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Abstract. In this paper, we study certain classes of analytic functions which satisfy a
subordination condition and are associated with the crescent-shaped regions. We first
give certain integral representations for the functions belonging to these classes and also
present a relevant example. Making use of some known lemmas, we derive suffcient
conditions for the functions to be in these classes. Some results on coeficient estimates

are also obtained.
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1. INTRODUCTION AND PRELIMINARIES

Let H (U) denote the class of functions analytic in the open unit disc U =
on the complex plane C, and form € N={1,2,...} and a € C, let

HERS)

3 [a,m] = {f €H(U): f(2) = a+ame™ +amaz™ " +...} .

Denote 3¢ [1, 1] by , and let a class of normalized analytic functions A, be defined

by
An={f €H): f(z) =2+ amprz™ +..}

with A; = A. A subclass of A consisting of univalent functions is denoted by 8. Also,
Iot 8" aud € be the subclasses of § comprising of functions f which are, respectively,
starlike and convex and which map the unit disk U onto starlike and convex regions,
respectively. Analytically, a function f belonging to the classes §* aud € satisfies the

inequalities

2f"(2)
1) {1+ ) } >0 (z€U),
respectively.
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We say that an analytic function f is subordinate to an analytic function g, and
write f(z) < g(2). if and only if there exists a function w analytic in U such that
<1 for 2 € Uand f(2) = glw(z))- Tn particular, if g is univalent in

then we have the following equivalence:
(12) f(z) = g(z) = £(0)=g(0) and f(T) C g(V).

Denote by ® the class of functions p analytic in U, such that p(0) = 1 and e {p(z)} >

In [12], Ma and Minda unified the approach to several by introducing a
generalized subclass P (6) of P. In terms of the subordination, a function p € ¥ is
said to be in the class P (¢) if it satisfies the condition p < ¢, where ¢ is analytic
univalent with positive real part in U6 (U) is symmetric with respect to the real
axis and is starlike with respect to ¢(0) = 1 and ¢’ (0) > 0. Furthermore, the classes
defined by

={feA:=f(2)/f(2) € P(9)}
and y
€(¢) = {f € A:1+2f"(2)/f'(2) € P(9)}
become, respectively, the classes §* and € when we choose 6(z) = (1 + 2)/(1 - 2)

veral results were obtained when 9(2) = px(2), where py (2) is convex

Recently,
univalent in U and has the form:

1+ 2 sinh? {(Z arccos k)arctanh 2}, 0< k<1,

8 1=

L+%(1oui)2,

1+ﬁsm(2

z€Uand t € (0,1) is chosen such that

where u(z) = 72l 2

k=cosh (wR(x/l = mmm),
R(#) is the Legendze’s complete elliptic integral of the first kind (see [7] - [10]). Also,
we obtain the class 8°(p) of k-uniformly starlike and the class €(p) of k-uniformly
convex functions defined, respectively, by

8 (pr) = (f € A 2f'(2)/f(2) € Plp)}
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and

Cpi) = {f € A:1+2f"(2)/f(z) € P(pi)}.
Motivated by the above defined class P (¢}, we consider the function ¢(z)
T # (z€U), and define the following classes:

(13) a={pestpe) <2+ V147 (zsU)},

(14) {jeA:%«:h/hﬂ (ZE‘U)}
and
(1.3) {]EA s ], T+22 }

Observe that the function ¢(z) = 2+ VI+22 (2 € U) is analytic univalent and

cost+v/2cost |cost/2| for te€[0,7/2)U (3n/2,27),
(16) e {d(e")} ={ cost+/2]cost] sint/2 for t€ (n/2,37/2),
0 for t=m/2,3/2,

which shows that Re {¢(z)} > 0 in U. We note that ¢(e®) for ¢ € [0,27) traverses
a crescent which is symmetric and convex along the resl axis (see Fig.1 below, and
[16]). Also, in view of (1.2), we infer that

(1.7) Ac?,

implying that A* C 8* and A® C €. The subordination condition in (1.3) may
cquivalently be given by

(8 |2 -1 <2l e v),

and the class A* as a subclass of 8" with the equivalent condition (1.8) is the class,
which was recently studied in [16]. Also, in view of Theoremn 2.4 from [16], we observe
that if p € A, then

(19) p(z)+1]> V2 and |p(z)-1]<V2 (2€U).

The condition (1.9) implies that if p € A, then p(U) is the interior of the right-crescent
formed by the circles (see Fig. 1):

(1.10) w+1]=v2 and ju-1]=v2,

and is starlike with respect to 1. Thus, the above defined classes A, A* and A®
are associated with the right-crescent, formed by the circles given by (1.10), and
our attempt to define these classes are in the line of investigations of various other

classes defined earlier and having geometric interpretations. For example, the class of
85



R K- RAINA, P. SHARMA AND J. SOKOL

functions f € A satisfying 2f/(2)/£(2) < VIT % (= € U) was considered in [17] and is
associated with the Bernouli lemniscate, while the class of functions f € A satisfying
=f/(2)/7(2) < VIF ez was considered in [1]. It should be noted that in some recent

papers (see, e, [2, 3. 4, 5]), certain function ¢l
defined by the condition =£'(=)/f(z) < §(2), where §(2) was not univalent, and these

classes created difficult problems when considering their geometric propertics.

sses were considered, which were

Fig. 1. ¢(c).

The aim of this paper is to study the class A and, in particular, the classes A*
and A, and to obtain integral representations for functions from these classes and
to derive sufficient conditions for functions to belong to these classes by making use
of certain well-known results. Some results on the cocfficients estimates for these
functions are also derived.

The following two lemmas will be used in the proof of our main results.

Lemma 1.1 (see [14], Theorem 3.4h, p. 132, and [13]). Let q be univalent in U and
{et 0. and o be analytic in o domain D containing q(U) with p(w) £ 0, when w € ¢(U).
86t Q(z) = 24/ (2) - o al2)], h(z) = 8g(2)) + Q(2), and suppose that either

(i) h is conves, or (i) Q is starlike.
In addition, assume that

(i) e {52} >0

If p is analytic in U, with p(0) = ¢(0), p(U) C D and

Olp()] +20'(2) - 9 p(2)]) < 0la(2)] + 24/(2) - pla(e)] = h(2),
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then p < q, and q is the best dominant in the sense thatp <s = g <, Vs.
IF we set # [w] = 0in the above Lemma 1.1, then the conditions (i) and (iii) become

identical and we have the following simplified version of Lemma 1.1.
Lemma 1.2 (sce (14], Corollary 3.4h.1, p. 135). Let g be univalent in U, and  be
analytic in a domain D containing q(U). If 2¢'(z) - ¢ lg(2)] is starlike, then

@) plp(2)] < 2d(2)-plalz)] = p=a
and q is the best dominant.

2. MAIN RESULTS

We first give certain integral mpxescntauans for functions belonging to the classes
A* and A®, which )l i licati
of these classes. These integral representations follow directly from the definitions of
A* and A, Thus, we have the following assertions.

(i) A function f € A* if and only if there exists an analytic functionp € A such

that )
()= zexp (/&“ldt) ’
0

(ii) A function f € A® if and only if there exists an analytic function p € A such

that
o= /{m( [ta) o
0 0

Choosing p(z) = z+ V1 + 22 in the above representations (i) and (ii), we find that

folz) = zexp (/ ‘thL_lde) S
0

i {om [Tl o,
0 0

and obviously, we have 2g4(z) = fo(z). Further, observe that for some A (-1 < 4 <1),
the function p(z) = L4% maps the unit disc U onto the disc

2|4|
1- 147

and

@1
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and hence, if

then the endpoints (; 4l ,o) of the diameter of the disc in (2.1),

satisfy the inequality:

1414
<V2+L

14]

Therefore, we can assert that for some A (-1 < 4 <1),

p(:):%eﬂaztf 1-v3,V3-1],
and hence, by using the representations given in (i) and (i) for p(2) = 242, we have

the following example.
Example 2.1. Let 1 —v2 < A <21, then
hilz)=

———— €A and fof2)

(1-4z2)7

Now, by using Lemmas 1.1 and 1.2, we establish some sufficieut conditions involvig
subordination for the class A, where A is defined by (1.3):
Theorem 2.1. Let q(z) = z +v/1+ 22 If p € H satisfies

27/(2) 2q(z)
T a2)’

22) P+

2€U,

(2.3) peA.
Proof. To prove the result, we need to show that

(24) p(2) =q(z), zeU.

Oful=w, ol= l

be analytic in the domain D such that q(U) C D. Then, it follows that

o i G a
(2.6) 20'(2) ¢la() = T
Now, for 2.2 € U such that Q(z1) = Q(23), we have
F
T ssA=dsa=is
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—#2 is impossible because Q(z) is an odd function. So, we have only

#1 = 23, and hence (z) is univalent in U. Also, Q(z) is starlike in U because

Q) 1
Qlz)
and
Q)] _ Bl
(2.7) th{ e }‘9“{1”47}>2' zeU.
Further, in view of (2.6), for function h(z) = 8 [g(z)] + Q(z) = g(z) + Q(z) we have
W) )
o = o

and hence, from (1.6) and (2.7), we infer thut
1(z)
Re { - > 3> 0, zeU.
Qlz)
Thus, the conditions (ii) and (iii) of Lemm 1.1 are satisfied. By applying Lemma 1.1
and using the substitutions given by (2.5), we observe that the subordination relation

(28) Olp()) +29/(2) - o lp(2)] < Ola(2)] + 24/ (2) - 0 [o(2)]
becomes the subordination condition (2.2), which implies the subordination (2.4).
‘This proves the desired result (2.3) of the theorem. e}

Theorem 2.2. Let g(z) = 2+ VI+2? (2 €U) and p € . Then
/(z) zq“ (z)
)
Proof. Let p(w] = L be analytic in the domain D such that q(U) C D. Then, for
4(2) = 2+ VT+ 2%, we find from (2.6) and (2.7) that 2¢'(z) - p[q(2)) s starlike in U,
and the condition

(29)

'(2) - @ [p(2)] < 20'(z) - o [a(2)]
vields the subordination () < 24). Now, by Lemma 1.2, we have p < g, which
in view of (1.3) establishes the desired result (2.9). n
T particular, choosing the substitutions: p(z) = Zh&L and p(z) = 1+ &),
respectively, in Theorems 2.1 and 2.2, we get the following results for the classes A*
and AC, defined above by (1.4) and (1.5), respectively.

Corollary 2.1. If f € A satisfies the condition:

1+ ;,((; <z+VIv2+ _,.

z€U,

then f € A",
8
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Corollary 2.2. If f € A satisfies the condition:

REC.Cd 5

(2f'())
then f € AS.
Corollary 2.3. If f € A satisfies the condition:

z€U,
then f € A",
Corollary 2.4. If f € A satisfies the condition:
1(2))" ur z
IR ) e e

) @ VTR
then f € A,

3. CERTAIN COEFFICIENT ESTIMATES

Tn this section we obtain some coefficient estimates for functious belonging to the

classes A, A* and AC. To this end, we use certain inequaljtics stated in the following
lemma (see 15, p. 108] and [11, p. 10]).
Lemma 3.1. Let w(z) be a Schwarz function given by
(3.1) w(2) =wiz+ w2 +wst ... (2€ V),

thenfun| < 1, |wa — tw}] < 1+ (1t] = 1) fwnl® < max{L,|t}}, where t € C. The result

is sharp for functions w (2
Theorem 3.1. Let p € K be of the form:

(32) P =14+ pu"

Ifpe A, uhere A is defined by (13), then [pi] <1 fori = 1,2

Proof. Let p € A be of the form (3.2), then there exists some Schwarz function
1(z) of the form (3.1) with w(z)| < 1 such that
(2))" =1 = 20() - w).
Hence, we have

(1 + Z‘p,,z")? -1=2 (1 +irnz")

90
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Compariug the coefficients of z and 2% on both sides of the last equality, we get
7 =w and 2y +p} =2 (wp +prwn).
Now, applying Lemma 3.1, we obtain
w?|
pal = s < 1 and [pa ""*T\ <1,

and the result follows. o
Using Theorem 3.1, we obtain the following result that contains coefficient estimates
for functions belonging to the class A*.

Corollary 3.1. Let f € A be defined by

(33) f(l)=i+ianz"‘
then =
(34) Joal < 1 and |a _% %
Proof. Let ;
o= 5

be of the form (3.2), then p € A. Hence, using the series expansions (3.2) and (3.3),

= - -
1+ nenz"' = (1 + Ew") (1 + E"n’""') )
n=1 n=2

we obtain

Comparing the coefficients of z and 22 on both sides of the last equality, we get

(35) 203 = + 0z and 303 = py + praa +a3.

Now, applying Theorem 3.1, from (3.5) we obtain [pi| = |ag] < 1 and |ps| =

245 — 03| < 1. This proves the estimates in (3.4). u]
We observe that if f € A, then zf’ € A®. Hence, applying Corollary 3.1 to

function zf', and replacing an by na, in (3.4), we obtain coeficient estimates for

functions f € A®, which are given by the following corollary.

Corollary 3.2, Let f € A® be of the form (3.3), then

I

1 2
loa < 5 and [og - 3

The next theorem contains coefficient estimates in the case where the function g(z)
has a specific form.
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Theorem 3.2. Let g € P be of the form g(z) = L+ ¢u2"  (lea] < Ln€ M), then
g€ A if and only if
(36) el £2-V2.
Proof. Define a function w() to satisfy

1+ (w(=)?, zem,

@7)

and observe that w(z) is analytic in U with w(0) = 0. To show that g € A, we need
0 prove that [«(z)| < 1. By simple calculations, from (3.7) we find

WD) =t (x+ ﬁ) , zel,

showing that

provided that the condition (3.6) holds. Conversely, if g € A, then in view of (3.7),
we have [u(2)] < 1, = € U, which, in view of (3.8), shows that

‘%“(H - )gl.

or(jea] = 2)* 2 2. This implies that either [ea| > 24-vZ or Jeu| < 2 V3. Since g € P,

in view of Carathéodory condition [ca| < 2 (sce [6, p. 41)), we obtain the inequality
(36) n

Applying Theorem 3.2, we can determine certain functions belonging to the classes
A" and AC as follows.

Corollary 3.3. Let f € A be of the form:
(39) J(2)=zexp(az) (ol <1, z€U),
then f € A" if and only if |a| < 2 - V3.

Proof. Observe that for f € A of the form (3.9), we have

1+az=:g(2).

Hence, by Theorem 3.2, g € A or / € A* if and only if Ja] €2 V2. o
Similarly, we can prove the following result
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Corollary 3.4. Let f € A be such that
(3.10) fllz)=exp(bz) (bl <1, z€D),
then f € A® if and only if [b] < 2 - V2.
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