an important topic, resulting from the
Nevanlinna’s famous five and four values theorems (see [5]). In 1976, Rubel and
Yang [7] showed that if a non-constant entire function f and its first derivative f’
share two distinct values CM, then they are identical. This result was extended by
Mues and Steinmetz [4] in 1979 from sharing values CM to IM, and by Yang [8] in
1990 from first derivative to the k-th derivatives.

The difference analogues of Nevanlinna’s theory have been studied more recently
and become very popular (see [2]). In 2013, under the restriction on the order of
meromorphic functions, Chen and Yi [1] deduced a uniqueness theorem of meromorphic
functions sharing three distinct values with their difference operator A.f = f(z +
¢) — f(z), where ¢ is a non-zero constant. More precisely, in [1] was proved the
following theorem.

Theorem A. Let f be a transcendental meromorphic function such that its order
of growth p(f) is finite but is not an integer, and let ¢(£ 0) € C. If f and A.f(# 0)
share three distinct values ey, ez,00 CM, then f(z +c) = 2f(z).
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In [1], Chen and Yi conjectured that the conclusion of Theorem A still holds if
the restriction imposed on p(f) in Theorem A is omitted. In 2014, Zhang and Liao
[11] considered the difference analogue of the result by Rubel and Yang and proved
that the conjecture is true if f is an entire function of finite order. They obtained
the following result.

Theorem B. Let f be a transcendental entire function of finite order, and let a,b
be two distinct constants. If f and Af = f(z+1) — f(2)(£ 0) share a,b CM, then
Af=f.

In 2016, Lii and Lii [3] proved that the above conjecture holds if the meromorphic
function is of finite order.

Theorem C. Let f be a transcendental meromorphic function of finite order, and
let c(# 0) be a finite number. If A.f and f share three distinct values e, e2,00 CM,
then f = A.f.

In this paper, we continue the study of the above conjecture for meromorphic
functions of finite order, and show that it remains true if the constants e, es, 00
are replaced by the polynomials Py, Py, 0o .

The next theorem is the main result of this paper.

Theorem 1. Let f be a transcendental meromorphic function of finite order, and let
c(# 0) be a finite number. If A.f and f share three distinct polynomials Py, Pa, 00
CM, then f = A.f.

Remark. Obviously, Theorem 1 is an improvement of Theorem C.

We assume that the reader is familiar with the standard notation of Nevanlinna
theory (see [9, 10]). In this paper, for two meromorphic functions f and g, we use
the notation f — g # 0 to denote that f — g is not the zero function.

Next, we recall Nevanlinna’s Lemma, which plays an important role in the proof
of Theorem 1.

Nevanlinna’s lemma [6]. Let 1, @2, ..., @p be linearly independent meromorphic

functions satisfying o1 + @2+ -+ ¢, = 1. Then, for j =1,2,--- ,p, we have

T(r0) < Y NG ) = 3 Nlrgn) + N, W) = Nir, o) + 5(r),
k=1 LR Wy

where W = W (p1,p2- -+ ,¢p) is the Wronskian of ¢1,--- ,¢p, and
S(r) = O(logr) + O(logmazi1<k<pT'(r,¢;)) as r— o0, r & E,

for a set E C (0,00) of finite Lebesgue measure. If all ¢, have finite order, then E

can be chosen to be the empty set.
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Proof of Theorem 1. Observe first that if Py, P, are constants, then the theorem
becomes Theorem C above. So, below we assume that one of P;, P, is not constant,
and, without loss of generality, we assume that deg P, > deg P;. Our proof of the
theorem is based on an idea from [3].

Since f, A.f share P, P,,00 CM and f is of finite order, then there exist two

polynomials «, 8 such that
! o [P 3

1 —_— — —_— = .

@ AJ-P - BB C

Ife*=1 or ef =1,then f=A.f If e* =¢€P, then
f-P [P

Acf_jt)l B Acf_P2,
implying that f = A, f.
On the contrary, suppose that f # A.f. Then
e £1, P41, e* £l

Our aim below is to get a contradiction.
By (1), one has

2) FePt (PP AP (p )T
— 11 2 1 e,.y_lu c) — 142 2 1 e,.y_l )
where v = — a.
It follows from (2) that
(3) T(r, f) < T(r,e?) +T(r,e?) + S(r, f).

Since A.f = f(z+¢) — f(z), we can write

1 — e¥(2)=B(2)
Acf = P(2) + [P2(2) = P(2)|——7——

e’Y(z) —1
2)eBE) —
(4) =[Pi(2+¢) = Pi(2)] + [Pz + ¢) = Pi(z + CHL@_l
71(2)e 1
eB(z) 1
-P2(2) - P S

Where 51(z> o eﬂ(z"l‘c)_ﬁ(z) and fyl(z) — e’Y(Z+C)_’Y(Z)_

Next, we prove that deg f = deg~y by considering two cases.
Case 1. Assume that deg S < degry.

Then e? is a small function of ¢, and hence, we have

deg[B(z + ¢) — B(2)] < deg B(2) < degn(2), deg[y(z+¢) —7(2)] < degn(2),

implying that (31,7, are also small functions of e”. Suppose that zy is a zero of
y1€” — 1, and is not a zero of Bye — 1. If 2y is not a zero of €7 — 1, then by (4) it
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would be a pole of A, f. However, the equation (2) would imply that A.f is analytic
at zp, yielding a contradiction. If z( is a zero of €7 — 1, then ~;(20)e?(*0) —1 =0
and e7(%0) — 1 = 0 imply 7;(20) — 1 = 0. If 7,(2) — 1 # 0, then the second main

theorem gives

— — 1 —
") < - il 2 2
T(r,e )—N(T’7167_1)+N(r’ eAy)-i-N(r,e )+ S(r,e)
1
< _— 7y = 2
—N(T’Bleﬁ—1)+N(r771—1)+S(T’e ) =S(r,e),

which is impossible. Thus, v;(z) = ¢7(*+)=7(*) = 1 which means that deg~y = 1.
Noting that by assumption deg 3 < deg-y, we conclude that (3 is a constant.
Next, by (4), we get

Af =P P P P e 1
of =[Pi(z+c) = Pi(z)] + [Pz 4 ¢) — 1(Z+C)]m
P 1
— [P2(2) — Pl(Z)]m
eflz) _q
=[Pi(z+¢)— Pi(2)]+ [P2(z +¢) — Pi(z +¢) — Py(2) + P1(z)]m.
On the other hand, by (2) we have
1—e )
Acf = Po(2) + [Pa(2) = PL(2) — 57—
G'Y(Z) —1
—B(2) e PO -1
= Py(2) + [Pu(2) = Pa(2)]e™™% + [Pa(2) = Po(o)l =
where 7(z) = B(z) — a(z). Here, by careful calculation, it can be shown that

degPs(z) < degPy(z), which is a contradiction.

Case 2. Let deg 8 > degy.

Then e” is a small function of ¢”, and, as in the Case 1, we can conclude that
B1,71 also are small functions of e?. Assume that ag is a zero of e? — 1 and is not a
zero of €Y — 1. Then, ag is a zero of f — P;. Note that f and A.f share P, CM. So
ag is also a zero of A.f — P;. Putting ag into the last form of A.f in (4), we get

61(2’) — 1

Pi(ag) = [Pi(z +¢) — P1(2)] + [P2(2 + ¢) *Pl(ZJFC)}Whm

Next, we show that

51(2) -1

6) P =Pz +0) = P+ P ) = P o) 8T
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Indeed, otherwise, by the second main theorem, we would have

1 — 1

T(r,e?) < N(r, m) + N(r, e—ﬂ) + N(r,e?) + S(r,e?)
1
< N(r, e :1) + N(r, [PL(z+¢) — Pi(2)] + [Po(z + ¢) — Pi(z+ C)]fé?fl — pl(z))

+S(r,eﬁ) = S(neﬁ)7

which is absurd.

Now we rewrite (5) in the following form

[Pa(z +¢) — Pi(z 4 ¢)]ePCEHI=PE) _ [Py(z 4 ¢) — Pi(2 +¢)]

(6) = [2P1(2) — Pi(z + ¢)]e"*) — 2P (z) — Py (z + ¢)),
and show that ~ is a constant. Suppose that deg~y > 1. Then, combining (6) and
the assumption deg 3 > deg~y, we get
[Pa(z +¢) — Pi(z 4 ¢))ePEFTI=AE) = 2P (2) — Py(2 + ¢)]e?"FF9),
g Py(z+¢) = Pr(z 4+ ¢) = 2P1(2) — Pi(z + ¢),

implying that §;(z) = ef(ZT)=A() = gr(z+e),
Next, rewriting (1.4) in the form

[Po(2) = Pa(z +¢) + Pu(2)] (e = 1)(€7 = 1)e” +[Pa(2) = Pi(2)](me” = 1)(e” —e7)

= [Pa(z4¢) = Pi(z+ )] (Bre” = 1)e(¢7 = 1) = [Pa(2) = Pr(2)](¢” = 1)(me” = 1)e”,
after a routine computation, we get
aoew + aleﬁ +as =0,

where ag = [Pa(z +¢) = Pi(2 +¢)](€7®) = 1)B1(2) — [P2(2) = Pi(2)](m(2)e?™) — 1),
and ay,ay are small functions of e®. The above equation shows that ay = 0, and

hence, we have

®) [Pz +0) - Pulz+ 0@~ DA(E) = [Pa(2) — P]((2)e - 1),

We put £1(z) = 7% into (7) to obtain

[Py(z 4 ¢) — Pi(z 4 ¢)]e?ETIHE) [Py (2 + ¢) — Pi(2 + ¢) — Py(z) + Py(2)]e?H0
+ [P2(2) = Pa(2)] = 0,

implying that ~y is a constant, say v = A. Thus, we have proved that - is a constant.

In addition, the form of f shows that f is an entire function. Then, by (4), we can
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get

Bi(2)e® —1

Af=[Pi(z+¢)— Pi(2)] + [Pe(z4+¢) — Pi(z+ C)}W

eBlz) 1
- [PQ(Z) - Pl(z)]e'y(z) 1
e
= g Pz + ) = Pz +0)IBi1(2) — [P2(2) — P(2)]}

+

eAl_ T [Po(z) — Pi(2) — Pa(z+¢) + Pi(z+ )] + [Pi(z 4+ ¢) — Pi(2)].

Note that by (2)

1—e 2 1 —ede A2
Acf = Pa(z) + [Pa(z) — P1(Z)]m = Pa(2) + [P2(z) — Pl(z)]f-
Combining the above equations, we get
hoezﬁ + hleﬁ + h2 = 0,
where h; (i = 0,1,2) are small functions of €® and hy = [Py(z) — Pl(,z)]e_A—e_A1

Obviously, he = 0, which shows that P;(z) = P(z), and we get a contradiction.
Thus, we have proved that deg 5 = deg~y. We can assume that
deg 8 =degy:=n>1,

since f is a transcendental function.
Note that 8;(z) = efG+9)=8(2) and ~;(2) = ?*+9)=7(*) are two small functions
of e and e”. Multiplying both sides of equation (4) by the factor e®(e?—1)(ye?—1),

we get

(9)
[Pa(2) = Pi(z 4 ¢) + Pi(2)](me” = 1)(e7 = 1)e” + [Po(2) = Pr(2)](me” — 1) (e —€7)

= [P2(z +¢) = Pi(z + )] (Bre” = 1)eP(e7 — 1) = [Pa(2) — Pr(2)](e” — 1)(71€” — 1)e”
From (9) we obtain
b0627 + 6165+2’y + b26ﬁ+v + bgezﬁ + b4€25+’Y + b5€6 + bﬁt’i7 = 0,

where

— Pz + o)Im(2),

[P
[Pa(
by = [Pi(z + ¢) — Pi(2) — Pa(2)]71(2) + Pa(z + ¢) — Pa(2) — Pi(2),
[P(
= [P (

—_  —

z+c¢) = Pi(z +¢)]p1(z) — Pa(2) + Pi(z
z+c) = Pz +0)|Bi(2) + [Pa(2) — Pi(2)]n(2),
bs = P1(z) + P2(2) — P2(2 + o),

(

)
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Obviously, b; (i = 0,1,---,6) are small functions of ¢” and e”. The equation (9)
can be written as follows:
6
(10) > bie? =0,
i=0
where

{9022% g1=08+2y, g2=0B+7,

93 =20, g4=28+7, g5=05, g6 =".
We claim that deg(y — 3) = n. On the contrary, suppose that deg(y— ) < n. Then
e7~P is a small function of ¢ and e”. We denote by Ng(r) the counting function
of the common zeros of e® — 1 and ¢¥ — 1. Assume that ¢y is a common zero of
e? —1 and e” — 1. Then cg is a zero of ¥~ 7 — 1. Notice e® # e, then ¥ % —1 £ 0.

Therefore
1

Ng(r) < N(r, P —

) = S(r,e7).

Since €7 is of finite order, we have S(r + |c|,e?) = S(r,e?). Assume that dj is a
zero of y1eY — 1, and is not a zero of 3;e” — 1. Similarly as above, we can conclude
that dy is also a zero of €¥ — 1. Furthermore, dy is a zero of 73 — 1. If v — 1 # 0,

then, it follows from the second main theorem that

L s N e + S0, e7)

T(r,e”) < N(r )+ N(r, -

"mer —1
< Ng(r+|c) + N(r,

po— 1)—!—5(7‘,@’*)

<T(r )+ S(r+lcl,e?)+ S(r,e?) = S(r,e7),

-1
which is a contradiction. Thus, ~;(z) = e?**t9=7() = 1 which implies that
e731¢) = ¢7(2) and degy = 1. As a consequence, noting that deg(B8 —7v) < 1, we
see that 3 — v is a constant, say A;. Recall e7(*1¢) = ¢7(2) One has e#(*T0)=8(2) =
ePlete)=7(z40)=(B(2)=7(2)) = pA1=4A1 = ] Go Pl2He) = ¢A(2) By (4), we can get
P 1

Acf =[Pi(z4+c¢)— Pi(2)]+ [Pe(z+¢) = Pi(z+¢) — Pa(2) + Pl(z)]m,
where deg 8 > 1. But in view of (2), we have deg(—a) = deg(y — 8) < 1, yielding
a contradiction. Thus, we have shown that deg(y — ) = n.

Furthermore, one has deg(g2 — g;) =n, for j =0,1,3,4,5,6, because

g2—9o=B—7% g2—g1=—7 g2—9gs=7—F,
{92—942—57 92— g5 =1, g2 — g6 = B

We assume that by = [Py(z+c¢)— P1(2) — Pa(2)]71(2) + Pa(z+¢) — Po(2) — Py (2) # 0.

Then, we consider ¢; = b;e% (j = 0,---,6). From (10) we deduce that there
exist a set I C {0,1,3,4,5,6} and complex numbers A\; # 0(j € I) such that
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Yo = D icr Aj¥j, and ¢; (j € I) are linearly independent. Rewriting this in the
b; ..
D Aig, e =L

j
jer 2
we can apply Nevanlinna’s lemma to the functions

form:

b.
QDj = /\jiﬂegj*gz’j € I,
bo

which are linearly independent and satisfy >, ; ¢; = 1.

We use the fact that the zeros and poles of ¢; and their Wronskians can come
only from the zeros and poles of functions b; whose Nevanlinna characteristic is

T(r, bj) = O(rn_l) = S(r, 90]')’
since deg(g2 — g;) = nforj € I. So, by Nevanlinna’s lemma we obtain that
T(T, 90]) S S(T)7
for all j € I with S(r) as above. This is a contradiction. Thus, by = 0. Now, we
consider the case
by = [Pi(z+¢) — Pi(2) — Pa(2)]71(2) + Pa(z + ¢) — P1(2) — P2(2) = 0.

If Pi(z+c¢)— Pi(z) — Py(z) =0, then Py(z+¢) — Py(z) — P1(2) = 0. We can obtain
Pi(z+¢) = P2(z+c¢), which is a contradiction. Thus, Py(z+c¢) — Pi(z) — Pa(z) # 0,

and we can get
_ Py(z+c) - Pa(z) - Pi(2)
(11) NE) = B G- Pie) - Pae)

Note that ~; is not a constant function. This contradicts the fact that ~1(z) is an

entire function. Thus, ~; is a constant, which implies that degy = n = 1. So, we

have deg 5 = n =1 and ~; is a constant. Suppose that

deg(y+B)=n=1, deg(y—28)=n=1

Then, one has deg(gs — g;) =n, for j =0,1,3,4,5, because
96 —90=—"96 —g1=—7—B:96 —92 =7 — 20,96 — 914 = =20, 96 — g5 =7 — .
Again applying Nevanlinna’s Lemma and replacing g2 by gg in the above discussion,
we get a contradiction.

Now, we assume that either v + 8 or v — 273 is constant. If v 4+ 8 is constant,
then for the functions g; with some constants c¢;, we have

go=—2B+co, g1 =—P+c1, gs=20+c3, ga =P +ca, g5 =P+ s,
and b; are polynomials (since $; and +; are constants). So, the identity (10) gives
bhe 2P +bie P +b3e?” +bje’ =0,
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with certain polynomials b7. This identity obviously implies that all b7 are 0, where
b3 = {[P2(z + ¢) = Pi(z + 0)|B1 + P1(2) — Pa(2) e,

If b5 = 0, we can get [Pa(z + ¢) — Pi(z + ¢)]f1(2) + Pi(z) — P2(2) = 0. Say
Py(2) = Pa(2) — Pi(2), 50 [Ps(z + ) — Po(2)]Ba(2) = P3()(1 — fa(2)). We show
that P3(z) is a constant. Indeed, assume the opposite that degPs(z) > 1. Then, we
can get B1(z) = 1 and P3(z + ¢) — P3(z) = 0, implying that Ps(z) is a constant,
which is a contradiction. Thus, P3(z) is a constant, say c(# 0). This implies that
Pi(z) = P2(z) + ¢. By (11) we can get that y1(z) = 1 + FleTo am (e Showing
that 1 (z) has a pole. Taking into account that v;(z) is an entire function, we get a
contradiction. Thus, we have b5 # 0. This rules out the case where v+ is constant.
The case where v — 203 is constant can be treated in the same way. This completes

the proof of the theorem. O
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