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Abstract. In this paper, we prove a di�erence analogue of Cartan's second main

theorem for a meromorphic mapping on Cm intersecting a �nite set of �xed hyperplanes

in general position on Pn(C). As an application, we prove a uniqueness theorem for a

class of holomorphic curves by inverse images of n+ 4 hyperplanes. Òhis result is so far

the best result about the uniqueness problem for holomorphic curves by inverse images

of hyperplanes.
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1. Introduction and main results

Recently, Nevanlinna theory have been studied for di�erence operators. In 2006,

R. Halburd and R. Korhonen [6, 7] have built the second main theorem for a

di�erence operator of meromorphic functions. Since then, many authors have studied

applications of Nevanlinna theory for di�erence operators. In 2014, R. Halburd, R.

Korhonen and K. Tohge [8] proved a di�erence analogue of Cartan's second main

theorem for holomorphic curves. In 2016, T. B. Cao and R. Korhonen [1] gave

a new version of the di�erence second main theorem for meromorphic mappings

intersecting hyperplanes in several complex variables.

However, to the best of our knowledge, a little is known concerning uniqueness

problem of holomorphic curves by applying di�erence second main theorems. When

one applies inequalities of type second main theorem, it is often crucial to have

an inequality with truncated counting functions. For instance, all the existing

constructions of unique range sets depend on the second main theorem with truncated

counting functions. The above quoted results motivate us to consider the di�erence

second main theorem for holomorphic curves intersecting hyperplanes with the

level of truncation. In order to reduce the number of hyperplanes in the uniqueness

problem, we �rst establish a di�erence analogue of Cartan's second main theorem

1The research was sponsored by China/Shandong University International Postdoctoral
Exchange Program.
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with truncated level 1. As an application of this result, we prove a uniqueness

theorem for holomorphic curves by inverse images of n+ 4 hyperplanes.

To state our results, we �rst recall some notation and notions from Nevanlinna

theory. We set

|z|2 =

m∑
j=1

|zj |2 for all z = (z1, . . . , zm) ∈ Cm,

Sm(r) = {z ∈ Cm : |z| = r}, Bm(r) = {z ∈ Cm : |z| ≤ r},

d = ∂ + ∂, dc =
1

4πi
(∂ − ∂),

ωm = ddc log |z|2, σm = dc log |z|2 ∧ ωmm−1(z), νm(z) = ddc|z|2.

Let ν be a divisor in Cm. We set suppν = {z : ν(z) 6= 0}, and de�ne the counting

function of ν by

Nν(r) =

∫ r

1

n(t)

t2m−1
dt, 1 < r < +∞,

where n(t) =
∫
suppν∩Bm(t)

νm−1m for m ≥ 2, and n(t) =
∑
|z|≤t ν(z) for m = 1. Let

M be a positive integer, we de�ne νM by νM (z) = min{M,ν(z)} and the counting

function of νM by

NM
ν (r) =

∫ r

1

nM (t)

t2m−1
dt, 1 < r < +∞,

where nM (t) =
∫
suppmin{M,ν}∩Bm(t)

νm−1m form ≥ 2, and nM (t) =
∑
|z|≤t min{M,ν(z)}

for m = 1. When M = 1, we get the reduced counting function Nν(r).

Let F be a nonzero holomorphic function on Cm. For a set α = (α1, . . . , αm) of

nonnegative integers, we set |α| = α1 + · · · + αm and D|α|F =
∂|α|

∂α1z1 . . . ∂αmzm
.

We de�ne the zero divisor νF of F by

νF = max{p : D|α|F (z) = 0 for all α : |α| < p}.

Let φ be a nonzero meromorphic function on Cm. For each z0 ∈ Cm, the zero

divisor νφ of φ is de�ned as follows. We choose nonzero holomorphic functions F

and G de�ned on a neighborhood U of z0 such that φ =
F

G
on U and dim(F−1(0)∩

G−1(0)) ≤ m − 2, then we put νφ = νφ=0 = νF , and νφ=∞ = νG is called the

polar divisor of φ. For each a ∈ P1(C) with φ−1(a) 6= Cm, the counting function of

an a-point of φ is de�ned as follows. We denote by νφ(a) the a-divisor of φ. This

means that if φ = (φ0 : φ1) is an expression reducing φ, then the a-divisor νφ(a)

is the divisor associated with the holomorphic function φ1 − aφ0. Thus, we have

νφ(a) =
∑
z∈Cm νφ1−aφ0

(z). We de�ne

nφ(r, a) =

∫
suppνφ(a)∩Bm(r)

νφ(a)νm−1m
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outside a set analysis of codimension 2, that is, dim((φ1 − aφ0)−1(0) ∩ φ−10 (0)) ≤
m − 2 for all m ≥ 1 and r > 0, where suppνφ(a) denotes the closure of the set

{z ∈ Cm : νφ(a)(z) 6= 0}. The counting function of an a-point of φ is de�ned by

Nφ(r, a) =

∫ r

1

nφ(t, a)

t2m−1
dt.

The proximity function of φ is de�ned by

mφ(r, a) =


∫
Sm(r)

log+ 1

|φ(z)− a|
σm(z), a 6=∞∫

Sm(r)
log+ |φ(z)|σm(z), a =∞

.

The characteristic function of φ is de�ned by Tφ(r) = mφ(r,∞) + Nφ(r,∞). We

also de�ne Tφ(r, a) := mφ(r, a) + Nφ(r, a), a 6= ∞. In some cases, we also use

the notation: Tφ(r, a) = T (r,
1

φ− a
) and mφ(r, a) = m(r,

1

φ− a
). The �rst main

theorem states that Tφ(r, a) = Tφ(r)+O(1). The di�erence operator of a meromorphic

function φ is de�ned by

∆c(φ) = φ(z1 + c1, . . . , zm + cm)− φ(z1, . . . , zm),

where c = (c1, . . . , cm) ∈ Cm. The hyper-order of φ is de�ned by

ς(φ) = lim sup
r→∞

log log Tφ(r)

log r
.

Let f be a meromorphic map of Cm into Pn(C). For arbitrary �xed homogeneous

coordinates of Pn(C), we can choose holomorphic functions f0, f1, . . . , fn de�ned

on Cm such that If = {z ∈ Cm : f0(z) = · · · = fn(z) = 0} is of dimension at most

m− 2 and f = (f0 : · · · : fn). Usually, the function f̃ = (f0, . . . , fn) : Cm −→ Cn+1

is called a reduced representation of f. Set ||f̃(z)|| = max{|f0(z)|, . . . , |fn(z)|}. The
characteristic function of f is de�ned by

Tf (r) =

∫
Sm(r)

log ||f̃(z)||σm(z),

where the above de�nition is independent (up to an additive constant) of the choice

of the reduced representation of f. The order of f and the hyper-order f of are

de�ned by

σ(f) = lim sup
r→∞

log Tf (r)

log r
and ς(f) = lim sup

r→∞

log log Tf (r)

log r
,

respectively.

Let H be a hyperplane in Pn(C), and let

L(z0, . . . , zn) =

n∑
j=0

ajzj
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be a linear form de�ned on H, where aj ∈ C, j = 0, . . . , n, are constants. Denote

by a = (a0, . . . , an) the non-zero vector associated with H, and de�ne

L(f̃) = (H, f) = (a, f̃) =

n∑
j=0

ajfj .

Under the assumption that (a, f̃) 6≡ 0 for 1 < r < +∞, the proximity function of

f with respect to H is de�ned as follows:

mf (r,H) =

∫
Sm(r)

log
‖f̃(z)‖
|(a, f̃)(z)|

σm(z),

where the above de�nition is independent (up to an additive constant) of the

choice of the reduced representation of f . The counting function of f is de�ned

to be Nν(H,f)(r), meaning that Nν(H,f)(r) = N(H,f)(r, 0). In some cases, we use the

notation Nf (r,H) instead of Nν(H,f)(r).

The Casorati determinant of f is de�ned by

Wc(f) = Wc(f0, . . . , fn) =

∣∣∣∣∣∣∣∣∣
f0(z) f1(z) · fn(z)

f0(z + c) f1(z + c) · fn(z + c)
...

...
. . .

...
f0(z + nc) f1(z + nc) · fn(z + nc)

∣∣∣∣∣∣∣∣∣ ,
where c = (c1, . . . , cm) ∈ Cm \ {0}.

Let f : C→ Pn(C) be a holomorphic curve, the Casorati type determinant of f

is de�ned by

Dc(f) = Dc(f0, . . . , fn) =

∣∣∣∣∣∣∣∣∣
f

′

0(z) f
′

1(z) · f
′

n(z)
f0(z + c) f1(z + c) · fn(z + c)

...
...

. . .
...

f0(z + nc) f1(z + nc) · fn(z + nc)

∣∣∣∣∣∣∣∣∣ ,
where c ∈ C \ {0}.

Let F be a nonzero holomorphic function on Cm and z0 = (z0,1, . . . , z0,m) ∈ Cm

be such that F (z0) = 0 with multiple p ∈ N∗, then

F (z) =

∞∑
|k|=p

bk(z − z0)k

on a neighborhood of z0, where bk ∈ C and

(z−z0)k = (z1−z0,1)k1 . . . (zm−z0,m)km , k1+· · ·+km = |k|, k = (k1, . . . , km) ∈ Nm.

Observe that on a neighborhood of z0, we also have

F (z + c) =

∞∑
|k|=q

ck(z − z0)k, q ≥ 0,

where ck are complex constants.
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We denote by
∼
N

c

F (r, 0) the counting function at all zeros z0 of F (z), and observe

that z0 is also a zero of F (z + c) in the following sense. If z0 is a zero of F (z) with

multiplicity p ≥ 1 and also is a zero of F (z + c) with multiplicity q ≥ 1, then z0 is

counted p−q times in
∼
N

c

F (r, 0). If q = 0, the point z0 is counted p times in
∼
N

c

F (r, 0).

If F (z) = 0 implies F (z + c) = 0, then we denote by
∼
NF (z+c)(r, 0) the counting

function at the points F (z + c) = 0 when F (z) = 0 with counting multiplicity.

This means that if z0 is a zero of F (z) with multiple p ≥ 1 and z0 also is a zero of

F (z + c) with multiple q ≥ 1, then z0 is counted q times in
∼
NF (z+c)(r, 0). We have

NF (r, 0) =
∼
N

c

F (r, 0) +
∼
NF (z+c)(r, 0). Note that

∼
N

c

F (r, 0) may be negative, positive

or zero if F (z) ≡ F (z + c).

The following de�nition was given in Korhonen et. al [9].

De�nition 1.1. Let n ∈ N∗, c ∈ C \ {0} and a ∈ P1(C). An a-point z0 of

a meromorphic function h(z) is said to be n-successive and c-separated if the n

meromorphic functions h(z + jc) (j = 1, . . . , n) take the value a at z = z0 with

multiplicity not less than that of h(z) at z = z0. All the other a-points of h(z)

are called n-aperiodic of pace c. By
∼
N

[n,c]

h (r, a) we denote the counting function of

n-aperiodic zeros of the function h− a of pace c.

Therefore, we denote by
∼
N

[n,c]

(H,g)(r, 0) the counting function of the n-aperiodic

zeros of function (H, g) for holomorphic curve g : C → Pn(C). Also, we denote by

N
[n,c]
h (r, a) (resp.N

[n,c]

h (r, a)) the counting with multiplicity (resp. without counting

multiplicity) function of n-successive and c-separated a-points of a function h.

Recall that the hyperplanes H1, . . . ,Hq, q > n, in Pn(C) are said to be in general

position if for any distinct i1, . . . , in+1 ∈ {1, . . . , q}, we have
⋂n+1
k=1 supp(Hik) = ∅,

which is equivalent to the Hi1 , . . . ,Hin+1
being linearly independent.

In this paper, we consider the following family of meromorphic maps:

F =
{
f : Cm → Pn(C) such that Tfi(r) ≤ O(Tf (r)) for all i = 0, . . . , n

}
.

Observe that F 6= ∅, since f = (f0 : f1 : · · · : fn) ∈ F, where fi = 1 for some

i ∈ {0, . . . , n}. Indeed, we have for all j 6= i,

Tfj (r) =

∫
Sm(r)

log+ |fj(z)|σm(z) ≤
∫
Sm(r)

log(1 + max
t∈{0,...,n}\i

{|ft(z)|})σm(z)

≤
∫
Sm(r)

log ||f̃(z)||σm(z) +O(1) = Tf (r) +O(1).

Now we are in position to state the main results of this paper. The next theorem

is a di�erence analogue of Cartan's second main theorem.
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Theorem 1.2. Let f = (f0 : f1 : · · · : fn) : C → Pn(C) be a holomorphic curve

in F with ς(f) = ς < 1, and let H1, . . . ,Hq be hyperplanes in Pn(C) in general

position such that the image of f is not contained in Hj , j = 1, . . . , q. Suppose that

Dc(f) 6≡ 0. Then for any 1 < r < +∞, we have

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

[n,c]

(Hj ,f)(r, 0) +N
[n,c]

(Hj ,f)(r, 0)) + S(r, f),

r lies outside of a possible exceptional set E ⊂ [1,∞) of �nite logarithmic measure.

As an immediate consequence of Theorem 1.2, we have the following result.

Corollary 1.1. Let f = (f0 : f1 : · · · : fn) : C → Pn(C) be a holomorphic curve

in F with ς(f) = ς < 1, and let H1, . . . ,Hq be hyperplanes in Pn(C) in general

position such that the image of f is not contained in Hj , j = 1, . . . , q. Suppose that

Dc(f) 6≡ 0 and for any 1 < r < +∞,
q∑
j=1

∼
N

[n,c]

(Hj ,f)(r, 0) = S(r, f).

Then we have

(q − n− 1)Tf (r) 6
q∑
j=1

N
[n,c]

(Hj ,f)(r, 0) + S(r, f) ≤
q∑
j=1

N (Hj ,f)(r, 0) + S(r, f)

for all r lying outside a of possible exceptional set E ⊂ [1,∞) of �nite logarithmic

measure.

Next, we consider the family G ⊂ F of holomorphic curves with the following

properties:

(i) Dc(f) 6≡ 0 for all f ∈ G;

(ii) Let H1, . . . ,Hq, q ≥ n + 4, be hyperplanes in Pn(C) in general position such

that the image of f is not contained in Hj , j = 1, . . . , q, and f−1(Hi)∩f−1(Hj) = ∅

for all i 6= j, and f ∈ G. We also assume that
∑q
j=1

∼
N

[n,c]

(Hj ,f)(r, 0) = S(r, f) for all

f ∈ G.

(iii) ς(f) = ς < 1 for all f ∈ G.

As an application of Corollary 1.1, we have the following uniqueness theorem for

holomorphic curves from G.

Theorem 1.3. Let f and g be two holomorphic curves in G, and let H1, . . . ,Hq, q ≥
n + 4, be hyperplanes in Pn(C) in general position. Suppose that f(z) = g(z) on

∪qj=1(f−1(Hj) ∪ g−1(Hj)). Then we have f ≡ g.

Remark 1.1. In 2010, Z. Chen and Q. Yan [3] have proved a uniqueness theorem

for holomorphic curves from C into Pn(C) by inverse images of 2n+ 3 hyperplanes.
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Our Theorem 1.3 gives a uniqueness theorem for holomorphic curves by inverse

images of n+ 4 hyperplanes.

Theorem 1.4. Let f = (f0 : f1 : · · · : fn) : Cm → Pn(C) be a meromorphic non-

degenerate linear map in F with ς(f) = ς < 1, and let H1, . . . ,Hq be hyperplanes

in Pn(C) in general position such that Hj(f(0)) 6= 0, j = 1, . . . , q. Then for any

1 < r < +∞, we have

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

c

(Hj ,f)(r, 0) +
∼
N
n

(Hj ,f(z+c))(r, 0)) + S(r, f),

r lies outside of a possible exceptional set E ⊂ [1,∞) of �nite logarithmic measure.

2. Some results from Nevanlinna theory

In this section we state some known results from Nevanlinna theory that will be

used in the proofs of the theorems.

Lemma 2.1 ([1]). Let f be a non-constant meromorphic function in Cm such that

f(0) 6= 0,∞, and let c ∈ Cm. If ς(f) = ς < 1, then

m(r,
f(z + c)

f(z)
) = S(r, f),

for all r > 0 outside of a possible exceptional set E ⊂ [1,+∞) of �nite logarithmic

measure
∫
E
dt/t < +∞.

Lemma 2.2 ([8, 10]). Let f : Cm → P1(C) be a meromorphic function, and let

c ∈ Cm. If ς(f) = ς < 1, then Tf(z+c)(r) ≤ Tf (r) + o(Tf (r)), where r →∞ outside

of an exceptional set of �nite logarithmic measure.

Lemma 2.3 ([8]). Let f be a non-constant meromorphic function, ε > 0 and c ∈ C.
If ς(f) < 1 and ε > 0, then

m(r,
f(z + c)

f(z)
) = o(

Tf (r)

r1−ς−ε
)

for all r outside of a set of �nite logarithmic measure.

3. Proof of Theorems

We �rst prove a number of lemmas.

Lemma 3.1. Let f = (f0 : f1 : · · · : fn) : C → Pn(C) be a holomorphic curve in

F with hyper-order ς(f) < 1, and let H1, . . . ,Hq be arbitrary hyperplanes in Pn(C)

such that the image of f is not contained in Hj , j = 1, . . . , q. Let aj by the non-zero
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vector associated with Hj , j = 1, . . . , q. Suppose that Dc(f) 6≡ 0. Then the following

inequality

∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(al, f̃)(reiθ)|

dθ

2π
6 (n+ 1)Tf (r)−NDc(f)(r, 0) + S(r, f)

holds for all r outside of an exceptional set of �nite logarithmic measure. Here the

maximum is taken over all subsets K of {1, . . . , q} such that al, l ∈ K are linearly

independent.

Proof. Let K ⊂ {1, . . . , q} be a set such that al (l ∈ K) are linearly independent.

Without loss of generality, we may assume that q > n+ 1 and #K = n+ 1. Let T

be the set of all injective maps µ : {0, 1, . . . , n} → {1, . . . , q}. Then we can write

∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(aj , f̃)(reiθ)|

dθ

2π
=

∫ 2π

0

max
µ∈T

n∑
l=0

log
‖f̃(reiθ)‖

|(aµ(l), f̃)(reiθ)|
dθ

2π

=

∫ 2π

0

max
µ∈T

log

{
‖f̃(reiθ)‖n+1

n∏
l=0

|(aµ(l), f̃)(reiθ)|

}
dθ

2π

≤
∫ 2π

0

max
µ∈T

log

{
‖f̃(reiθ)‖n+1

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|

}
dθ

2π

+

∫ 2π

0

max
µ∈T

log

{ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

}
dθ

2π
+O(1)

=

∫ 2π

0

log max
µ∈T

{
‖f̃(reiθ)‖n+1

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|

}
dθ

2π

+

∫ 2π

0

log max
µ∈T

{ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

}
dθ

2π
+O(1)

≤
∫ 2π

0

log
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

+

∫ 2π

0

log
∑
µ∈T

‖f̃(reiθ)‖n+1

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
dθ

2π
+O(1).
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By the property of Casorati-type determinant, we see that |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))| =
C1,µ|Dc(f0, . . . , fn)|, where C1,µ > 0 is a constant. So, we obtain∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(al, f̃)(reiθ)|

dθ

2π
(3.1)

6
∫ 2π

0

log
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

+

∫ 2π

0

log
‖f̃(reiθ)‖n+1

|Dc(f0, . . . , fn)(reiθ)|
dθ

2π
+O(1).

We have

Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(z)
n∏
l=0

(aµ(l), f̃)(z)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(aµ(0), f̃)′(z)

(aµ(0), f̃)(z)

(aµ(1), f̃)′(z)

(aµ(1), f̃)(z)
·

(aµ(n), f̃)′(z)

(aµ(n), f̃)(z)

(aµ(0), f̃)(z + c)

(aµ(0), f̃)(z)

(aµ(1), f̃)(z + c)

(aµ(1), f̃)(z)
·

(aµ(n), f̃)(z + c)

(aµ(n), f̃)(z)
...

...
. . .

...

(aµ(0), f̃)(z + nc)

(aµ(0), f̃)(z)

(aµ(1), f̃)(z + nc)

(aµ(1), f̃)(z)
·

(aµ(n), f̃)(z + nc)

(aµ(n), f̃)(z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By Lemma 2.3, we obtain

m(r,
(aµ(l), f̃)(z + jc)

(aµ(l), f̃)(z)
) = o(T(aµ(l),f̃)(z)(r)),(3.2)

for all r > 0 outside of a possible exceptional set E ⊂ [1,+∞) of �nite logarithmic

measure
∫
E
dt/t < +∞, for all l = 0, . . . , n and for all j = 1, . . . , n. We have

T(aµ(l),f̃)(z)(r) ≤
n∑
j=0

Tfj (r) +O(1) ≤ O(Tf (r))

for all l = 0, . . . , n. Thus, (3.2) implies

‖ m(r,
(aµ(l), f̃)(z + jc)

(aµ(l), f̃)(z)
) = o(Tf (r)),(3.3)

for all l = 0, . . . , n and for all j = 1, . . . , n.

From (3.3) and the lemma on the logarithmic derivative, for any µ ∈ T, we have∫ 2π

0

log+ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π
6 S(r, f).
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This implies that∫ 2π

0

log
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

6
∫ 2π

0

log+
∑
µ∈T

|Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π

6
∑
µ∈T

∫ 2π

0

log+ |Dc((aµ(0), f̃), . . . , (aµ(n), f̃))(reiθ)|
n∏
l=0

|(aµ(l), f̃)(reiθ)|

dθ

2π
+O(1) 6 S(r, f).(3.4)

Now the statement of the lemma follows from (3.1), (3.4) and Jensen's formula.

Lemma 3.1 is proved. �

Lemma 3.2. (see [5]) Let f0, f1, . . . , fn be linearly independent meromorphic functions

in Cm, and let f = (f0, f1, . . . , fn). Then there are multi-indices νi ∈ Zm+ , i =

1, . . . , n such that 0 < |νi| ≤ i and f, ∂ν1f, . . . , ∂νnf are linearly independent over

Cm.

Fix multi-indices νi ∈ Zm+ with ν0 = 0 and |νi| > 0 (i = 1, . . . , n), and set

l = |ν1| + · · · + |νn|. For meromorphic functions f0, . . . , fn in Cm, the Wronskian

determinant is de�ned by

W (f0, . . . , fn) = Wν1...νn(f0, . . . , fn) =

∣∣∣∣∣∣∣∣∣
f0 f1 · fn

∂ν1f0 ∂ν1f1 · ∂ν1fn
...

...
. . .

...
∂νnf0 ∂νnf1 · ∂νnfn

∣∣∣∣∣∣∣∣∣ .
Observe that if f0, f1, . . . , fn are linearly independent meromorphic functions in

Cm, then W (f0, . . . , fn) 6≡ 0.

Lemma 3.3. Let f = (f0 : · · · : fn) : Cm → Pn(C) be a non-degenerate meromorphic

map in F with ς(f) < 1, and let H1, . . . ,Hq be arbitrary hyperplanes in Pn(C)

such that Hj(f(0)) 6= 0, j = 1, . . . , q. Let aj be the non-zero vector associated with

Hj , j = 1, . . . , q. Then the following inequality∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(al, f̃)(z)|

σm(z) 6 (n+ 1)Tf (r)−NW (f(z+c))(r, 0) + S(r, f)

holds for all r outside of an exceptional set of �nite logarithmic measure. Here the

maximum is taken over all subsets K of {1, . . . , q} such that al (l ∈ K) are linearly

independent.

Proof. By Lemma 3.2, there are multi-indices νi ∈ Zm+ (i = 1, . . . , n) such that

0 < |νi| ≤ i and f̃(z+c), ∂ν1 f̃(z+c), . . . , ∂νn f̃(z+c) are linearly independent over
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Cm. Therefore, we have W (f0(z + c), . . . , fn(z + c)) 6≡ 0. Let K ⊂ {1, . . . , q} be a
set such that al (l ∈ K) are linearly independent. Without loss of generality, we

may assume that q > n+ 1 and #K = n+ 1. Let T be the set of all injective maps

µ : {0, 1, . . . , n} → {1, . . . , q}. Then, we can write

∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(aj , f̃)(z)|

σm(z) =

∫
Sm(r)

max
µ∈T

n∑
l=0

log
‖f̃(z)‖

|(aµ(l), f̃)(z)|
σm(z)

=

∫
Sm(r)

max
µ∈T

log

{
‖f̃(z)‖n+1

n∏
l=0

|(aµ(l), f̃)(z)|

}
σm(z)

≤
∫
Sm(r)

max
µ∈T

log

{
‖f̃(z)‖n+1

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|

}
σm(z)

+

∫
Sm(r)

max
µ∈T

log

{ |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|

}
σm(z) +O(1)

=

∫
Sm(r)

log max
µ∈T

{
‖f̃(z)‖n+1

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|

}
σm(z)

+

∫
Sm(r)

log max
µ∈T

{ |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|

}
σm(z) +O(1)

≤
∫
Sm(r)

log
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|
σm(z)

+

∫
Sm(r)

log
∑
µ∈T

‖f̃(z)‖n+1

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
σm(z) +O(1).

By the property of Wronskian determinant, we get |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z+

c)| = C2,µ|W (f0, . . . , fn)(z + c)|, where C2,µ > 0 is a constant. So, we obtain

∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖

|(al, f̃)(z + c)|
σm(z)(3.5)

6
∫
Sm(r)

log
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|
σm(z)

+

∫
Sm(r)

log
‖f̃(z)‖n+1

|W (f0, . . . , fn)(z + c)|
σm(z) +O(1).
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Next, we have

W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)
n∏
l=0

(aµ(l), f̃)(z)

=
W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)

n∏
l=0

(aµ(l), f̃)(z + c)
.

n∏
l=0

(aµ(l), f̃)(z + c)

n∏
l=0

(aµ(l), f̃)(z)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · 1

∂ν1(aµ(0), f̃)(z + c)

(aµ(0), f̃)(z + c)

∂ν1(aµ(1), f̃)(z + c)

(aµ(1), f̃)(z + c)
·

∂ν1(aµ(n), f̃)(z + c)

(aµ(n), f̃)(z + c)
...

...
. . .

...

∂νn(aµ(0), f̃)(z + c)

(aµ(0), f̃)(z + c)

∂νn(aµ(1), f̃)(z + c)

(aµ(1), f̃)(z + c)
·

∂νn(aµ(n), f̃)(z + c)

(aµ(n), f̃)(z + c)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

n∏
l=0

(aµ(l), f̃)(z + c)

n∏
l=0

(aµ(l), f̃)(z)
.

By Lemma 2.1, we obtain

m(r,
(aµ(l), f̃)(z + c)

(aµ(l), f̃)(z)
) = o(T(aµ(l),f̃)(z)(r)),(3.6)

for all r > 0 outside of a possible exceptional set E ⊂ [1,+∞) of �nite logarithmic

measure
∫
E
dt/t < +∞, for all l = 0, . . . , n.

By Lemma 2.2, we have

T(aµ(l),f̃)(z+c)(r) ≤ T(aµ(l),f̃)(z)(r) + S(r, f) ≤
n∑
j=0

Tfj (r) + S(r, f) ≤ O(Tf (r))

for all l = 0, . . . , n. Thus, (3.6) implies that

‖ m(r,
(aµ(l), f̃)(z + c)

(aµ(l), f̃)(z)
) = o(Tf (r)),(3.7)

for all l = 0, . . . , n.

Hence, by the lemma on the logarithmic derivative of several variables, for any

µ ∈ T, we have∫
Sm(r)

log+ ∂νi(aµ(l), f̃)(z + c)

(aµ(l), f̃)(z + c)
σm(z) = o(T(aµ(l),f̃)(z+c)(r)) = S(r, f),

for all l = 0, . . . , n and i = 1, . . . , n. Therefore∫
Sm(r)

log+ |W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z + c)|
σm(z) 6 S(r, f).(3.8)

87



NGUYEN VAN THIN

Next, in view of (3.7) and (3.8), we have∫
Sm(r)

log
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z)|
σm(z)

6
∫
Sm(r)

log+
∑
µ∈T

|W ((aµ(0), f̃), . . . , (aµ(n), f̃))(z + c)|
n∏
l=0

|(aµ(l), f̃)(z + c)|
σm(z)

+

n∑
l=0

∫
Sm(r)

log+
∣∣∣ (aµ(l), f̃)(z + c)

(aµ(l), f̃)(z)

∣∣∣σm(z) 6 S(r, f).(3.9)

The statement of the lemma follows from (3.5), (3.9) and Jensen's formula. �

Lemma 3.4. Let f = (f0 : · · · : fn) : Cm −→ Pn(C) be a meromorphic map, and

let H1, . . . ,Hq be hyperplanes in Pn(C) in general position such that the image of

f is not contained in Hj , j = 1, . . . , q. Let aj be the vector associated with Hj for

j = 1, . . . , q. Then
q∑
j=1

mf (r,Hj) 6
∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(al, f̃)(z)|

σm(z) +O(1),

where the maximum is taken over all subsets K of {1, . . . , q} such that #K = n+1.

Proof. Let aj = (aj,0, . . . , aj,n) be the associated vector of Hj , 1 6 j 6 q, and let T

be the set of all injective maps µ : {0, 1, . . . , n} −→ {1, . . . , q}. Since by hypothesis

H1, . . . ,Hq are in general position, for any µ ∈ T, the vectors aµ(0), . . . ,aµ(n) are

linearly independent.

Let µ ∈ T, we have

(f̃ ,aµ(t)) = aµ(t),0f0 + · · ·+ aµ(t),nfn, t = 0, 1, . . . , n.(3.10)

Solve the system of linear equations (3.10), to get

ft = bµ(t),0(aµ(0), f̃) + · · ·+ bµ(t),n(aµ(n), f̃), t = 0, 1, . . . , n,

where

(
bµ(t),j

)n
t,j=0

is the inverse of the matrix

(
aµ(t),j

)n
t,j=0

. So, there is a

constant Cµ to satisfy

‖f̃(z)‖ 6 Cµ max
06t6n

|(aµ(t), f̃)(z)|.

Set C = max
µ∈T

Cµ. Then for any µ ∈ T, we have

‖f̃(z)‖ 6 C max
06t6n

|(aµ(t), f̃)(z)|.

For any z ∈ Cm \ {∪qj=1(Hj(f̃))−1(0)∪ If}, there exists a mapping µ ∈ T such that

for j /∈ {µ(0), . . . , µ(n)},

0 < |(aµ(0), f̃)(z)| 6 |(aµ(1), f̃)(z)| 6 . . . . 6 |(aµ(n), f̃)(z)| 6 |(aj , f̃)(z)|.
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Therefore, we have

q∏
j=1

‖f̃(z)‖
|(aj , f̃)(z)|

6 Cq−n−1 max
µ∈T

n∏
t=0

‖f̃(z)‖
|(aµ(t), f̃)(z)|

.

Next, we have

q∑
j=1

mf (r,Hj) =

q∑
j=1

∫
Sm(r)

log
‖f̃(z)‖
|(aj , f̃)(z)|

σm(z) =

∫
Sm(r)

log

q∏
j=1

‖f̃(z)‖
|(aj , f̃)(z)|

σm(z)

6
∫
Sm(r)

log max
µ∈T

n∏
t=0

‖f̃(z)‖
|(aµ(t), f̃)(z)|

σm(z) +O(1) =

∫
Sm(r)

max
µ∈T

log

n∏
t=0

‖f̃(z)‖
|(aµ(t), f̃)(z)|

σm(z)

+O(1) =

∫
Sm(r)

max
µ∈T

n∑
t=0

log
‖f̃(z)‖

|(aµ(t), f̃)(z)|
σm(z) +O(1).

Finally, we obtain

q∑
j=1

mf (r,Hj) 6
∫
Sm(r)

max
K

∑
j∈K

log
‖f̃(z)‖
|(aj , f̃)(z)|

σm(z) +O(1).

This completes the proof of lemma 3.4. �

Now we are in position to prove the main results of this paper.

Proof of Theorem 1.2. By Lemmas 3.1 and 3.4, we obtain

q∑
j=1

mf (r,Hj) 6
∫ 2π

0

max
K

∑
l∈K

log
‖f̃(reiθ)‖
|(al, f̃)(reiθ)|

dθ

2π

6 (n+ 1)Tf (r)−NDc(f)(r, 0) + S(r, f).(3.11)

By the �rst main theorem, we get Tf (r) = N(Hj ,f)(r, 0) +mf (r,Hj) +O(1) for any

j ∈ {1, . . . , q}. So, from (3.11), we have

(q − n− 1)Tf (r) 6
q∑
j=1

N(Hj ,f)(r, 0)−NDc(f)(r, 0) + S(r, f).

For z0 ∈ C, we may assume that z0 is a zero of (aj , f̃) for 1 6 j ≤ q1 ≤ n, and (aj , f̃)

does not vanish at z0 for j > q1. Without loss of generality, we may assume that

z0 ∈ C is an n-successive and c-separated zero of (aj , f̃) for 1 6 j 6 p1 ≤ q1 ≤ n.

Hence, there exist integers kj (j = 1, . . . , q) and nowhere vanishing holomorphic

functions gj (j = 1, . . . , q), de�ned on a neighborhood U of z0, such that

(aj , f̃)(z) = (z − z0)kjgj(z), for j = 1, . . . , q,

where kj = 0 for q1 < j 6 q. Also, we can assume that kj > 2 for 1 6 j ≤ p0, and

kj = 1 for p0 < j 6 p1. From the de�nition of n-successive and c-separated 0-point,

we have

(aj , f̃)(z + kc) = (z − z0)ljhkj (z), for j = 1, . . . , p1,
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for all k = 1, . . . , n, where hkj (j = 1, . . . , p1) are nowhere vanishing holomorphic

functions, de�ned on a neighborhood U of z0, and lj ≥ kj , 1 ≤ j ≤ p1. Let T be the

set of all injective maps µ : {0, 1, . . . , n} → {1, . . . , q}. By a property of Wronskian,

there exists a constant Cµ 6= 0 such that

Dc(f) = Cµ.

∣∣∣∣∣∣∣∣∣
(aµ(0), f̃)′ (aµ(1), f̃)′ · (aµ(n), f̃)′

(aµ(0), f̃)(z + c) (aµ(1), f̃)(z + c) · (aµ(n), f̃)(z + c)
...

...
. . .

...

(aµ(0), f̃)(z + nc) (aµ(1), f̃)(z + nc) · (aµ(n), f̃)(z + nc)

∣∣∣∣∣∣∣∣∣
=

p0∏
j=1

(z − z0)kj−1h(z),

where h(z) is a holomorphic function on U. Then Dc(f) vanishes at z0 with order

at least
p0∑
j=1

(kj − 1). By the de�nitions of N
[n,c]
(Hj ,f)

(r, 0) and NDc(f)(r, 0), we have

q∑
j=1

N
[n,c]
(Hj ,f)

(r, 0)−NDc(f)(r, 0) 6
q∑
j=1

N
[n,c]

(Hj ,f)(r, 0).

Therefore, we get

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

[n,c]

(Hj ,f)(r, 0) +N
[n,c]

(Hj ,f)(r, 0)) + S(r, f),

r lies outside of a exceptional set E ⊂ [1,∞) of �nite logarithmic measure. �

Proof of Theorem 1.3. We denote f = (f0 : · · · : fn) and g = (g0 : · · · : gn), and

assume that f 6≡ g. Then there are two numbers α, β ∈ {0, . . . , n}, α 6= β such that

fαgβ 6≡ fβgα. Assume that z0 ∈ C is a zero of (Hj , f) for some j = 1, . . . , q, then

z0 is a zero of at most n entire functions (Ht, f), t ∈ {1, . . . , q}. Since f−1(Hi) ∩
f−1(Hj) = ∅ for all i 6= j, then z0 is a zero of one entire function (Hj , f) for some

j ∈ {1, . . . , q}. From condition f(z) = g(z), when z ∈ ∪qj=1(f−1(Hj) ∪ g−1(Hj)),

we get f(z0) = g(z0). This implies that z0 is a zero of
fα
fβ
− gα
gβ
. Therefore, we have

q∑
j=1

N (Hj ,f)(r, 0) ≤ Nfα
fβ
−
gα
gβ

(r, 0) ≤ Tf (r) + Tg(r) +O(1).

Applying Corollary 1.1, we obtain

‖(q − n− 1)Tf (r) ≤ Tf (r) + Tg(r) + o(Tf (r)).(3.12)

Similarly, we get

‖(q − n− 1)Tg(r) ≤ Tf (r) + Tg(r) + o(Tg(r)).(3.13)

Finally, combining (3.12) and (3.13), we obtain ‖(q − n − 3)(Tf (r) + Tg(r)) ≤
o(Tf (r)) + o(Tg(r)), which contradicts the condition q ≥ n+ 4. Hence f ≡ g. �
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Proof of Theorem 1.4. By Lemmas 3.3 and 3.4, we have
q∑
j=1

mf (r,Hj) 6
∫
Sm(r)

max
K

∑
l∈K

log
‖f̃(z)‖
|(al, f̃)(z)|

σm(z)

6 (n+ 1)Tf (r)−NW (f(z+c))(r, 0) + S(r, f).(3.14)

Next, by the �rst main theorem, we get

Tf (r) = N(Hj ,f)(r, 0) +mf (r,Hj) +O(1)

for any j ∈ {1, . . . , q}. So, in view of (3.14), we can write

(q − n− 1)Tf (r) 6
q∑
j=1

N(Hj ,f)(r, 0)−NW (f(z+c))(r, 0) + S(r, f)

=

q∑
j=1

[
∼
N

c

(Hj ,f)(r, 0) +
∼
N (Hj ,f(z+c))(r, 0)] −NW (f(z+c))(r, 0) + S(r, f)

=

q∑
j=1

∼
N

c

(Hj ,f)(r, 0) +

q∑
j=1

∼
N (Hj ,f(z+c))(r, 0)−NW (f(z+c))(r, 0) + S(r, f).

We assume that z0 is a zero of (Hj , f) with multiple kj > 0, 1 ≤ j ≤ q1 ≤ n, and

kj > n when 1 ≤ j ≤ q0, kj < n when q0 < j ≤ q1 and kj = 0 when q1 < j ≤ q.

Hence, we may assume that z0 is also a zero of (Hj , f(z + c)) with multiple lj ,

lj ≥ 0, 1 ≤ j ≤ q1, and lj > n when 1 ≤ j ≤ p0, 1 ≤ lj ≤ n when p0 < j ≤ p1 and

lj = 0 when p1 < j ≤ q1.
Therefore, it is easy to see that z0 is counted in NW (f(z+c))(r, 0) with order at

least
∑p0
j=1(lj − n). Then, we have

q∑
j=1

∼
N (Hj ,f(z+c)(r, 0)−NW (f(z+c))(r, 0) ≤

q∑
j=1

∼
N
n

(Hj ,f(z+c))(r, 0).

Finally, we get

(q − n− 1)Tf (r) 6
q∑
j=1

(
∼
N

c

(Hj ,f)(r, 0) +
∼
N
n

(Hj ,f(z+c))(r, 0)) + S(r, f).

This completes the proof of theorem 1.3. �
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