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provided to illustrate the stability results obtained in the case of a finite interval. Also, we give

an example to illustrate that the Volterra delay integro-differential equations are not Ulam—Hyers
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1. INTRODUCTION

The basic Ulam stability problem of functional equations, formulated by Ulam
in 1940 (see [23]), has been studied and generalized by many researchers to various
kinds of differential equations, integral equations, difference equations and fractional
differential equations. The basic idea behind Ulam stability of any kind of equation
is to deal with the existence of an exact solution near to every approximate solution.
The concept of Ulam stability is applicable in various branches of mathematical
analysis and is used in the cases where finding the exact solution is very difficult.

In recent years, many researchers have involved in the study on Ulam type
stabilities of differential and integro-differential equations and obtained a number
of remarkable results. At start, using the fixed point approach, implemented by
Cadariu and Radu [1], S. M. Jung [9] has proved the Hyers-Ulam—Rassias stability
of the Volterra integral equation x(t) = fct f(s,z(s))ds, where f is a continuous
function and c is a fixed real number. Applying the fixed point arguments used in
[9], Castro and Ramos [3] obtained Hyers-Ulam-Rassias stability and Hyers—Ulam

stability for the following more general nonlinear Volterra integral equation:
t
x(t) = / ft,s,2(8))ds,—o0 < a <t <b< 400

both in finite and infinite intervals.
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The concept of fixed point approach to study Ulam—Hyers stability has been
extended by many authors. Here we mention few interesting contributions on Ulam
type stabilities of different kinds of differential and integral equations. Tunc and
Bicer [22] obtained results on the Hyers-Ulam-Rassias and Hyers—Ulam stability
for the first order delay differential equation. Castro and Guerra [2] obtained weak
conditions guaranteeing the Hyers—Ulam— Rassias stability of nonlinear Volterra
integral equations with delay. Otrocol and Ilea [17] investigated Ulam stability for
a delay differential equation. Using the idea of Cadariu, Radu and Jung, the Ulam—
Hyers stability results for Volterra integral integro-differential equations was proved
in [8] and [21]. Gachpazan and Baghani [5, 6] and Morales and Rojas [13] applied the
successive approximation method to prove the Hyers—Ulam stability of a nonlinear
integral equation. Using the method of successive approximation Huang and Li [7]
established Ulam—Hyers stability of delay differential equations.

Recently, employing Pachpatte’s inequality, Kucche and Shikhare [10] have discussed
Ulam—Hyers stabilities of semilinear Volterra integro-differential equations in Banach
spaces.

Motivated by the work of Rus [20] and Otrocol et al.[16, 17], in the present
paper we obtain existence and uniqueness results and establish Ulam type stabilities
(viz. Ulam—Hyers stability, generalized Ulam—Hyers stability, Ulam—Hyers—Rassias
stability and generalized Ulam—Hyers—Rassias stability) for nonlinear Volterra delay

integro-differential equation (VDIE) of the form:

(1.1) 2/(t)=f (t,x(t),x(g(t)),/o h(t,s,x(s),m(g(s)))ds) ,teI=10,b,b>0,

where f € C(IxR*R), h € C(IxIxR4R), ge C(I,[-r,b]), 0 <r < oo
and g¢g(t) <t.

We apply Picard’s operator theory, the abstract Gronwall lemma and the Pachpatte’s
inequality to achieve our results. The results obtained in this paper are more
general than the known results and include the study of [3, 9, 16, 17, 20] — [22]
as special cases of (1.1). For existence, uniqueness and other qualitative properties
of various forms of nonlinear delay integro-differential equations we refer the papers
by Ntouyas et al. [14, 15], Dauer and Balchandran [4], Kucche et al. [11, 12] and
the references cited therein.

The rest of this paper is organized as follows. In Section 2, we define the Ulam
type stability concepts for equation (1.1) and state theorems, needed to obtain our

main results. In Section 3, we establish different Ulam type stability results for
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VDIE (1.1) on a finite interval. Further, we give some applications of the obtained

results, and discuss examples illustrating the results.

2. PRELIMINARIES

In what follows we use the notation and definitions given in [20] to discuss the
Ulam type stabilities of VDIE (1.1). Consider the following nonlinear Volterra delay

integro-differential equations:

(2.1) ) =f (t,x(t),x(g(t)),/o h(t,s,x(s),x(g(s)))ds) ,tel,
(2.2) x(t) = ¢(t), t € [-r,0],

where ¢ € C ([-r,0],R).

Definition 2.1. A function z € C ([—r,b],R)NC" ([0,b], R) that verifies the equations
(2.1) and (2.2) is called a solution of the initial value problem (2.1), (2.2).

For a given € > 0 and a positive nondecreasing continuous function v € C ([—r,b],R),

we consider the following inequalities:

(2.3) y'(t)—f (tvy(t),y(g(t))y/o h(t7s7y(8)7y(g(8)))ds> <e tel,
(2.4) y’(t)—f(t,y@),y(g(t)), / h(t,s,y<s>,y<g<s>>>ds) < p(t), tel,

(2.5 y/(t)—f(t,ya),y(g(t)), / h(t,&y(s»y(g(s)))ds) <ep(t), tel.

0

Definition 2.2. The equation (2.1) is said to be Ulam—Hyers stable if there exists a
real number C' > 0 such that for each ¢ > 0 and for each solution y € C ([-r,b],R)
of (2.3) there exists a solution = € C' ([—r,b],R) of (2.1) with |y(t) — z(t)| < Ce
fort € [—r,bl.

Definition 2.3. The equation (2.1) is said to be generalized Ulam—Hyers stable if
there exists 0; € C(R,,R,), 07(0) = 0 such that for each solutiony € C" ([—r,b], R)
of (2.3) there exists a solution x € C" ([—,b],R) of (2.1) with |y(t) — z(t)| < ;(e)
fort € [—r,bl.

Definition 2.4. The equation (2.1) is said to be Ulam-Hyers—Rassias stable with
respect to the positive nondecreasing continuous function ¢ : [—r,b] — Ry if there
exists Cy, > 0 such that for each € > 0 and for each solution y € C" ([-r,b],R) of
(2.5) there exists a solution z € C" ([—r,b],R) of (2.1) with |y(t) —z(t)| < Cyer(t)
fort e [—rbl.
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Definition 2.5. The equation (2.1) is said to be generalized Ulam—Hyers—Rassias
stable with respect to the positive nondecreasing continuous function ¢ : [—r,b] —
R if there exists Cyy > 0 such that for each solution y € C' ([-r,b],R) of (2.4)
there exists a solution = € C" ([—r,b],R) of (2.1) with |y(t) — x(t)] < Cy¥(t) for
te[—rb.

Remark 2.1. Observe that a function y € C' (I, R) is a solution of the inequality
(2.3) if there exists a function ¢, € C(I,R) (which depends on y) such that
(i) lgy(@)| <€ tel;
() 4/ () = F (Ly(e). o(g(0). J} bt 9(). u(g()ds) +a, (1), tE L.
Similar arguments hold for the inequalities (2.4) and (2.5).

Remark 2.2. If y € C’ (I,R) satisfies the inequality (2.3), then y is a solution of

the following integral inequality:
(2.6)

]yu) o) [ g ( o)ala(s). [ S h(s,T,y<T>,y<g<T>>>dT) s

Indeed, if y € C' (I, R) satisfies the inequality (2.3), then by Remark 2.1, we have

<et, tel

’

y ()= f (t,y<t>,y<g<t>>, / h(t,s,y<s>,y<g<s>>>ds) Cg). tel
This gives

\yu) o) [ ¥ ( v oo [ h(s,r,ym,y(g(r»)dr) i< [ gy (s)lds

<et, tel.

Similar estimates can also be obtained for the inequalities (2.4) and (2.5).

We use the following inequality to obtain our main results.

Theorem 2.1 (Pachpatte’s inequality (see [18], p. 39)). Let u(t), f(t) and q(t)
be nonnegative continuous functions defined on Ry, and let n(t) be a positive and

nondecreasing continuous function defined on R, for which the inequality

u(t) < n(t) + /Ot f(s) [u(s) + /OS q(T)u(T)dT:| ds,
holds fort € Ry. Then
)y <nit) 1+ | f(s)exp ([ 1)+ atmar) as].
fort e R;.

Now we give the definition of the Picard operator and state the abstract Gronwall

lemma (see Rus [19]), which are used in our subsequent analysis.
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Definition 2.6 (Picard operator [19]). Let (X,d) be a metric space. An operator
A: X — X is said to be a Picard operator if there exists t* € X such that:
(i) Fa ={z*}, where Fo = {x € X : A(z) =z} is the fized point set of A,

(ii) the sequence (A™(x0)), oy converges to x* for all xo € X.

Lemma 2.1 (Gronwall lemma [19]). Let (X,d, <) be an ordered metric space and
let A: X — X be an increasing Picard operator (Fa = x%). Then for x € X,

x < A(x) implies © < %, while x > A(x) implies v > z7,.

3. ULAM TYPE STABILITIES FOR VDIE oN I = [0, b]

3.1. The main results. The following assumptions are needed to state and prove

our main results.

(H1) (i) Let f € C ([0,b] x R® R), h € C ([0,b] x [0,b] x R*,R) and g € C ([0, b], [, b))
be such that ¢(t) <t.
(ii) There exist constants Ly, Lj, > 0 such that

|f(t, ur,ug,ug) — f(t,v1,v2,v3)] < Ly (Jur —v1| + Jug — va| + [ug — v3|);
|h(t, s, u1,u2) — h(t,s,v1,v2)| < Lp (Jug — v1] + |ug — va|)

for all t,s € I, u;,v; €R (i =1,2,3).
(H2) The function 9 : [—r,b] — R, is positive, nondecreasing and continuous

and there exists A > 0 such that
t
/ Y(s)ds < \p(t), t € [0,0].
0

Theorem 3.1. Let the functions f and h in (2.1) satisfy (H1) and assume that
(H2) holds. If bLy [2 4 Lpb] < 1, then the following assertions hold:

(i) the initial value problem (2.1), (2.2) has a unique solution x € C ([—r,b],R)N

C' ([0,b],R);
(ii) the equation (2.1) is Ulam—Hyers—Rassias stable with respect to the function
P.

Proof. (i) Observe first that in view of assumption (H1)(i), the initial value

problem (2.1), (2.2) is equivalent to the following integral equations:
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Consider the Banach space X = C([-r,b],R) with Chebyshev norm ||, and
define the operator By : X — X by

B0 =00+ [ 1 (s.59),2(6(6), [ hls,matr)alalr)ir ) ds e

By(x)(t) = ¢(t), t € [-r,0].
Now using the contraction principle we show that By has a fixed point. Note that
(3.1) |By(x)(t) = Bf(y)()| =0, =,y € C([-r,b,R), te[-r0]
Next, for any ¢ € I, we can write

By (x)(t) = B (y)(1)]

< /0 Ly {lz(s) = y(s)[ + [2(g(s)) = y(g(s))|
+ /0 L [|l2(7) = y(7)] + [2(9(7)) = y(g(T))] dT} ds

< [ 2] s lolon) - on) + ma ata(on) - viglon)

0<01<s

<oa<7

+/OS Ly [Oglgﬁr |z(02) — y(o2)| + ,nax 2(g(02)) — y(g(@))@ d’]‘} ds

< [ 1 max Jelo) ~ wonl+_max lo(r) i)

—r<o1< —r<m <

+/OS Ly [ max_ |z(02) — y(o2)| + max |z(7) —y(m)@ dT} ds

—r<o2<b —r<712<b

t s
< [zo{2he-tore [ Lale-ylodr}as
0 0

(3.2)
<OLp (2+ Lpd) [l — yll ¢ -

From (3.1) and (3.2), it follows that
IBf(x) = Br()llc < 0Ly 2+ Lubd) |z = yllc, =,y € C([-rb],R).

Since bLy (24 Lpb) < 1, the operator By is a contraction on the complete space
X. Hence by Banach contraction principle the operator By has a fixed point z* :
[—7,b] — R, which is a solution of the problem (2.1), (2.2).

(i) Let y € C ([—r, 0], R)NC" ([0,b],R) be a solution of the inequality (2.5). Denote
by z € C ([-r,b],R) N C" ([0,b],R) the unique solution of the problem:

vt = f (ux(zs),x(g(t», / h(t,w(s),x(g(s)»ds> tel
z(t) =y(t), t € [-r,0].
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Then assumption (H1)(i) allows to write the following (equivalent to the above

problem) integral equation:

(3.3) «(t) = y(0) +/O f (s,x(s),x(g(s)),/o h(S,T,$(T)7$(g(T)))dT> ds, tel,
(3.4) z(t) =y(¢), t € [-r,0].

Ity € C ([—r,b),R)NC’ ([0,b], R) satisfies the inequality (2.5), then using assumption
(H2) and Remarks 2.1 and 2.2, we obtain

‘y@) ~0)- [ g (s,y<s>,y<g<s>>, | s y(T%y(g(T)))dT) s

(3.5) g/o g, ()] ds g/o e(s)ds < Aew(t), t € I.

Note that |y(t) — z(t)] = 0 for ¢ € [—r,0]. Next, using assumption (H1)(ii), the

equation (3.3) and the estimate in (3.5), for any ¢ € I, we can write

According to (3.6), we consider operator A : C([-r,b,Ry) — C([-rb],Ry)
defined by
A(u)(t) =0, te€[-r0],
t s
A(u)(t) = e () + Lf/ {u(s) +u(g(s)) + Lh/ [u(T) + u(g(T))] dT} ds, t€]0,b].
0 0
Next, we prove that A is a Picard operator (see Definition 2.6). To this end, observe

first that for any u,v € C ([—r,b],Ry) we have |A(u)(t) — A(v)(t)] =0, t € [—r,0].
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Using hypothesis (H1)(ii), for all ¢ € I, we can write

{1u06) = o) + o) = otaoD + L [ [1t) = o)+ ulo(r) = wla() dr  ds
< [ s { s tulon) — ol + s Juta(on) = olalon)

0<01<s

[ | s Juton) — ooa)| + max_fula(o2) - olato)) | ar | as

< /Ot Lf{ max |u(o1) —v(o1)|+ max |u(m) — v(m)|

—r<o1<b —r<7m1<b

—|—/O Ly, [Trggz<<b |u(o2) — v(o2)| + _max |u(r2) — 'IJ(TQ)|:| dT} ds
t s
< / Ly {2 lu—vlo+ 2/ Ly |Ju — v||cd7'} ds <DLy (2+ Lyb) [|[u — vl .
0 0
Therefore,

|A(u) — A(v)||o < bLy (2+ Lib) [[u — v, for all u,v € C ([—r,b],Ry).

Since bL; (2 + Lyb) < 1, Ais a contraction on C' ([—r, b], R4 ), using Banach contraction
principle, we conclude that A is a Picard operator and F4 = {u*}. Then, for ¢t € I,

we have
W) = Ab(t) + L /O {u*(s) +u(g(s)) + Ln /0 Tt () + u(g(7)] dr} ds.

Note that u* is increasing and (u*)” > 0 on I. Therefore u*(g(t)) < w*(t) for
g(t) <t, t € I, and hence

w(t) < edp(t) + /Ot 2Ly (u* (s)+ /05 L;m*(r)dr) ds.

Next, applying Pachpatte’s inequality given in Theorem 2.1, we obtain

< () {1 + /Ot 2L; exp (/O 2L; + Ly dT) ds}

exp(2Ly + Lp)b — 1
2Lf + Ly, ’

(3.7) < eNb(t) {1 +2L; <

Taking Cy, = A {1 + 2Ly (%—iﬁ’h)l)_l)} , from inequality (3.7) we get

w*(t) < Cyep(t), te[—r b

For u(t) = |y(t) — x(t)| the inequality (3.6) gives that u(t) < A(u)(t). So, we have

proved that A : C ([-r,b],R;) — C ([-r,b],R;) is an increasing Picard operator

such that for v € C ([—r,b],Ry), u(t) < Au(t) and Fu = {u*}. Hence, applying
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the abstract Gronwall lemma (Lemma 2.1), we obtain u(t) < u*(t), t € [—r,b],
implying that

(3.8) ly(t) — ()| < Cyep(t), Vte[-rDb.

Thus, the equation (2.1) is Ulam—Hyers—Rassias stable with respect to the function
1. Theorem 3.1 is proved. ([

Corollary 3.1. Let the functions f and h in (2.1) satisfy (H1) and assume that
(H2) holds. If bLs [2 + Lyb] < 1, then the problem (2.1), (2.2) has a unique solution
and the equation (2.1) is generalized Ulam—Hyers—Rassias stable with respect to the

function 1.

Proof. By taking ¢ = 1 in the proof of Theorem 3.1, we obtain (cf. (3.8)):
ly(t) —z(t)] < Cyo(t), Ve [-rb]

showing that the equation (2.1) is generalized Ulam-Hyers-Rassias stable with
respect to the function . |
Using arguments similar to those applied in the proof of Theorem 3.1, one can
prove Ulam-Hyers stability of equation (2.1).
Observing that for ¥(t) = 1, V t € [—r,b] the assumption (H2) holds, we can

state the following corollary of Theorem 3.1.

Corollary 3.2. Let the functions [ and h in (2.1) satisfy the hypothesis (H1).
If bLy 2+ Lpb] < 1, then the problem (2.1), (2.2) has a unique solution and the
equation (2.1) is Ulam—Hyers stable.

Proof. By taking ¢(t) = 1, V t € [—r,b] in the proof of Theorem 3.1, we obtain
(cf. (3.8)):

ly(t) —2(@)| < Ce, Vie[-rb]

and the result follows. O

Corollary 3.3. Let the functions f and h in (2.1) satisfy the hypothesis (H1).
If bLy 2+ Lpb] < 1, then the problem (2.1), (2.2) has a unique solution and the

equation (2.1) is generalized Ulam—Hyers stable.
Proof. The result follows from Corollary 3.2, by taking 0¢(¢) = Ce. O

3.2. Applications. In this section we consider some important special cases of the
problem (2.1), (2.2).
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Fix any r > 0, and define ¢1(t) = ¢t —r, t € [0,b]. Then we get the following
special case of the problem (2.1), (2.2):

(39 2= (t,xu),x(t ), / (b, s, 2(s), (s r))ds) L tef0.b],
(3.10) x(t) = ¢(t), t € [-r,0],

which is an initial value problem for a nonlinear Volterra integro-differential difference
equation. Consider the following inequality:

’

y ()~ fr (t,y<t>,y<t =), [ alts a5 - r))ds)\ < e(t), t € 0,0,

where €,1) and ¢ are as specified in Section 2 (Preliminaries).

As an application of Theorem 3.1, we have the following theorem for the problem
(3.9), (3.10).

Theorem 3.2. Suppose that the following assumptions are fulfilled:
(A1) (i) fi € C([0,0] xR3,R), hy € C([0,8] x [0,8] x R%,R) and g, € C ([0,b], [, b])
be such that g1(t) <t;
(ii) there exist constants Ly, Ly, > 0 such that
[f1(t, ur, ug, us) — fi(t, 1,02, 03)] < Ly, (Jur — w1 + |ug — v2] + [ug — v3]);
|hi(t, s,u1,ue) — hy(t,s,v1,v2)| < Lp, (Jug —v1| + |ug —v2]);
for all t,s € [0,b], u;,v; € R (1 =1,2,3);
(A2) the function ¢ : [—r,b] — R, is positive, nondecreasing and continuous,
and there exists A > 0 such that fot P(s)ds < Mp(t), t € [0,b];
(A3) bLy, [2+4 Lp,b] < 1.
Then the problem. (3.9), (3.10) has a unique solution z € C ([—r,b],R)NC" ([0,b],R),

and the equation (3.9) is Ulam-Hyers—Rassias stable with respect to the function

0.

Another special case of the problem (2.1), (2.2) we obtain by taking the delay
g2(t) =t%, t € I = [0,1]. Then we have
(3.11) ()= fo (t,a:(t),x(t2),/t hg(t,s,x(s),x(SQ))ds> ,teI=10,1],
(3.12) x(t) = ¢(t), te[-r0], i

which is an initial value problem for a nonlinear Volterra integro-differential equation.

Consider the following inequality:

J (0 fa (t,yu),y(s%, / h2<t,s,y<s>,y<52>>ds)

where €, and ¢ are as specified in Section 2 (Preliminaries).
36
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As an application of Theorem 3.1, we have the following theorem for the problem
(3.11), (3.12).

Theorem 3.3. Suppose that the following assumptions are fulfilled:
(B1) (i) fo€C([0,1] xR%R), hy € C([0,1] x [0,1] x R% R) and g, € C([0,1], [, 1])
be such that go(t) < t;
(ii) there exist constants Ly,, Ly, > 0 such that

| f2(t, ur, uz,uz) — fa(t,v1,v2,v3)| < L, (Jur — v1| + Juz — vo| + [us — vs);
|ha(t, s,u1,us) — ho(t,s,v1,v2)| < Lp, (Jug — v1| + |ug —va]);
for all t,s € [0,1], us,v; €R (i =1,2,3);
(B2) the function v : [—r,1] — Ry is positive, nondecreasing and continuous,
and there exists A > 0 such that fot P(s)ds < Mp(t), t € [0, 1];

(B3) Lys, 2+ Lp,] < 1.
Then the problem (3.11), (3.12) has a unique solution = € C ([—r,1],R)NC" ([0,1],R),
and the equation (3.11) is Ulam—Hyers—Rassias stable with respect to the function

.

Other Ulam type stability results for equations (3.9) and (3.11) can be obtained

by using the corresponding results from Section 3.1.

3.3. Examples. In this section, we present concrete examples to illustrate our

main results obtained in Section 3.1.

Example 1. Consider the following nonlinear delay Volterra integro-differential

equations:

(3.13)

K ()= 14 LA S0 syt | L /0 25 {sin(a(s)) — sin(e(g(s)} ds, t € [0,5],
(3.14)

z(t) =0, t € [-1,0],
where g(t) = %, t € [0,5]. Clearly we have g(t) <t, t € [0,5].
(i) Define h : [0,5] x [0,5] x R x R — R by
h(t,s,x(s),z(g(s))) = % [sin(z(s)) — sin(xz(g(s)))], t,s €0,5].
Then, for any ¢, s € [0,5] and x1,z2,y1,y2 € R, we have
[h(t,s,21,22) — h(t,s,y1,y2)| < % {|sinz; — siny;| + |sinzo — sinyo|}

5
< %ﬂxl — 1| + |z2 — y2l}.
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(ii) Define f:[0,5] x R x R x R — R by

1 (tat0tot0), [ At 2(5), slal9)ds )

14 L) _ 3200 tcos@;ég“))) s / = [sin(a(s)) — sin(x(g(s)))] ds, ¢ € [0,5]
_ 1y toslat) 3500, coosalot /htsx #(g(s))) ds.

Then, for any ¢ € [0, 5] and x1, z2, 23,91, Y2, Y3 € R, we have

|f(t $17x27x3) - f(t7y17y23y3)|
t 1
< {140|cosx1 cosyi| + 140| yl} + %\cosacg — cosya| + %|a:3 — ys3|.

Next, for any =,y € R with < y, by mean value theorem, there exists
COSxT—COoSsy —

Ty —sinp = |cosz — cosy| < |z — y|.

p, © < p < y such that

Therefore, we have
(1,22, 3) — £t <42 lor =gl + —ofas =l b+ s — gl + o s — el
y L1,22,23 yY1,Y2,Y3)| = 140 11—y 140 - 70 2~ Y2 20 3~ Y3

< 70{|x1 —y1| + [x2 — yo| + |23 — y3|}.

Hence the above defined functions f and h verify the assumptions (H1) and (H2)
with Ly = &, Lj = 2, b= 5. Further, we see that bL(2+bLy,) = 52 [2+ 25| =
0.84183673 < 1. Therefore, by Corollary 3.2, the problem (3.13), (3.14) has a unique
solution on [—1,5] and the equation (3.13) is Ulam-Hyers stable on [0, 5]. Other
stability results for the equation (3.13) can be discussed similarly.

In fact, we see that the function

(3.15) 2(t) = {f) lii - &5 ]6]

is the unique solution of the problem (3.13), (3.14). The verification is given below.
For z(t) =t, t €[0,5] and g(t) = £, ¢ € [0,5], we have

teos(z(t)) 3z(t) | tcos(z(g(t))) n 1

1+ /0 ;0 [sin(z(s)) — sin(z(g(s)))] ds

140 140 70 20
t cos(t) 3t tcos(%) 1 tor . /s ,
-1 - — t[ - (7)}61:1: £).
T Tt T 70 T /0 sin(s) —sin (3 )| ds z(®)

Next, we discuss the Ulam—Hyers stability of the equation (3.13) with fixed delay
g(t) = %, t € [0,5] by finding the exact solution z(t) of equation (3.13) corresponding
to given values of € and given solutions y(¢) of the inequalities.
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(i) Take € = 0.7 and y; (t) = {é i: E {%15}6] Then for t € [0, 5], we have

(0~ (1 ) Sl sty L o () = sinGn a(s))] s )|

— |y -1 - sl Sl Leost o) [ i) — sin(n (a())] ds
1 teos(f) 3(%) tcos(d) 1 [ 1. /s . (S

< 5—1— 110 + 1420 i —m/ot[mn(i)—sm(i)}ds < 0.667499 < e.

For the solution z(t) of the problem (3.13), (3.14) given in (3.15) and the constant
C = 4, we have |y (t) — z(t)] = | —t| < 2.5 < Ce¢, t €0,5], and |y1(t) — z(t)| =
0, t € [-1,0]. Therefore

‘yl(t) - x(t” < CE, te [71,5]'

(ii) Let y2(t) = 0,t € [-1,5] and € = 1.2. Then, for t € [0, 5], we have

y;(t) B <1 i tcosl(ié(t)) . Sliig) 4 tCOS(y,;O(g(t))) + %[) % [Sin(yg(s)) - sin(yg(g(s)))] ds)‘
— i) -1 - Feeslpeltd) Sl Leespol)) [ inaas) — sin(n(a(e)))] s
t t 155

For the solution x(¢) of the problem (3.13), (3.14) given in (3.15) and the constant
C =6, we have
ly2(t) —x(t)] =10 —t| <5 < Ce, t €[0,5].
Further, |y2(t) — 2(t)] = 0 < Ce¢, t € [—1,0]. Therefore corresponding to y»(t) =
0,t € [-1,5] and € = 1.2 we have the solution z(¢) given in (3.15) and the constant
C = 6 that satisfy
ly2(t) — z(t)| < Ce, t € [-1,5].

if ¢t € [0, 5],

. we have
it t € [-1,0],

t
(ili) For e = 1.5 and y3(t) = {80

(o) (14 D) Se) | Leonln(@ON L[ Binta(s) ~ sinaala(s))] s )
=iy 1 - Heslaald)  Suel)  Leeslysol) - [ inaas) — sin(n (o)) ds
< 1.0557 < e.

The solution z(t) of the problem (3.13), (3.14) given in (3.15) and the constant
C = 3 verify
|y3(t) - l’(t)| <45= CE, te [71>5]
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t2 if t € [0, 5],

i Then, for ¢t € [0, 5], we have
0 ifte[-1,0].

(iv) Take € = 10 and y4(t) = {

, tcos(ya(t))  3ya(t)  teos(ya(g(t)) . 1 ("t i’
(o)~ (14 D) ) Leonlunl@OD L Bintats) ~ sinGla(s)]ds )
=iy — 1 - Feeslal) Sl reenlynol) - L [ i) ~ sinta(a(s))] ds| < e
Further, for the solution z(¢) of the problem (3.13), (3.14) given in (3.15) and the
constant C' = 2, we have
lya(t) — x(t)] <20 = Ce, t € [-1,5].
. - )¢ ifte0,5], .

(v) Finally, we take € = 77 and y5(t) = {O it e [-1,0], to obtain

yls(t) . <1 i tCOSI(i/S(t)) . 3?1%0 + tCOS(y;O(g(t))) + QLO/O % [Sin(y5(s)) _ sin(y5(g(s)))] dS)‘
=i 1 - et Bt eenlunlol)) [ sins(e) — sinas(o(s))] ds| < e

For the solution x(¢) of the problem (3.13), (3.14) given in (3.15) and the constant
C =2, we have
lys () — x(¢)] < 120 < Ce, t € [-1,5].

Remark 3.1. If y(t) is a solution of the inequality
/ teos(y(t)) 3y(t)  teos(y(g(t)) , 1 /t b .
t)y— (1 - — [ —=s - d
/() - (1 ) B ety o i) — sin(u(a(s)] ds )| <
and z(t) is the exact solution of the problem (3.13), (3.14), then from the inequality
ly(t) — z(t)| < Ce, t € [-1,5], it follows that y(t) — x(t) as € — 0.

The same fact can be observed from the example given above and Figure 1 below.

Puc. 1
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Remark 3.2. The equation (2.1) is not Ulam—Hyers stable on the infinite interval
I=10,00).

The next example supports the assertion of Remark 3.2.

Example 2. Consider the following Volterra delay integro-differential equations:

(3.16)
() = g + g snalt) = 15 eos(ala(0)) ~ 35 [ 75 leos(a(s) + sin(a(g())] ds.t € 0.50)

(3.17)
z(t) =0, t € [-1,0],

where g(t) = £ <t, t € [0,00).
(i) Define the function h : [0,00) x [0,00) X R x R — R by
h(t,s,x(s),z(g(s))) = % [cos(z(s)) + sin(z(g(s)))], t,s € [0,00), t > s.

Then, for any ¢,s € [0,00) and x1, %2, 91, y2 € R, we have

1 . .
[h(t, s, 21,22) — h(t, s,y1,y2)| < 0 {|cos 1 — cosyi| + |sinze — sinys|}

1
< T0{|x1 —yi| + |r2 — yal} -

(ii) Define f:[0,00) x R xR xR — R by
f(ux@%w@@DzAfdt&f@%m@@ﬁﬁh>
=5+—mmm—immwm—iAmm@wmmmmws

= 3o+ g Snla(t) = 5 cos(ala(®) — 35 [ hts.as)ato(e)) ds

Then, for any ¢ € [0,00) and z1, 22, Z3, Y1, Y2, y3 € R, we have

1. ) 1 1
|f(t, 21, 22, 23) — f(t,y1,92,93)] < 50 |sinz; — siny;| + IR |cos xg — cos ya| + 12 |3 — 3]

IN

1
E{Iéﬁ — 1| + [x2 — yo| + |23 — y3|}.

The above defined functions f and h verify the assumptions (H1) and (H2) with

Ly = {5 and L, = . Further, one can easily verify that the function

)L ifte0,00),
2(t) = {5 it ¢ e[-1,0]

is the solution of the initial value problem (3.16), (3.17). Now, choose any € > %
and let
L ift €]0,00),
ym:& o)

0 ifte[-1,0]
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Then, for any t € [0, 00), we have

o/~ (3 + g5 (0~ 75 costu(a(0) ~ 75 [ g feoslyte)) +sin(u(a(e))] s )|

= 1—1—7—isin t +icos * +1/t[cos(8)+sin(s)}ds <£<6
(3 30 60 3 15 12 120 J, 3 12 ‘
But for any solution z(t) of equation (3.16) we have

— 120
|z(t) — ()] =

t t
m(t)3’§|z(t)|+3%oo as t— oo.

Therefore, the equation (3.16) is not Ulam-Hyers stable on the infinite interval
I =10,00).
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