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Abstract. In this note, we study the admissible meromorphic solutions for algebraic

differential equation f™f’ + Pn—1(f) = R(z)e®(*), where P,_1(f) is a differential
polynomial in f of degree < n — 1 with small function coefficients, R is a non-vanishing

small function of f, and « is an entire function. We show that, this cquation docs not
possess any meromorphic solution f(z) satislying N(r, ) = S(r, f) unless P_1(f
Using this result, we generalize & well-known result by [layman.
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1. INTRODUCTION AND MAIN RESULTS

Let f denote a transcendental meromorphic function. We assume that the reader is

familiar with the 1 results of i theory and its standard notation
such as m(r, f), N(r, f), T(r, f), S(r, f), etc. (see [8] and [24]). Recall that a nonconstant
meromorphic function o is said to be a small function of f if T(r,a) = S(r, f)(=
o(1)T(r, ) as T — o, possibly outside a set of r values of finite linear measure. Also,
a polynomial in f and its derivatives with small functions of f being the coefficients is
called a differential polynomial in f. By P.(f) we will denote a differential polynomial
in f with the total degree in f and its derivatives < n. By p(f) and A(f) we will
denote ‘he order and the exponent of convergence of zeros of f, respectively. We will
neud the ing concept of issibility (see, c.g., [14], [15]).

Definition 1.1. Let R(z,w) be rational in w with meromorphic coefficients. A mero-
morphic solution w of equation (w')" = R(z,w) is called admissible if T(r,a) = S(r,w)
Jor all coefficients a(z) of R(z,w).
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Tt is clear that admissibility makes sense relative to any family of meromorphic

functions, without any reference to differential cquations.

In 1980, Gackstatter and Laine [6] conj d that the
equation:
()" =pm(f),
where p,.(f) is a polynomial in f and n is a positive integer, does not possess any
admissible solution when m < n — 1. In 1990, He and Laine [12] gave a positive
answer to this conjecture. Recently, Zhang and Liao [25] proved that if the following

algebraic differential equation with polynomial coefficients:

(1.1) P.(f)=0

has only one dominant term (highest- degreP term), then the equation (1.1) has no
ible t 1 r i with a few poles. Liu et al. [18]

considered the possible issi il for the ial

equation:

(1.2) FF9 + @ P 4o+ a1 f + ag = Re®,

where a; (j = 0,1,--- ,n — 1) are small functions of f, R is a nonzero small function

and a is an entire fanction. They have obtained a simple sion for phic

of ion (1.2) provided that the i satisfy N(r, f) = S(r, f). This

also means that the solutions have finitely many zeros determined by the term Re®
in the differential equation. Further, this result can be viewed as a generalization of
the following well-known result due to Hayman [9] in 1959, which is a prototype of
the studies of the zeros of certain special type of differential polynomials.

Theorem A. Let f be a transcendental meromorphic function, and n > 3 be an
integer. Then f"f' assumes oll finite values, ezcept possibly zero, infinitely many
times.

Later, Hayman [10] conjectured that Theorem A remains valid for n = 1 and
2. Then, Hayman’s conjecture was confirmed by Mues [20] in the case n = 2, and
independently by Bergweiler and Eremenko [2] and Chen and Fang [3] in the case
n = 1. For the related results we refer to [1], [5], [7], [13], [16], [21], [22], and references
therein.

It is clear now that distributions of zeros of differential polynomials P(f) of the
form P(f) = f*f® —b, with n > 1, k = 1 and b a nonzero constant, have been dealt

53



WEIRAN LU, FENG LU, LINLIN WU AND JING YANG

with. In this paper, we study similar problems for such differential polynomials when

n=1and k > 2, as well as for more general differential polynomials when n > 2.
Before proceeding further, we recall two known results from [17] and [18].

Theorem B ([17]). Let Qu(z, f) be a differential polynomial in f of degree d with

rational function cocflicients. Suppose that u is a nonzero rational function and v is

& nonconstant polynomial. If n > d + 1 and the differential equation

(1.3) I+ Qalz, ) = u(2)e”®

has a meromorphic solution f with finitely many poles, then f has the following form:

f(2) = 5(2)e*®/ D and Qu(z, f) =0,

where s(z) is a rational function satisfying s™((n + 1)s' + v's) = (n + Du.

Theorem C ([18]). Let f be a transcendental meromorphic function and o be an

entire function, and let ¢ and R be small fun:twm of f with q ,=é 0.. Then the

differential equation ff' — g = Re® has no ph

Remark 1.1. In [19], the authors of the present paper proved the following result.
Let o and f be entire functions, and let p, q, R1 and Ry be non-vanishing rational
functions. Then the system of equations: pf f®) — g — Rac®, pff® — g — Rac? has
no transcendental solutions for integers  and k with I > k > 2.

Now we are in position to state our first main result, which extends Theorem B,
proved in [17]. Note that our proof is different and much simple than that of applied
[17]. For related recent results we refer the papers [17] — [19]).

Theorem 1.1. Let P,_1(f) be a differenti Iy ial in f with i being
small functions, and let deg Pn_1(f) < n — 1. Then for any positive integer n, any
entire function a and any small function R, the equation

(1.4) S+ Paa(f) =
s not possess any transcendental meromorphic solution f(z) with N(r, f) = S(r, f)
nnless Po—1(f) = 0. , if the tion (1.4) e phic solution

f with N(r, f) = S(r, f), then (1.4) will become f™f' = Re® and f(z) has the form
f(2) = uexp(a/(n + 1)) as the only possible admissible solution of (1.4), where u is
a small function of f.

Corollary 1.1. Let [ be a transcendental meromorphic function with N(r,[) =
S(r, f). and let Pu_1(f) be a differential polynomial in f with small functions as its
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coefficients, such that P,_;(0) # 0 and deg P,,_1(f) < n — 1. Then for any positive
integer n, the differential form f"f' 4+ P,_,(f) has infinitely many zeros.

Based on Corollary 1.1, we pose the following more general conjecture.
Conjecture 1.1.Let [ be a transcendental meromorphic function with N(r,f) =
S(r. f). and let Pu—(f) be a differential polynomial in f with small functions as its
coefficients, such that deg P,,_1(f) < n—1 and P,_1(0) # 0. Then for any positive
integers n and k, the differential form f* f(®) + P,_y(f) has infinitely many zeros.

Remark 1.2. The condition N(r,f) = S(r.f) in Corollary 1.1 is necessary. For

- Then fAf/+ 3" L3 f—1—— has no zeros.

ezample, let f(z)

Also, the condition P,—;(0) # 0 is necessary. For instance, if f(z) = z%e®, then
S2f3f 4 22Ff' — (24 2)2f2 = (2 + 2)2%1 has finitely many zeros. The conclusion
of Corollary 1.1 becomes invalid, if we replace the condition deg P,,—.(f) < n—1 by
the condition deg P,(f) < n. Indeed, to see this, take f(z) = e* — 1, and observe that
Pa(f) =2f2+3f +1 and f2f' + P,(f) = ¢° has no zeros.

Remark 1.3. (se [18]). Let f be an admissible meromorphic solution of equation
(1.2), and let ag = 0. Then for n > 2 and k > 1, the other coefficients a1, ,an—1
must be identically zero. In this case, (1.2) becomes f" f*) = Re® and f has the form
f(z) = uexp(a/(n+1)) as the only possible admissible solution of the equation (1.2),

where u is a small function of f.

In view of Theorem 1.1 and Remark 1.3, we obtain the following result, which
improves the corresponding result from [17].

Theorem 1.2. Let f be a transcendental meromorphic function with N(r,f) =
S(r, ). and g (f) = b f™+- - -+b1 f+bo be a polynomial of degree m with coefficients
being small functions of f, and let n be an integer with n. > m~+1. Then the differential
Jorm f'f™ + gm(f) assumes every small function v infinitely many times, except for
a possible small function by = qm(0). On the other hand, if f'f™+ qm(f) assumes the
small function by = u(0) finitely many times, then g (z) = bo.

2. PROOF OF THEOREM 1.1

The following lemma. is crucial in the proof of our theorem (see [4, 23]).
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Lemma 2.1. (see [4, 23]). Let f be a transcendental meromorphic solution of the
equation:

f"P(z, f) = Q(z, f),
where P(z, ) and Q(z, f) are polynomials in f and its derivatives with meromorphic
coefficients {ax|A € T} such that m(r,ax) = S(r, f) for all v € I. If the total degree
of Q(z. f) as a polynomial in f and its derivatives is at most n, then

m(r, P(r, f)) = S(r, f)-

Proof of Theorem 1.1. We first show that f™ '+ P,_(f) can not be a small function
of f. Indeed, assuming the opposite, from N(r, f) = S(r, ) and Lemma 2.1, we get
m(r, f') = S(r, f), and then T(r,f’) = S(r,f). A contradiction T(r, f) = S(r, )
now follows by relying to a Theorem from [11] and combining it with the proof of
Proposition E from [12]. Thus, for any transcendental meromorphic function f under
the condition N(r, f) = S(r, f), we have
(21) T(r, f*f' + Paa(f)) # S(r, 1),
showing that Re® is not a small function of f.
In view of Theorem C, without loss of generality, we can assume that n > 2. Let
P,_1(f) # 0. From (1.4) and a result of Milloux (sce, e.g., [8]), we obtain
T(r,e®) < (n+ 1)T(r, f) + S(r, f),
which and the equality T'(r, a)+T'(r, o) = S(r,e%) lead to T(r, )+ T'(r, o) = S(r, f).
By taking che logarithmic derivative on both sides of (1.4), we get
et e B () R
o+ Paa() R ’
implying that
R
-5 + ) A N R

@2) =E s arpan - PL.

Next, we set

@3 o=~(Z ) F (P + 117,

and use (2.2) to obtain

@1 £ = (B4 @) Paa () = P () = Qua(1).
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Clearly, @, (f) is a differential polynomial in f with deg Qn—1(f) < n— L. We claim
 # 0. Indeed, if » = 0, then in view of Q,—i(f) =0, and (2.4), with some constant
13 we have BP,— (f) = Re™. Since f is a transcendental meromorphic function, (1.4)
shows that B # 1, and
' = (B =1)Par(f)
which together with Lerama 2.1 implies m(r, f') = S(r, f). Thus, by N(r, f) = S(r. f)
we have T'(r, f') = S(r, ), yielding a contradiction. Hence ¢ # 0. Moreover, applying
Lemma 2.1 to (2.4) again, we can conclude that m(r,¢) = S(r, f) and T(r,) =
S@, f)-
From (2.3), we get m(r, #) = S(r, f), and hence
1
(2.5) m(r, ?) = S(r, f)-
It follows from (2.3) that
1 1
Ne(r,2) S N(r,—) + S(r,
(%) (r, w) (. f)

S T(r,9) + S(r, f) = S, f),
implying that the zeros of f are mainly simple zeros. Thus, by (2.5), we obtain
1 i
(2.6) T(r, f) =N(r, ?) +8(r, f) = Nyy(r, ?) +5(r, f),
where Nyy(r. 1/ f) involves only the simple zeros of f.
Let 2o be a simple zero of f such that R(z0) # 0. Then in view of (2.3) we have
(2.7) n(£')*(20) = ¢(20)-
Now, we show that ¢’ # 0. Suppose, contrary to our assertion, that ¢’ = 0, that is,
¢ is a constant. If zg is a zero of f(z) — /p/n, then we set

)= Z

(2.8) h(z) = O
and observe that h % 0. It follows by (2.5), (2.7) and (2.8) that
(2.9) m(r,h) = S(r, f)-

From (2.6) and (2.8), we get N(r,h) = S(r, f), which together with (2.9) show that
T(r,h) = S(r, f), and

(2.10) I =hf+\/f. f”:(h’+h’)f+h.\/?
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By (2.10) and (2.3), we obtain

2 —0.

, ’
[(n + 1)h® + 1 — h(% + o)) f +[(2n+ L)h — (%- +a’)]

Therefore, we must have
5t el e Ry

(n+1)h* + 1 — I‘(F +a')=0, (2n+1)h— (7 +a')=0,
which implies (2n + 1)%° = n(% + o), and thus (Re®)" = Ch?"*+! with a constant
C. This, however, contradicts (2.1) and T(r, k) = S(r. f), and thus ' % 0.

Using the above arguments, it can be shown that ¢’ 3 0. In this case we set
() = LG+ Ve/6
f(z)

and assume that f’(z0) + /o/n = 0.
Again, from (2.3), we get
(2.11) @ = —tfF — () = tf ]+ @n+ DI+ S
where t = & + /. In view of (2.11) and (2.7), we see that a simple zero zo of f(z)
such that R(z0) # 0, is a zero of (2n + 1)pf(z) — (tp + ne') f(2).
If (2n + 1)@f”(2) — (to +ng') f(2) # 0, we set
@n+1)ef"(z) = (ot ne') f'(z)

)=
9(2) 7@
It is clear that g is a small function of f. Therefore, we have
R g L totng .,
Cil vy et ey et
(2.12) =s1f +saf,
and
(2.13) f" = (31 +s152)f + (31 + 5 + 53) 1.
Ne s, it follows from (2.13), (2.12), (2.11) and (2.3) that
/
o S e T
v )
.
(2.14) +(8) + 5183 —tsg — s,;)f =0.

In this case, (2.14) and (2.6) imply
7
s+ 5180 —ts —s1 L =0.
v
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Therefore, we have (2n+1) log s; = 2n(log R+a)+ (3n+ 1) log ¢+ B with a constant
B, which implics that (Re®)2mcBgdn+l — $27+1 Thus, Re® is a small function of f,
which contradicts (2.1). Therefore, (2n+ 1)@ f"(z) — (tp+ne') ['(2)

, and we have

(2.15) £ =Bf
with f = 2855 + gy From (2.15) we obtain
(2.16) = (8 +B8%f.

It follows from (2.16), (2.15) and (2.11) tha.n
(B +8)f = —tZ )f +(t+ —):’3!'

‘Therefore, we have

7
(2.17) B —t'=—pB—1)+ (B~ t)%.
g - 0, then by the definitions of t and B, we see that (Re®)? = Cl, where
C' is a constant. So, Re® is a small function of f, which contradicts (2.1). Hence,
we have 8 — ¢ # 0. In this case, again, by (2.17), we obtain (2n + 1)log(8 — t) =
nlogy + log R+ a + D with a constant D, showing that Re® is a small function of
f. which also contradicts (2.1).

This completes the proof of the theorem, namely the equation f™f' + P._i(f) =
Re® does not possess any meromorphic solution f with N(r, f) = S(r, f) unless

Pua(f)=0.

3. CONCLUSIONS

Using different and much simpler proofs, this paper provides two main results,
extending the main results of the paper [17] to more general differential polynomials.
Some examples are discussed showing that the imposed conditions are necessary. For
further study, a general conjecture is posed.
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