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Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà âîïðîñàì ðàçðåøèìîñòè èíòåãðàëüíîãî óðàâ-
íåíèÿ Âèíåðà-Õîïôà â ñëó÷àå, êîãäà ÿäðî K óäîâëåòâîðÿåò óñëîâèÿì 0 ≤

K ∈ L1(R),
∞∫
−∞

K(t)dt > 1, K(±x) ∈ C(3)(R+), (−1)n ·K(±x)(n)(x) ≥ 0, x ∈

R+, n = 1, 2, 3. Íà îñíîâå âîëüòåððîâñêîé ôàêòîðèçàöèè îïåðàòîðà Âèíåðà-
Õîïôà è ïðèâëå÷åíèÿ íåëèíåéíûõ ôóíêöèîíàëüíûõ óðàâíåíèé ñòðîÿòñÿ âå-
ùåñòâåííûå ðåøåíèÿ îäíîðîäíîãî è íåîäíîðîäíîãî óðàâíåíèÿ, ïðè âåùå-
ñòâåííîé è ñóììèðóåìîé ôóíêöèè g è âûøåóïîìÿíóòûõ óñëîâèÿõ. Èçó÷åíî
òàêæå ïîâåäåíèå ýòèõ ðåøåíèé â áåñêîíå÷íîñòè.

MSC2010 number: 45A05; 45B05

Êëþ÷åâûå ñëîâà: èíòåãðàëüíîå óðàâíåíèå Âèíåðà-Õîïôà; íåñèììåòðè÷íîå ÿä-
ðî, âîëüòåððîâñêàÿ ôàêòîðèçàöèÿ.

1. Ââåäåíèå

1.1. Òåîðèÿ èíòåãðàëüíûõ óðàâíåíèé âèäà

(1.1) f(x) = g(x) +

∞∫
0

K(x− t)f(t)dt, x ∈ R+ ≡ (0,∞),

ãäå f - èñêîìàÿ ôóíêöèÿ, èíòåíñèâíî ðàçâèâàëàñü, íà÷èíàÿ ñ îñíîâîïîëàãàþùåé

ðàáîòû Í. Âèíåðà è Å. Õîïôà [1]. Îñíîâîé äëÿ ìíîãî÷èñëåííûõ èññëåäîâàíèé

òàêèõ óðàâíåíèé ÿâèëàñü ñóùåñòâóþùàÿ ñâÿçü ìåæäó óðàâíåíèåì (1.1) è åãî

ñèìâîëîì:

(1.2) ρ(ω) = 1−
∞∫
−∞

K(t)eiωtdt, ω ∈ R ≡ (−∞,∞),

Íàèáîëåå ãëóáîêîå èññëåäîâàíèå óðàâíåíèé (1.1) è ñèñòåì òàêèõ óðàâíåíèé ïðî-

âåäåíî â ðàáîòàõ [2]�[4], ãäå ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå í�eòåðîâîñòè
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ýòèõ óðàâíåíèé (è ñèñòåì àíàëîãè÷åñêèõ óðàâíåíèé):

(1.3) ρ(ω) 6= 0, ∀ω ∈ R.

Ïðè íàðóøåíèè óñëîâèÿ (1.3) ñîîòâåòñòâóþùèé îïåðàòîð

(Λf)(x) = f(x)−
∞∫
0

K(x− t)f(t)dt, x ∈ R+,

äåéñòâóþùèé â ëþáîì èç ïðîñòðàíñòâ Lp(R+), p > 1, M(R+) è C(R+), íå áóäåò

íè Φ+, íè Φ−- îïåðàòîðîì (ñì. [5, ñ. 108]).

Èíòåãðàëüíûìè óðàâíåíèÿìè òèïà (1.1) îïèñûâàþòñÿ ìíîãèå çàäà÷è ìàòå-

ìàòè÷åñêîé ôèçèêè, òåîðåòè÷åñêîé àñòðîôèçèêè, ãàçîâîé äèíàìèêè (ñì. [6]�[8]).

Îäíàêî, âî ìíîãèõ èç ýòèõ óðàâíåíèé óñëîâèå (1.3) íå âûïîëíÿåòñÿ. Òàêàÿ ñèòóà-

öèÿ èìååò ìåñòî, â ÷àñòíîñòè, â êëàññè÷åñêîé ïðîáëåìå Ìèëíà â òåîðèè ïåðåíîñà

èçëó÷åíèÿ (ñì. [6], [8]).

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ óðàâíåíèÿ âèäà (1.1) ñ âåùåñòâåííûìè

ÿäðàìè K, äëÿ êîòîðûõ óñëîâèå (1.3) íå âûïîëíÿåòñÿ.

1.2. Îäíî èç íàïðàâëåíèé ðàçâèòèÿ òåîðèè óðàâíåíèé (1.1), äëÿ êîòîðûõ íà-

ðóøàåòñÿ óñëîâèå (1.3), åñòü èññëåäîâàíèÿ âîïðîñîâ ðàçðåøèìîñòè ýòèõ óðàâ-

íåíèé â òåõ èëè èíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ, â çàâèñèìîñòè îò ïî-

ðÿäêà íóëåé ñèìâîëà ρ(ω) (ñì. [4], [5]). Èíîé ïîäõîä äëÿ èçó÷åíèÿ óðàâíåíèé

âèäà (1.1) áûë ðàçâèò â ðàáîòàõ [9],[10]. Îí îñíîâàí íà âîëüòåððîâñêóþ ôàêòîðè-

çàöèþ èíòåãðàëüíîãî îïåðàòîðà, ñ ïðèâëå÷åíèåì íåëèíåéíûõ ôóíêöèîíàëüíûõ

óðàâíåíèé. Ýòîò ïîäõîä ïîçâîëèë â óêàçàííûõ ðàáîòàõ ïîäðîáíî èçó÷èòü âîïðî-

ñû ðàçðåøèìîñòè è ïîñòðîåíèÿ ðåøåíèé óðàâíåíèÿ âèäà (1.1) ïðè K ∈ L1(R),
∞∫
−∞
|K(x)|dx ≤ 1.

Ïóñòü â óðàâíåíèè (1.1) ÿäðî K-âåùåñòâåííàÿ, íåîòðèöàòåëüíàÿ è ñóììèðóå-

ìàÿ íà R ôóíêöèÿ, èíòåãðàë êîòîðîãî îáîçíà÷èì ÷åðåç µ:

0 ≤ K ∈ L1(R), µ =

∞∫
−∞

K(x)dx.

Ìû áóäåì ðàçëè÷àòü ñëåäóþùèå êëàññû óðàâíåíèÿ (1.1), â çàâèñèìîñòè îò çíà-

÷åíèÿ µ:

(α) ïðè µ < 1 � êëàññ äèññèïàòèâíûõ óðàâíåíèé;

(β) ïðè µ = 1 � êëàññ êîíñåðâàòèâíûõ óðàâíåíèé;

(γ) ïðè µ > 1 � êëàññ çàêðèòè÷åñêèõ óðàâíåíèé.
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Îòìåòèì, ÷òî â êîíñåðâàòèâíîì ñëó÷àå óñëîâèå (1.3) íàðóøàåòñÿ â òî÷êå ω = 0.

Âîïðîñû ðàçðåøèìîñòè óðàâíåíèÿ (1.1) äëÿ êëàññîâ (α) è (β) èññëåäîâàíû â

[9],[10].

Íèæå áóäåò ðàññìîòðåí êëàññ çàêðèòè÷åñêèõ óðàâíåíèé (1.1), êîãäà íàðóøà-

åòñÿ óñëîâèå (1.3).

1.3. Ïóñòü E(R+) - îäíî èç ïðîñòðàíñòâ Lp(R+), p ≥ 1, M(R+) èëè C(R+), à J -

åäèíè÷íûé îïåðàòîð â E(R+).

Ïðåäñòàâèì óðàâíåíèå (1.1) â îïåðàòîðíîé ôîðìå:

(1.4) (J−K)f = g,

ãäå K- èíòåãðàëüíûé îïåðàòîð Âèíåðà-Õîïôà, ïðè÷åì 0 ≤ K ∈ L1(R).

Ïóñòü Ω± - ïðîñòðàíñòâà âîëüòåððîâûõ îïåðàòîðîâ V± âèäà

(V+f)(x) =

x∫
0

V+(x− t)f(t)dt, (V−f)(x) =

∞∫
x

V−(t− x)f(t)dt,

ãäå x ∈ R+, V± ∈ L1(R+), äåéñòâóþùèå â E(R+). Ðàññìîòðèì ðàçëîæåíèå

(1.5) J−K = (J− V−)(J− V+), V± ∈ Ω±.

Ðàâåíñòâî (1.5) ðàâíîñèëüíî ñëåäóþùåé íåëèíåéíîé ñèñòåìå (óðàâíåíèé Åíãè-

áàðÿíà):

(1.6)


V+(x) = K+(x) +

∞∫
0

V−(t)V+(x+ t)dt,

V−(x) = K−(x) +
∞∫
0

V+(t)V−(x+ t)dt, x ∈ R+,

ãäå K±(x) = K(±x), x ∈ R+. Äëÿ ÷åòíûõ ôóíêöèé K (ñèììåòðè÷åñêèé ñëó÷àé)

ïîñëåäíÿÿ ñèñòåìà îáðàùàåòñÿ â óðàâíåíèå

(1.7) V (x) = K(x) +

∞∫
0

V (t)V (x+ t)dt, x ∈ R+.

Â ýòîì ñëó÷àå äëÿ ðåøåíèÿ (V+, V−) ñèñòåìû (1.6) èìååì V± = V .

Â [9] äîêàçàíà ðàçðåøèìîñòü ñèñòåìû (1.6), óðàâíåíèÿ (1.7) è ðåàëèçîâàíà

ôàêòîðèçàöèÿ (1.5) äëÿ êëàññîâ (α) è (β) óðàâíåíèÿ (1.1). (ñì. [9], �1, òåîðåìà1.2)

Íèæå áóäåò äîêàçàíà âîçìîæíîñòü ôàêòîðèçàöèè (1.5) äëÿ êëàññà (γ) â ñëó-

÷àå, êîãäà íàðóøàåòñÿ óñëîâèå (1.3).
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1.4. Óðàâíåíèþ (1.1) â ñëó÷àå, êîãäà ÿäðî K ñóììèðóåìî íà R è ïðåäñòàâëåíî â

âèäå ñóïåðïîçèöèè ýêñïîíåíò:

(1.8) K±(x) =

b∫
a

e−xpdσ±(p), x ∈ R+, [a, b) ⊂ [0,∞),

ãäå σ± � íåóáûâàþùèå íåïðåðûâíûå ñëåâà ôóíêöèè íà [a, b), óäîâëåòâîðÿþùèå

óñëîâèÿì

µ =

∞∫
−∞

K(x) dx =

b∫
a

dσ+(s)

s
+

b∫
a

dσ−(s)

s
≤ 1,

ïîñâÿùåíî ìíîæåñòâî òåîðåòè÷åñêèõ è ïðèêëàäíûõ èññëåäîâàíèé (ñì. [6] � [8],

[10] � [12]). Òàêèå óðàâíåíèÿ èìåþò íàèáîëåå âàæíûå ïðèìåíåíèÿ â òåîðèè ïå-

ðåíîñà èçëó÷åíèÿ è â êèíåòè÷åñêîé òåîðèè ãàçîâ (ñì. [5]-[7]).

Óðàâíåíèþ (1.1) ñ ÿäðàìè âèäà (1.8) â çàêðèòè÷åñêîì ñëó÷àå µ > 1 áûëè ïîñâÿ-

ùåíû ðàáîòû [11]-[12]. Â [11], èñïîëüçóÿ òåîðèþ R-ôóíêöèé, äîêàçàíà ðàçðåøè-

ìîñòü îäíîðîäíîãî óðàâíåíèÿ (1.1) ïðè äîïîëíèòåëüíîì óñëîâèè
∞∫
−∞
|t|K(t)dt <

∞. Çàäà÷à ôàêòîðèçàöèè (1.5) äëÿ èíòåãðàëüíîãî îïåðàòîðà Âèíåðà-Õîïôà ïðè

óñëîâèÿõ µ > 1 è (1.8) áûëà ïîäðîáíî èçó÷åíà â [12]. Íà îñíîâå ðàññìàòðèâà-

åìîé ôàêòîðèçàöèè â óêàçàííîé ðàáîòå ïîñòðîåíû âåùåñòâåííûå ðåøåíèÿ êàê

îäíîðîäíîãî, òàê è íåîäíîðîäíîãî çàêðèòè÷åñêîãî óðàâíåíèÿ (1.1) ñ ÿäðàìè âè-

äà (1.8). Çàêðèòè÷åñêîå óðàâíåíèå (1.1), êîãäà âåëè÷èíà µ áëèçêà ê åäèíèöå,

ðàññìàòðèâàëîñü â [13]. Îòìåòèì, ÷òî ïðåäñòàâëåíèå (1.8) ýêâèâàëåíòíî âïîëíå

ìîíîòîííîñòè íà R+ ôóíêöèé K±, ò.å. âûïîëíåíèþ óñëîâèé (ñì. [14], ñòð. 255.)

(1.9) K± ∈ C∞(R+) è (−1)nK
(n)
± (x) ≥ 0, x ∈ R+, n = 1, 2, 3, ....

Â ðàáîòå àâòîðà [15] ðàññìàòðèâàëàñü çàäà÷à ôàêòîðèçàöèè îïåðàòîðà Âèíåðà-

Õîïôà ñ ñèììåòðè÷íûì ÿäðîì â çàêðèòè÷åñêîì ñëó÷àå µ > 1, ïðè áîëåå îáùèõ,

÷åì (1.9) óñëîâèÿõ. Ðåçóëüòàòû íàñòîÿùåé ðàáîòû îáîáùàþò è äîïîëíÿþò óòâåð-

æäåíèÿ óêàçàííîé ðàáîòû.

1.5. Èçëîæèì íåêîòîðûå ôàêòû ïî ðàçðåøèìîñòè ñèñòåìû (1.6) è ïî ïîñòðî-

åíèþ ôàêòîðèçàöèè (1.5), ïîëó÷åííûå â [9] äëÿ êëàññà (β). Ýòè ôàêòû áóäóò

èñïîëüçîâàíû â íàñòîÿùåé ðàáîòå.

Ïóñòü
o

K- åñòü ÿäðî, óäîâëåòâîðÿþùåå óñëîâèÿì (êîíñåðâàòèâíîñòè)

(1.10) 0 ≤
o

K∈ L1(R),

∞∫
−∞

o

K (t) dt = 1.
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×åðåç (
o

V +,
o

V −) îáîçíà÷èì ðåøåíèå ñèñòåìû (1.6) ïðè K =
o

K:

(1.11)


o

V + (x) =
o

K+ (x) +
∞∫
0

o

V − (t)
o

V + (x+ t) dt,

o

V − (x) =
o

K− (x) +
∞∫
0

o

V + (t)
o

V − (x+ t) dt, x ∈ R+.

(Çäåñü
o

K± (x) =
o

K (±x), x ∈ R+). Èç [9] è [10] èìååì

(1.12) 0 ≤
o

V ±∈ L1(R+)
o
γ±≡

∞∫
0

o

V ± (t)dt ≤ 1, (1−
o
γ−)(1−

o
γ+) = 0,

ïðè÷åì â ñëó÷àå ñõîäèìîñòè èíòåãðàëà
∞∫
−∞
|t|

o

K (t)dt, èç
∞∫
−∞

x
o

K (x)dx = 0

ñëåäóåò
o
γ±= 1 (ñì. [10]). Ïðè äîïîëíèòåëüíîì óñëîâèè

∞∫
−∞

t2
o

K (t)dt < ∞

èìååò ìåñòî
∞∫
0

t
o

V ± (t)dt < ∞, ÷òî ðàâíîñèëüíî ñóììèðóåìîñòè íà R+ ôóíêöèé

ψ±(x) =
∞∫
x

o

V ± (t)dt.

1.6. Çàäà÷à ôàêòîðèçàöèè (1.5) äëÿ îïåðàòîðîâ K ñ íåîòðèöàòåëüíûì ÿäðîì â

çàêðèòè÷åñêîì ñëó÷àå µ > 1 èññëåäîâàíà â [12],[15]. Â ðàáîòå [12] ïîäðîáíî èçó-

÷åíà çàäà÷à (1.5), êîãäà ÿäðî K-ñóììèðóåìàÿ íà R âïîëíå ìîíîòîííàÿ ôóíêöèÿ

(ò.å. K±(x) ≡ K(±x), x ∈ R+ ïðåäñòàâëÿþòñÿ â âèäå (1.8)) ïðè µ > 1.

Êàê áûëî îòìå÷åíî âûøå â êîíñåðâàòèâíîì ñëó÷àå µ = 1 óñëîâèå (1.3) íàðó-

øàåòñÿ â òî÷êå ω = 0. Â [15] ïîêàçàíà, ÷òî â çàêðèòè÷åñêîì ñëó÷àå µ > 1 äëÿ

ëþáîãî ñóììèðóåìîãî ñèììåòðè÷íîãî (÷åòíîãî) ÿäðà K óñëîâèå (1.3) íàðóøàåò-

ñÿ â äâóõ òî÷êàõ ω = ±ωo, ãäå ωo 6= 0. Íèæåïðèâåäåííûé ïðèìåð ïîêàçûâàåò, ÷òî

óñëîâèå (1.3) ìîæåò íàðóøèòüñÿ è äëÿ íåñèììåòðè÷íûõ ÿäåð K. Èìåííî, çàäà÷à

(1.5) äëÿ òàêèõ îïåðàòîðîâ K áóäåò ïðåäìåòîì èçó÷åíèÿ íàñòîÿùåé ðàáîòû.

Ïðèìåð. Äëÿ íåñèììåòðè÷íîãî ÿäðà

(1.13) K(x) =

{
4e−2x, ïðè x ≥ 0,

3ex, ïðè x < 0,

èíòåãðàëüíîãî îïåðàòîðà Âèíåðà-Õîïôà K èìååò ìåñòî

0 ≤ K ∈ L1(R), µ ≡
∞∫
−∞

K(x)dx = 5 è ρ(2
√

2) = 0,

ãäå ρ(ω) îïðåäåëÿåòñÿ ñîãëàñíî (1.2), (ñì. Çàìå÷àíèå ê òåîðåìå 2.1).
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2. Ôàêòîðèçàöèÿ îïåðàòîðà Âèíåðà-Õîïôà ñ íåñèììåòðè÷åñêèì

ÿäðîì â çàêðèòè÷åñêîì ñëó÷àå

Ðàññìîòðèì çàäà÷ó (1.5) è ñîîòâåòñòâóþùóþ ñèñòåìó (1.6) äëÿ îïåðàòîðà ñ

çàêðèòè÷åñêèì ÿäðîì K à òàêæå ñèñòåìó (1.11), ãäå ôóíêöèÿ
o

K óäîâëåòâîðÿåò

óñëîâèÿì (1.10) è óñëîâèþ
∞∫
−∞

t
o

K (t)dt = 0. Îáîáùàÿ óòâåðæäåíèÿ ëåìì 1 è 2

ðàáîòû [15], ìîæíî àíàëîãè÷íûìè ðàññóæäåíèÿìè äîêàçàòü ñëåäóþùèå ëåììû.

Ëåììà 2.1. Ïóñòü ôóíêöèÿ
o

K óäîâëåòâîðÿåò (1.10), ïðè÷åì
∞∫
−∞

x2
o

K (x)dx <

∞ (òîãäà è
∞∫
−∞
|x|

o

K (x)dx < ∞) è ïóñòü
∞∫
−∞

x
o

K (x)dx = 0. Òîãäà äëÿ ëþáîãî

äåéñòâèòåëüíîãî ω ôóíêöèè K± è V±, îïðåäåëÿåìûå íà R+ ðàâåíñòâàìè

(2.1) K±(x) =
o

K± (x) + ω2

∞∫
x

dt

∞∫
t

o

K± (u)du, V±(x) =
o

V ± (x) + iω

∞∫
x

o

V ± (t)dt,

x ∈ R+, à (
o

V +,
o

V −) � ðåøåíèå ñèñòåìû (1.11), áóäóò óäîâëåòâîðÿòü ñèñòåìå

(1.6).

Äîêàçàòåëüñòâî. Èç óñëîâèÿ
∞∫
−∞

t
o

K (t)dt = 0 ñëåäóåò
o
γ±= 1. Ðàññìîòðèì ïåð-

âîå èç óðàâíåíèé ñèñòåìû (1.11). Èíòåãðèðóÿ ýòî ðàâåíñòâî â ïðåäåëàõ îò x ≥ 0

äî ∞ è èñïîëüçóÿ òåîðåìó Ôóáèíè (ñì. [16, ñ. 317]), ïîëó÷àåì

∞∫
x

o

V + (t)dt =

∞∫
x

o

K+ (t)dt+

∞∫
0

o

V − (t)dt

∞∫
x+t

o

V + (u)du,

îòêóäà ñ ó÷åòîì
o
γ−= 1 ñëåäóåò

∞∫
x

o

K+ (t)dt =

∞∫
0

o

V + (x+ t)dt

∞∫
t

o

V − (u)du.

Óìíîæèâ ïîëó÷åííîå ðàâåíñòâî íà iω, ãäå ω - ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî

è ñëîæèâ ñ ïåðâûì èç ðàâåíñòâ (1.11), ïðèõîäèì ê

(2.2)
o

V + (x) = (
o

K+ (x)− iω
∞∫
x

o

K+ (t)dt) +

∞∫
0

V−(t)
o

V + (x+ t)dt,

ãäå ÷åðåç V−(x) îáîçíà÷åíà ôóíêöèÿ

(2.3) V−(x) =
o

V − (x) + iω ·
∞∫
x

o

V − (t)dt, x ∈ R+.
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Èíòåãðèðîâàíèå ðàâåíñòâà (2.2) â ïðåäåëàõ îò x ≥ 0 äî ∞ äàåò

∞∫
x

o

V + (t)dt =

 ∞∫
x

o

K+ (t)dt− iω ·
∞∫
x

dt

∞∫
t

o

K+ (u)du

+

∞∫
0

V−(t)dt

∞∫
x+t

o

V + (u)du.

Óìíîæèâ ïîñëåäíåå ðàâåíñòâî íà iω è ñëîæèâ ñ (2.2), ïîëó÷àåì

V+(x) = K+(x) +

∞∫
0

V−(t)V+(x+ t)dt, x ∈ R+,

ãäå

(2.4) K+(x) =
o

K+ (x) + ω2 ·
∞∫
x

dt

∞∫
t

o

K+ (u)du, V+(x) =
o

V + (x) + iω ·
∞∫
x

o

V + (t)dt.

Àíàëîãè÷íûå ïðåîáðàçîâàíèÿ âòîðîãî èç ðàâåíñòâ (1.11) ïðèâîäÿò ê ðàâåíñòâó

V−(x) = K−(x) +

∞∫
0

V+(t)V−(x+ t)dt, x ∈ R+,

ãäå ôóíêöèè V± îïðåäåëåíû â (2.3) è (2.4), à

K−(x) =
o

K− (x) + ω2 ·
∞∫
x

dt

∞∫
t

o

K− (u)du, x ∈ R+.

Çàìåòèì, ÷òî ïðè óñëîâèè
∞∫
−∞

x2
o

K (x)dx <∞ èìååì
∞∫
0

x
o

V ± (x)dx <∞, (ñì. [10,

�4, n.1]) è îáà ýòè óñëîâèÿ îáåñïå÷èâàþò ñóììèðóåìîñòü K± è V± íà R+. �

Ëåììà 2.2. Ïóñòü êàæäàÿ èç ôóíêöèé K± óäîâëåòâîðÿåò óñëîâèÿì

(2.5) 0 ≤ K± ∈ L1(R+) ∩ C(1)(R+), K
(1)
± ≤ 0 íà R+,

à ω ∈ R+. Òîãäà ôóíêöèè
o

K±, îïðåäåëÿåìûå ðàâåíñòâàìè

(2.6)
o

K± (x) = K±(x)− ω ·
∞∫
0

K±(x+ t) sinωtdt, x ∈ R+,

ñóììèðóåìû íà R+, ïðè÷åì
∞∫
0

t
o

K± (t)dt <∞ è óäîâëåòâîðÿþò ñîîòâåòñòâó-

þùèì óðàâíåíèÿì

(2.7) K±(x) =
o

K± (x) + ω2 ·
∞∫
x

dt

∞∫
t

o

K± (u)du, x ∈ R+.

Äîêàçàòåëüñòâî ëåììû àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2 èç [15].

Òåîðåìà 2.1. Ïóñòü K-îïåðàòîð Âèíåðà-Õîïôà, óäîâëåòâîðÿþùèé óñëîâèÿì:
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(à) äëÿ ÿäðà K èìååò ìåñòî

0 ≤ K ∈ L1(R),

∞∫
−∞

K(t)dt > 1;

(b) ñèìâîë ρ(ω) îïåðàòîðà (ñì.(1.2)) èìååò âåùåñòâåííûé êîðåíü: ρ(
o
ω) = 0,

o
ω∈ R, ïðè÷åì o

ω 6= 0; (ýòî óñëîâèå âûïîëíÿåòñÿ â ÷àñòíîñòè, åñëè ÿäðî

K åñòü ÷åòíàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì (à))

(c) äëÿ ôóíêöèé K±(x) = K(±x), x ∈ R+ èìåþò ìåñòî

(2.8) K± ∈ L1(R+) ∩ C(3)(R+), (−1)nK
(n)
± ≥ 0 íà R+, n = 1, 2, 3.

Òîãäà ñóùåñòâóåò ôàêòîðèçàöèÿ (1.5), ïðè÷åì ÿäðà V± ñîîòâåòñòâóþùèõ îïå-

ðàòîðîâ ÿâëÿþòñÿ ñóììèðóåìûìè íà R+ êîìïëåêñíîçíà÷íûìè ôóíêöèÿìè âèäà

(2.9) V±(x) =
o

V ± (x) + i
o
ω ·

∞∫
x

o

V ± (t)dt, x ∈ R+.

Çäåñü
o
ω - âåùåñòâåííûé êîðåíü ñèìâîëà ρ(ω), à âåùåñòâåííûå ôóíêöèè

o

V ±

îïðåäåëÿþòñÿ èç ñèñòåìû (1.11), ãäå
o

K± âûðàæàþòñÿ ÷åðåç äàííûå ôóíêöèè

K± ïîñðåäñòâîì ðàâåíñòâ

(2.10)
o

K± (x) = K±(x)− o
ω ·

∞∫
0

K±(x+ t) sin
o
ω tdt, x ∈ R+

ïðè÷åì ïðè âûïîëíåíèè (2.8) ýòè ôóíêöèè óäîâëåòâîðÿþò óñëîâèÿì êîíñåðâà-

òèâíîñòè

(2.11) 0 ≤
o

K±∈ L1(R+), µ =

∞∫
0

o

K+ (t)dt+

∞∫
0

o

K− (t)dt = 1

è óñëîâèÿì
∞∫
0

x2
o

K± (x)dx <∞.

Äîêàçàòåëüñòâî. Âî-ïåðâûõ ïîêàæåì, ÷òî åñëè
o
ω - âåùåñòâåííûé êîðåíü ñèìâî-

ëà ρ(ω), à ôóíêöèè K± óäîâëåòâîðÿþò óñëîâèÿì (2.8), òî îïðåäåëÿåìûå èç (2.10)

ôóíêöèè
o

K± áóäóò óäîâëåòâîðÿòü óñëîâèÿì (2.11), ïðè÷åì
∞∫
−∞

tK(t)dt = 0. Ñëå-

äîâàòåëüíî äëÿ ðåøåíèÿ (
o

V +,
o

V −) ñîîòâåòñòâóþùåé ñèñòåìû (1.11) áóäóò âûïîë-

íÿòüñÿ ðàâåíñòâà
o
γ±= 1, ãäå

o
γ±=

∞∫
0

o

V ± (t)dt.
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Åñëè ôóíêöèè K± óäîâëåòâîðÿþò óñëîâèÿì (2.8), òî î÷åâèäíî, ÷òî K±(∞) =

lim
x→∞

K±(x) = 0. Òàêæå ëåãêî óáåäèòüñÿ, ÷òî K
(1)
± (∞) = lim

x→∞
K

(1)
± (x) = 0, èáî

ôóíêöèè K
(1)
± ìîíîòîííû íà R+ è

∞∫
τ

∣∣∣K(1)
± (t)

∣∣∣ dt = −
∞∫
τ

K
(1)
± (t) dt = K±(τ) < +∞,

ïðè τ > 0. Èíòåãðèðóÿ ïî ÷àñòÿì èíòåãðàëû â ïðàâîé ÷àñòè ðàâåíñòâà (2.10), ñ

ó÷åòîì K±(∞) = K
(1)
± (∞) = 0, ïîñëåäîâàòåëüíî ïîëó÷àåì

(2.12)
o

K± (x) = −
∞∫
0

K
(1)
± (x+ t) cos

o
ω tdt, x ∈ R+,

è

(2.13)
o

K± (x) =
1
o
ω
·
∞∫
0

K
(2)
± (x+ t) sin

o
ω tdt, x ∈ R+.

Ïîñêîëüêó 0 ≤ K
(2)
± ↓ íà R+, òî èç (2.13) äëÿ ëþáîãî x ∈ R+ èìååì

o

K± (x) ≥ 0

(ñì. [17, ñ. 544]). Èç (2.12) ïîëó÷àåì

∞∫
0

o

K± (x) dx ≤
∞∫
0

∞∫
0

∣∣∣K(1)(x+ t)
∣∣∣ dx dt = −

∞∫
0

∞∫
0

K(1)(x+t) dx dt =

∞∫
0

K(x) dx < +∞,

ò.å.
o

K±∈ L1(R+). Èíòåãðèðîâàíèå ðàâåíñòâ (2.12) â ïðåäåëàõ îò x ≥ 0 äî ∞ ñ

èñïîëüçîâàíèåì òåîðåìû Ôóáèíè äàåò

(2.14)

∞∫
x

o

K± (t)dt = − 1
o
ω
·
∞∫
0

K(1)(x+ t) sin
o
ω tdt.

(Ñóùåñòâîâàíèå âñåõ èíòåãðàëîâ â ïðàâûõ ÷àñòÿõ (2.12) � (2.14) îáåñïå÷èâàþò

óñëîâèÿ (2.8)).

Ïî óñëîâèþ òåîðåìû ñèìâîë (1.2) îïåðàòîðà èìååò âåùåñòâåííûé êîðåíü
o
ω∈

R+,
o
ω 6= 0. Òîãäà èç (1.2) èìååì

(2.15) 1−
∞∫
−∞

K(t) cos
o
ω tdt = 1−

∞∫
0

K+(t) cos
o
ω tdt−

∞∫
0

K−(t) cos
o
ω tdt = 0

è
∞∫
−∞

K(t) sin
o
ω tdt =

∞∫
0

K+(t) sin
o
ω tdt−

∞∫
0

K−(t) sin
o
ω tdt = 0.
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Ó÷èòûâàÿ ñîîòíîøåíèå (2.15), èç ðàâåíñòâ (2.12) ïîëó÷àåì

∞∫
−∞

o

K (t)dt =

∞∫
0

o

K+ (t)dt+

∞∫
0

o

K− (t)dt =

=

∞∫
0

K+(t) cos
o
ω tdt+

∞∫
0

K−(t) cos
o
ω tdt = 1.

Èíòåãðèðîâàíèå íà R+ ðàâåíñòâ (2.14) äàåò

∞∫
−∞

t
o

K (t)dt =

∞∫
0

t
o

K+ (t)dt−
∞∫
0

t
o

K− (t)dt =

=
1
o
ω

∞∫
0

K+(t) sin
o
ω tdt− 1

o
ω

∞∫
0

K−(t) sin
o
ω tdt =

1
o
ω

∞∫
−∞

K(t) sin
o
ω tdt = 0.

Òàêèì îáðàçîì, äëÿ ôóíêöèé
o

K è
o

K± (x) =
o

K (±x), x ∈ R+ èìååì

(2.16) 0 ≤
o

K±∈ L1(R+),

∞∫
−∞

o

K (t)dt = 1,

∞∫
−∞

t
o

K (t)dt = 0.

Ïîýòîìó äëÿ ðåøåíèÿ (
o

V +,
o

V −) ñèñòåìû (1.11) èìååò ìåñòî
o
γ±=

∞∫
0

o

V ± (t)dt = 1

(ñì. [10, Òåîðåìà 4.1]).

Ïðè âûïîëíåíèè óñëîâèé (2.8) ôóíêöèè
o

K± èç (2.10), â ñèëó ëåììû 2.2, áóäóò

óäîâëåòâîðÿòü ðàâåíñòâàì (2.7) ïðè ω =
o
ω. Îòêóäà ñëåäóåò

∞∫
x

dt

∞∫
t

o

K± (u)du ≤ (
o
ω)−2 ·K±(x),

÷òî ñîâìåñòíî ñ óñëîâèåì 0 ≤ K± ∈ L1(R+) äàåò
∞∫
0

x2
o

K± dx <∞.

Èòàê, ïðè âûïîëíåíèè óñëîâèé (à)-(c) òåîðåìû 2.1 ôóíêöèè
o

K±, îïðåäåëÿå-

ìûå ðàâåíñòâàìè (2.6) óäîâëåòâîðÿþò óðàâíåíèÿì (2.7). Åñëè (
o

V +,
o

V −) - ðåøåíèå

ñèñòåìû (1.11), ñîîòâåòñòâóþùèé ïîñòðîåííûì ôóíêöèÿì
o

K±, òî ôóíêöèè V±

èç (2.9) â ñèëó ëåììû 2.1 áóäóò óäîâëåòâîðÿòü ñèñòåìå (1.6). �

Ñâîéñòâî 2.1. Åñëè îïåðàòîð Âèíåðà-Õîïôà óäîâëåòâîðÿåò óñëîâèÿì (a)-(c)

òåîðåìû 2.1, òî ñóùåñòâóåò ôàêòîðèçàöèÿ (1.5), ãäå ÿäðà îïåðàòîðîâ V± ÿâ-

ëÿþòñÿ êîìïëåêñíîçíà÷íûìè ñóììèðóåìûìè íà R+ ôóíêöèÿìè V±.
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Çàìå÷àíèå 2.1. Èñïîëüçóÿ ðåçóëüòàò äîêàçàííîé òåîðåìû, ìû ìîæåì ïî-

ñòðîèòü ÿäðà îïåðàòîðîâ ν± ôàêòîðèçàöèè (1.5) äëÿ îïåðàòîðà Âèíåðà-Õîïôà

ñ ÿäðîì (1.13).

Â óêàçàííîì ñëó÷àå èìååì
o
ω= 2

√
2. Äëÿ ôóíêöèé

o

K± èç (2.10) ïîëó÷àåì:
o

K+ (x) = 4
3e
−2x,

o

K− (x) = 1
3e
−x, x ∈ R+. Äàëåå îïðåäåëèì ðåøåíèå

( o

V +,
o

V −

)
ñèñòåìû (1.11), èìåþùåå âèä

o

V + (x) = A · e−2x,
o

V − (x) = B · e−x, x ∈ R+.

Ïðîñòûå âû÷èñëåíèÿ äàþò A = 2, B = 1. Èòàê,
o

V + (x) = 2 · e−2x,
o

V − (x) = e−x,

x ∈ R+. Íàêîíåö, èç ðàâåíñòâ (2.9) ïîëó÷àåì{
V+(x) = 2

(
1 + i

√
2
)
· e−2x,

V−(x) =
(
1 + i · 2

√
2
)
· e−x, x ∈ R+,

êîòîðûå âìåñòå äàþò ðåøåíèå ñèñòåìû (1.6) â ñëó÷àå (1.13).

3. Óðàâíåíèå Âèíåðà-Õîïôà ñ íåñèììåòðè÷íûì ÿäðîì â

çàêðèòè÷åñêîì ñëó÷àå

3.1. Îäíîðîäíîå óðàâíåíèå. Ðàññìîòðèì óðàâíåíèå

(3.1) S(x) =

∞∫
0

K(x− t)S(t)dt, x ∈ R+,

ãäå ÿäðî K óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.1. Ôàêòîðèçàöèÿ (1.5) ñâîäèò

ðåøåíèå ýòîãî óðàâíåíèÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ ñëåäóþùèõ äâóõ óðàâ-

íåíèé:

(3.2) ϕ(x) =

∞∫
x

V−(t− x)ϕ(t)dt,

(3.3) S(x) = ϕ(x) +

x∫
0

V+(x− t)S(t)dt, x ∈ R+,

ãäå (V+, V−) - ðåøåíèå ñèñòåìû (1.6) è ïðåäñòàâëÿåòñÿ â âèäå (2.9) ïîñðåäñòâîì

ðåøåíèÿ (
o

V +,
o

V −) ñîîòâåòñòâóþùåé ñèñòåìû (1.11). Òîãäà ðåøåíèå óðàâíåíèÿ

(3.1) ìîæåò áûòü îïðåäåëåíî èç óðàâíåíèÿ

(3.4) S(x) = e−i
o
ωx +

x∫
0

V+(x− t)S(t)dt, x ∈ R+,
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ïîñêîëüêó óðàâíåíèå (3.2) îáëàäàåò î÷åâèäíûì ðåøåíèåì ϕ(x) = e−i
o
ωx. Óðàâíå-

íèþ (3.4) óäîâëåòâîðÿåò âåùåñòâåííîå ðåøåíèå ñîîòâåòñòâóþùåãî êîíñåðâàòèâ-

íîãî óðàâíåíèÿ

(3.5) S(x) = cos
o
ω x+

x∫
0

o

V + (x− t)S(t)dt, x ∈ R+,

Ó÷èòûâàÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ S óðàâíåíèÿ (3.5) ïðèõîäèì ê

ñëåäóþùåé òåîðåìå (ñì. [15, Òåîðåìà 2]).

Òåîðåìà 3.1. Îäíîðîäíîå óðàâíåíèå (3.1) â ñëó÷àå, êîãäà âûïîëíÿþòñÿ óñëîâèÿ

(a)-(c) òåîðåìû 2.1 îáëàäàåò âåùåñòâåííûì ðåøåíèåì S, ïðè÷åì

S(x) = O(x), ïðè x→∞.

3.2. Íåîäíîðîäíîå óðàâíåíèå. Ðàññìîòðèì òåïåðü íåîäíîðîäíîå óðàâíåíèå

(1.1) â ñëó÷àå, êîãäà äàííûå ôóíêöèè K è g ïðèíèìàþò äåéñòâèòåëüíûå çíà÷å-

íèÿ, ïðè÷åì g ∈ L1(R+), 0 ≤ K ≤∈ L1(R) è íàðóøàåòñÿ óñëîâèå (1.3). Åñëè ÿäðî

K óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.1, òî ñóùåñòâóåò ôàêòîðèçàöèÿ (1.5), ÷òî

ïîçâîëÿåò ïîëó÷èòü ðåøåíèå óðàâíåíèÿ (1.1) ïîñëåäîâàòåëüíûì ðåøåíèåì ñëå-

äóþùèõ äâóõ âîëüòåððîâñêèõ óðàâíåíèé:

(3.6) ϕ(x) = g(x) +

∞∫
x

V−(t− x)ϕ(t)dt, x ∈ R+,

(3.7) f(x) = ϕ(x) +

x∫
0

V+(x− t)f(t)dt, x ∈ R+,

ãäå ôóíêöèè V± îïðåäåëÿþòñÿ ïîñðåäñòâîì ðàâåíñòâ (2.9), ïðè÷åì
o

V ± óäîâëå-

òâîðÿþò óñëîâèÿì
∞∫
0

o

V ± (t)dt = 1. Ïîñêîëüêó â ðàáîòå [15] íå áûëî ðàññìîòðåíî

íåîäíîðîäíîå óðàâíåíèå â çàêðèòè÷åñêîì ñëó÷àå, â ýòîì ïàðàãðàôå áóäóò ðàñ-

ñìîòðåíû êàê ñèììåòðè÷åñêèé, òàê è íåñèììåòðè÷åñêèé ñëó÷àè. Â ñèììåòðè÷å-

ñêîì ñëó÷àå èìååì K+(x) = K−(x) = K(x), x ∈ R+,
o

K+ (x) =
o

K− (x) =
o

K (x),

x ∈ R+ è
o

V + (x) =
o

V − (x) =
o

V (x), ãäå
o

V îïðåäåëÿåòñÿ èç óðàâíåíèÿ

o

V (x) =
o

K (x) +

∞∫
0

o

V (t)
o

V (x+ t)dt, x ∈ R+.
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Îáñóäèì âîïðîñû ðàçðåøèìîñòè óðàâíåíèÿ (3.6). Íàðÿäó ñ ýòèì óðàâíåíèåì ðàñ-

ñìîòðèì ñîîòâåòñòâóþùåå êîíñåðâàòèâíîå óðàâíåíèå

(3.8)
o
ϕ (x) =

o
g (x) +

∞∫
x

o

V − (t− x)
o
ϕ (t)dt, x ∈ R+,

è âûáåðåì ôóíêöèþ
o
g òàê, ÷òîáû åãî ðåøåíèå

o
ϕ óäîâëåòâîðÿëî òàêæå óðàâíå-

íèþ (3.6). Â [10] äîêàçàíî, ÷òî åñëè
o
g åñòü âåùåñòâåííàÿ ñóììèðóåìàÿ íà R+

ôóíêöèÿ, òî (3.8) îáëàäàåò ëîêàëüíî-èíòåãðèðóåìûì íà R+ ðåøåíèåì
o
ϕ, ïðè÷åì

o
ϕ∈ L1(R+), åñëè

∞∫
0

x|
o
g (x)|dx < ∞. Ýòî óòâåðæäåíèå ñïðàâåäëèâî òàêæå äëÿ

êîìïëåêñíîçíà÷íûõ ôóíêöèé
o
g.

Ïóñòü
∞∫
0

x|g(x)| dx < +∞. Èíòåãðèðóÿ ðàâåíñòâî (3.8) â ïðåäåëàõ îò x ≥ 0 äî

∞, ïîëó÷àåì

∞∫
x

o
ϕ (u)du =

∞∫
x

o
g (u)du+

∞∫
0

o

V − (t)dt

∞∫
x+t

o
ϕ (u)du,

îòêóäà ñ ó÷åòîì
o
γ−= 1 ñëåäóåò

∞∫
x

o
g (u)du =

∞∫
0

o
ϕ (x+ t)dt

∞∫
t

o

V − (u)du.

Óìíîæèâ ïîñëåäíåå ðàâåíñòâî íà i
o
ω è ñëîæèâ ñ (3.8), ïîëó÷àåì

(3.9)
o
ϕ (x) = (

o
g (x)− i oω ·

∞∫
x

o
g (u)du) +

∞∫
x

V−(t− x)
o
ϕ (t)dt,

ãäå V− îïðåäåëÿåòñÿ âòîðûì èç ðàâåíñòâ (2.9).

Òàêèì îáðàçîì, ôóíêöèþ
o
g íàäî âûáðàòü òàê, ÷òîáû

o
g (x)− i oω ·

∞∫
x

o
g (u)du = g(x), x ∈ R+,

îòêóäà ïîëó÷àåì

(3.10)
o
g (x) = g(x) + i

o
ω ·

∞∫
0

g(x+ t)ei
o
ωtdt, x ∈ R+.

Ïóñòü ϕ̃- ðåøåíèå óðàâíåíèÿ

(3.11) ϕ̃(x) = g(x) +

∞∫
x

o

V − (t− x)ϕ̃(t)dt, x ∈ R+,
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ãäå g åñòü ñâîáîäíûé ÷ëåí óðàâíåíèÿ (1.1). (Ìû ïîëàãàåì, ÷òî g-âåùåñòâåííàÿ è

ñóììèðóåìàÿ íà R+ ôóíêöèÿ). Ñîãëàñíî [10], ýòî ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

(3.12) ϕ̃(x) = g(x) +

∞∫
0

Φ−(t)g(x+ t)dt, x ∈ R+,

ãäå ðåçîëüâåíòíàÿ ôóíêöèÿ Φ− îïðåäåëÿåòñÿ èç óðàâíåíèÿ

Φ−(x) =
o

V − (x) +

x∫
0

o

V − (x− t)Φ−(t)dt, x ∈ R+.

Â ðàáîòå [10] íå òîëüêî äîêàçàíà ðàçðåøèìîñòü ïîñëåäíåãî óðàâíåíèÿ, íî è èçó-

÷åíû àñèìïòîòè÷åñêèå ïîâåäåíèÿ ôóíêöèé ϕ̃ è Φ− â +∞. Òîãäà, ëåãêî óáåäèòü-

ñÿ, ÷òî ðåøåíèåì óðàâíåíèÿ (3.8) (è ðåøåíèåì óðàâíåíèÿ (3.6)), ãäå
o
g èìååò âèä

(3.10) ÿâëÿåòñÿ ôóíêöèÿ

(3.13) ϕ(x) =
o
ϕ (x) = ϕ̃(x) + i

o
ω

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt,

ãäå ϕ̃ -âåùåñòâåííàÿ ôóíêöèÿ, êîòîðàÿ îïðåäåëÿåòñÿ èç (3.12). Ïîýòîìó ðåøåíèå

óðàâíåíèÿ (1.1) ìîæíî îïðåäåëèòü èç óðàâíåíèÿ (3.7), ãäå ϕ èìååò âèä (3.13):

(3.14) f(x) = (ϕ̃(x) + i
o
ω ·

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt) +

x∫
0

V+(x− t)f(t)dt,

çäåñü ôóíêöèÿ V+ îïðåäåëÿåòñÿ ñîãëàñíî (2.9).

Íàðÿäó ñ (3.14) ðàññìîòðèì êîíñåðâàòèâíîå óðàâíåíèå

(3.15) f(x) = ϕ∗(x) +

x∫
0

o

V + (x− t)f(t)dt, x ∈ R+,

è âûáåðåì ôóíêöèþ ϕ∗ òàê, ÷òîáû åãî ðåøåíèå óäîâëåòâîðÿëî òàêæå (3.14). Ëåã-

êî ïîêàçàòü, ÷òî äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû

ϕ∗(x)− i oω ·
x∫

0

ϕ∗(u)du = ϕ̃(x) + i
o
ω ·

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt x ∈ R+,

îòêóäà ñëåäóåò

ϕ∗(x) = ϕ̃(x) + i
o
ω ·

∞∫
0

ϕ̃(x+ t)ei
o
ωtdt+ i

o
ω ei

o
ωx ·

x∫
0

e−i
o
ωtϕ̃(t) dt+

+(
o
ω)2 · ei

o
ωx ·

x∫
0

e−i
o
ωtdt

∞∫
0

ϕ̃(t+ u)ei
o
ωudu.(3.16)
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Ðåøåíèå óðàâíåíèÿ (3.15) ïðåäñòàâèìî â âèäå (ñì. [10, �3, ï.1])

f(x) = ϕ∗(x) +

x∫
0

Φ+(x− t)ϕ∗(t)dt, x ∈ R+,

ãäå Φ+ îïðåäåëÿåòñÿ èç óðàâíåíèÿ

Φ+(x) =
o

V + (x) +

x∫
0

o

V + (x− t)Φ+(t)dt, x ∈ R+.

Ðåøèâ óðàâíåíèå (3.15) ïðè ôóíêöèè ϕ∗, êîòîðàÿ îïðåäåëÿåòñÿ ïîñðåäñòâîì

(3.16), ïîëó÷àåì êîìïëåêñíîå ðåøåíèå f óðàâíåíèÿ (1.1). Ïîñêîëüêó K è g -

âåùåñòâåííûå ôóíêöèè, à óðàâíåíèå (1.1) - ëèíåéíîå, òî äåéñòâèòåëüíàÿ ôóíê-

öèÿ f∗(x) = Ref(x) òàêæå áóäåò óäîâëåòâîðÿòü óðàâíåíèþ (1.1).

Ó÷èòûâàÿ àñèìïòîòè÷åñêîå ïîâåäåíèå ôóíêöèè Φ+ (ñì. [10, �3]), ïîëó÷àåì

ñëåäóþùóþ òåîðåìó.

Òåîðåìà 3.2. Åñëè â íåîäíîðîäíîì óðàâíåíèè (1.1) ÿäðî K óäîâëåòâîðÿåò óñëî-

âèÿì (a)-(c) òåîðåìû 2.1, à ôóíêöèÿ g - óñëîâèÿì

g ∈ L1(R+),

∞∫
0

x|g(x)| dx <∞,

òî ýòî óðàâíåíèå îáëàäàåò âåùåñòâåííûì ðåøåíèåì f , ïðè÷åì

f(x) = O(x), ïðè x→∞.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîô. Í.Á. Åíãèáàðÿíó çà îáñóæäåíèÿ ðåçóëü-

òàòîâ ðàáîòû.

Abstract. The paper is devoted to the solvability questions of the following Wiener-

Hopf integral equation in the case where the kernel K satis�es the conditions 0 ≤
K ∈ L1(R),

∞∫
−∞

K(t)dt > 1, K± ∈ C(3)(R+), (−1)n · K(n)
± (x) ≥ 0, x ∈ R+, n =

1, 2, 3. Based on Volterra factorization of the Wiener-Hopf operator, and invoking

the technique of nonlinear functional equations, we construct real-valued solutions

both for homogeneous and non-homogeneous equations, assuming that the function

g is real-valued and summable, and the corresponding conditions are satis�ed. The

behavior at in�nity of the corresponding solutions is also studied.
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