Mzpecrna HAH Apwyennn, Maremarnka, Toxm 54, H. 3, 2019, cTp. 87 — 92
ON EXCESS OF RETRO BANACH FRAMES

G. VERMA, L. K. VASHISHT, M. SINGH

University of South Australia, Adelaide, Australia
University of Delhi, India*
Maharshi Dayanand University, Rohtak, Haryana, Tndia
E-mails: Geetika. Verma@unisa.edu.au; lalitkvashisht@gmail. com
mukeshmdu2010@gmail.com

Abstract. The excess of a frame is the greatest number of elements that can be removed
from a given frame, yet leave a set which is a frame for the underlying space. We present

a characterization of retro Banach frames in Banach spaces with finite excess. A suflicient
condition for the existence of a retro Banach frame with infinite excess is obtained.
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1. INTRODUCTION AND PRELIMINARIES

Duffin and Schaeffer [6], while addressing some difficnlt problems from the theory
of nonharmonic Fourier series introduced frames (or Hilbert frames) for Hilbert
spaces. Daubechies, Grossmann and Meyer [5] found a fandamental new application
to wavelets and Gabor transforms in which frames continue to play an important
role. For utility of frames in applied mathematics, see [1, 4].

A sequence (finite or countable) {fr} C K is called a frame (or a Hilbert frame)
for a separable Hilbert space J, if there exist constants 0 < A < B < oo such that

(L.1) AlLFI? < YIS fidl? < BJIF||? for all £ € K.
k ,

Gréchenig [9] generalized Hilbert frames to Banach spaces. Before the concept of
Banach frames was formalized, it appeared in the foundational work of Feichtinger
and Gréchenig [7, 8] related to atomic decompositions. An atomic decomposition allow
a representation of every vector of the space via a series expansion in terms of a fixed
sequence of vectors which we call atoms. On the other hand, a Banach frame for a
Banach space ensure reconstruction via a bounded linear operator or the synthesis
operator. Casazza, Han and Larson studied atomic decompositions and Banach frames
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in [3]. Han and Larson [10] defined a Schauder frame for a Banach space X to be an
inner direct summand (that is, a compression) of a Schauder basis of X. Retro Banach
frames were introduced in [11] and were further studied in [14, 15].

In this paper, motivated by the recent work of Balan et al. [2] in the direction of
excess of frames in Hilbert spaces, we present necessary and sufficient conditions for
excess of retro Banach frames in Banach spaces.

In the remaining part of this section we recall some basic definitions and results
which will be used throughout this paper. Let X be an infinite dimensional separable
real (or complex) Banach space, and let X* be the dual space (topological) of X. For a
sequence {fx} C X, by [fi] we denote the closure of span{ fi.}x in the norm topology
of X. For a set L, let |L| denote the number of elements in L. The set of positive

integers is denoted by N.

Definition 1.1 ([11]). A system F = ({x.},0) ({z.} C X, 0 : 2y — X*) is called
a retro Banach frame for X* with respect to an associated Banach space of scalar
valued sequences Z4, if the following conditions are fulfilled:

(i) {f(xn)} € Za for each f € X*,
(i) there exist positive constants 0 < Ag < By < oo such that

Aﬂ"f" < "{f(-'"u)}"'l-.l < Bﬂ"f" for all fcX*,
(iii) © is a bounded linear operator such that ©({f(z.)}) = f, f € X".

The positive constants Ao and By are called the lower and upper retro frame
bounds of the frame T, respectively. The operator © : Z; — X* is called the retro
pre-frame operator (or simply a reconstruction operator) associated with F. If there
exists no reconstruction operator ,, such that ({#,}xzm, ©m) (m € N is arbitrary)
is a retro Banach frame for X*, then J is called an exact retro Banach frame for X*.

Lemma 1.1 ([12]). Let X be a Banach space and {f,} C X* be a sequence such that
{reX: fu(x)=0 for alln € N} = {0}.

Then X is linearly isometric to the Banach space Zq = {{fu ()} : = € X}, where the

norm of 2,4 is given by

{Fn(=)}Hlz, = lzllx .z € X.
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2. MAIN RESULTS
We start by the definition of excess of a retro Banach frame.
Definition 2.1. Let T = ({xx},©) be a retro Banach frame for X* with respect to
Zq. The excess of F, denoted by e(F), is defined as follows:

o(F) = sup {I.Il : ({%k }rgs. ©0) is a retro Banach frame for X*,.J C N}.
Remark 2.1. One may observe that e(F) is an integer-valued (extended) function,
and if J is an exact retro Banach frame, then e(F) = 0.

Example 2.1. Tet X = £P (1 < p < co) and let {x.} be the sequence of canonical
unit vectors in X.
Define {z} C X as follows:
(2.1) zp=x1 (1<k<n), and zx = Xp—n, k>n (n€N).
Then, in view of Lemma 1.1, Zq = {{f(2x)} : f € X*} is a Banach space with the
norm
I{f (@) Hza = I fllx-; f € X"

Define © : Zg — X~ by ©({f(zx)}) = f, f € X*. Then, © is a bounded linear operator
such that J = ({@1.},©) is a retro Banach frame for X* with bounds A = B = 1.

Choose J = {1,2,...,k} C N, where k is given in (2.1). Then, there exists a
reconstruction operator-©, such that F, = ({#k}rgs, ©,) is a retro Banach frame for
X* with respect to the sequence space Zq, = {{f(#t)}rgs : f € X*}. Furthermore,
F, is exact. Therefore, e(F) = k, which is finite.

Example 2.2. Lef {21} C X be a sequence given by
2ok = Zok-1 =Xk, K €N,

Then, there exists a retro pre-frame operator U such that Q = ({z},U) is a retro
Banach frame for X* with respect to Q¢ = {{f(2x)} : f € X*}.

Choose J = {1,3,5,...,2k—1,...} C N. Then, there exists a reconstruction operator
U, such that Q, = ({2x}xg¢s, Uo) is a retro Banach frame for X*. Hence ¢(Q) is infinite.

Next, we characterize the finite excess of a retro Banach frame.

Theorem 2.1. Let F = ({x},©) be a retro Banach frame for X* with respect to 2.
Then F has finite excess if and only if for every infinite subset J C N, we have

[Trlkgs # X.
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Proof. Suppose first that e(F) is finite. Assume, on the contrary, that there exists

an infinite subset J, C N such that

[zxligs, = X.
Then, there exists a reconstruction operator ©, such that ({a} ke, o) is a retro
Banach frame for X* with respect to the Banach space of scalar-valued sequences
Za, = {{f(xK)}rgs, : f € X*}. But |Jo| is infinite. Hence o(F) is infinite, which is
impossible. Thus, the forward part is proved.

To prove the converse part, assume, on the contrary, that e(¥) is not finite. Then.
for some suitable choice of J, there exists a number k; € J such that ({4} sty » O1,)
is a retro Banach frame for X* with respect to some associated Banach space 24, .
Therefore, there exist positive constants A; and B, such that

(2-2) A Il < I{F (@) st N1z, < Bil| ]| for each f € x*.
By using lower frame inequality in (2.2), we have [z;.]pz1, = X. Hence
Tk, € [Th)esr, = X.

Therefore, we can find a positive integer ny > k; such that

dist (wk,,[:ck]".,L. ) el
kgkhy 2

Since e(%) is not finite, there exist a number k; € J and a reconstruction operator

Ok, such that ({xx}rg(1,... .m0} Ulka}» Ok2) 8 a retro Banach frame for U* with respect
to some Z4,. Thus, we can find positive constants Az and Bj such that

(23) AN < I{F @) rgtr,.im Ulkad 1 za, < Ballf]| for each f e X*.
By using lower frame inequality in (2.3), we obtain

Tk, € [Zk]k:;g—l =6
Also, there exists a positive integer nj > ks such that

1 1
H - ey |2 1, 3 e, |72 A
dist (J:k,, [Jk]u'ﬁfk,) <5 dist (-"-'k“ ['Lk]klﬁfk,) <5
Continuing this process, we obtain a sequence {k;} € J and {n;} C N such that
: 1 ;
(2.4) dist (J:kj, [.'L'k]"' Ty ) <3 1<j<I leN.
kg {ky kg,.. .k} 2

By using (2.4), we get
Tk € [wrlkgs = X,

which is a contradiction. Hence e(F) must be finite. Theorem 2.1 is proved. (]
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To conclude the paper, we show that if a given retro Banach frame for X has
finite excess associated with a certain nested sequence, then we can construct a retro

Banach frame with infinite excess.

Theorem 2.2. Let T = ({z1},0) be a retro Banach frame for X* with respect to 2.,
and let I, C Jo C ... C J, C ... be a nested sequence of subsets of N, where each J,, is
finite. Assume that for each n, F, = ({xr}kgs, On) is a retro Banach frame for X*
with respect to Zg,, that is, for each n, e(Jy,) is finite. Then, there exist an infinile
subset J C N and a reconstruction operotor © such that F = ({24 }ra s, ©,) is a retro
Banach fmm:- for X*, and hence e(F) is infinite.

Proof. Without loss of generality, let us write J; = {1, 2, .., ¢}, ¢ € N. By hypothesis,
F1 = ({zk}rgs,, ©1) is a retro Banach frame for X* with respect to Z4,. Hence, there

exist finite positive constants a; and b, such that

(25) arllfll € Hf(@bealize < billfl for each f e X",
By using lower inequality in (2.5), we can find a positive integer k2 > k; = 1 such
that

dist (mk., [{mk}kﬁu.h U{T"}ﬁ:zl]) s %

Again, by hypothesis, there exists a reconstruction operator ©y, such that T, =
({#k}rgss, Ok.) is a retro Banach frame for X*. By using lower frame inequality for

Fr,, we can find a positive integer k3 such that

dist (g;kl, [{Ek}kﬁul I U{l‘u}ﬁf_——kiﬂ]) < %

and

dist (-"»'kg, [{"‘"‘}k¢U;Jt U{.cn}t;‘:‘ki_'_l]) < :—:;-

By induction, we can find a monotone increasing sequence of positive integers {k;}
such that ;

A kesr—1 L i
(2.6)  dist (z,,,, [{zk}kgut - U{;,,},,_hﬂ]) a7 I=L2.4 (EEN).

Choose I = {k1, k2, k3, ...}. Then, since {zx}xey, 1. U{:z;,.}::‘_“,u_,_1 C {*k}rg1, by using
(2.6), we obtain

. " = 1 g
dist(@k, , {zr}rgr) < dist (:ck,. [{a:k}kgu, I U{zn},,:[,_._ll]) it for all £ > j.
Therefore, Zeo = {{f(xr)}xex : f € X*} is a Banach space of scalar valued

sequences with norm given by [[{f(zx)}retllz.. = Ifllx+, f € X*. Define O :
91



G. VERMA, L. K. VASHISHT, M. SINGH

2o — X* by On ({f(@k)}kgr) — f f € X7, and observe that O is a bounded lincar
operator such that " = ({zk}rer): ©=) is a retro Banach frame for X* with bounds
A = B = 1. Since [T[ is infinite, e(J) is also infinite. O
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