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1. INTRODUCTION

The concept of frames in a Hilbert space was originally introduced by Duffin and
Schaeffer [6] in the context of non-harmonic Fourier series. Frames are redundant
sets of vectors in a Hilbert space, which yield one natural representation of each
vector in the space, but may have infinitely many different representations for
any given vector. This redundancy makes frames is useful in applications. For
instance, in signal processing, this concept has become very useful in analyzing
the completeness and stability of linear discrete signal representations. Since the
last decade, various generalizations of the frames have been proposed such as frame
of subspaces, pseudo-frames, oblique frames, continuous frames, fusion frames and
g-frames.

Given a separable Hilbert space H with inner product < .,. >, a sequence
{fi}2, is called a frame for J{ if there exist constants A > 0, B < oo such that
forall feH,

AlfI? <Y1 < £.5> P < BIFI-
k=1

The constant A is called a lower frame bound and B is called an upper frame
bound. If only an upper bound B exists, then {fi}§2., is called a B-Bessel sequence
or simply Bessel when the constant is implicit. If A = B, then the sequence {f¢}32;
is called a tight frame, and if A = B =1, it is called a Parscval frame. A sequence
{/fx}, in Hilbert space H is called a frame sequence in X if it is a frame for
Hilbert space Span{ fi}5;.
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A bounded linear operator T defined by
o
T:6(N) =3, T{e}izi =Y crfi
k=1

is called the pre frame operator of {fx}§, (see [4, Theorem 3.1.3]). Also, a linear
operator S defined by

S:HH, Sf=) <fife>fe
k=1

is called the frame operator of { fx}§2,. The frame operator S is bounded, invertible,
self-adjoint, and positive (see [4, Lemma 5.1.6]). It is easy to show that § = T7",
where T* is the adjoint operator of T (see [4, page 100]). Two frames {fi}7, and
{9x}72, are said to be dual frames for 3 if

= o
F=S<file>m=) <fiw>fe, forany fex.
k=1 k=1

Observe that the frame {S~!f}32, is a dual frame of the frame {f}?2,, and is
called the canonical dual frame of {fi}32,. For more information concerning frames
we refer to [4, 7, 9].

The fundamental and useful property of frames is their overcompleteness. Balan
et al. [1] - [3] used the é,-localization of a sequence F = {f;}ic; (I is an index set),
and a sequence € = {e;}jec (G is a discrete abelian group), in a separable Hilbert
space J{ with respect to the associated map a : I —+ G for excess, overcompleteness
and decay of the coefficients of the expansion of elements of F in terms of the
elements of €. They constructed an infinite subset of a frame which can be removed
et still leave a frame. They also proved that any sufficiently localized frame can
be written as a finite union of Riesz sequences.

Perturbation theory is a very important tool in several areas of mathematics.
In applications where bases appear, a famuos classical perturbation result is given
by Paley and Wiener [8]. The Paley-Wiener theorem state that a sequence that is
sufficiently near to a basis in a Hilbert space automatically forms a basis. A version
of Paley-Wiener Theorem for frames can be found in Christensen [5].

In this paper, we concentrate on perturbation theory for £,-localized frames.
We show that some perturbations of the localization map a : I — G preserve the
£p-localization property (Theorems 2.2 and 2.3). Also, using the convolution on

£, biorthogonal and orth | projections we obtain new {,-localized
sequences (Theorems 2.4 - 2.9). Finally, using an arbitrary given sequence, we
provide a simple way for constructing £,-localized sequences (Theorem 2.10).
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2. MAIN RESULTS

Throughout the paper, I will stand for a countable index set, G will denote an
additive discrete group of the form
d e
G=JJazx ] 2,
i=1 j=1
which is equipped with a metric defined as follows. For m; € Zy,, we set §(m;) = 0if
m; =0, and §(m;) = 1, otherwise. Then given g = (a1ny, ..., @gng, my, ..., me) € G,
we set
|aanal; 6(my), ..., 6(me)}-
The metric is then defined by d(f,g) = |f — g|- Also, let a: I — G be a map and
let

Jol = sup{laxml, -

£(0) = {r=(ry)seq: Y InlP <o .
J€G
Balan et al. [2] defined the £,-localization as follows:
Definition 2.1. Let F = {fi}icr and € = {e;}jec be sequences in 3, and let
a: I — G be an associated map. a) ¥ is £,-localized with respect to the sequence
€ and the map a, or simply that (¥, a, €) is £y-localized, if
>~ sup|{fisejeam) P < 0o
jeciel
Equivalently, there exists an element r € £,(G) such that
|{firei)| < raqy-j, Vi€ Y5 € G.
b) (4, a) is £-self-localized, if there exists an element r € {,(G) such that
| {fis fi) | < Tai)-ats), Vird € I
Also, if T = {f}ies is a frame for H with a canonical dual frame F = {fi}ies, then
¢) (9, a) is £y-localized with respect to its canonical dual frame F = {fi}ier, if there
exists an element r € £,(G) such that

Kfufa)l < Ta(i)-a()y HIEL

The next theorem states that the £o-localization property is stable under perturbation
of the localization map a: I =+ G.

Theorem 2.2. Let F = {fi}ier be a sequence in H and € = {e;}jec be a Bessel
sequence in H, and let a : T — G be an associated map. If (F,a,€) is €o-localized
and b: I — G is a map such that a = b except on o finite subset F of I, then
(F.b,€) is £a-localized.
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Proof. We have ¥ subier | (fir€jan) | < 00, because (7, a,€) is £-localized.
Letip € I=FU(I\F). If ig € F, then for all j € G we have

2 A )2 U2
[{fior es4ui) I* f:‘gl(fivem(i))l < f:rlf|(fn9:+b(q)| +'ES(ll!{>F)I(l..e,+b(,,)| ;
Also, if ip € (I \ F), then for all j € G we have
i 2< sup | (fisesu)
[ (fior 543 | '_E“\ml( i €541(0)
< sup|(fire. 2+ sup b eirn)) 12
<sup|(fi i45(0) | xs(:{p)l(f‘ sb0i) |

Thus, for all j € G we have supes | (fisejrsm) |* < supicr | (firejnneiy) I* +
supie(n | (fis e;45(0)) 7, because i, is an arbitrary element of I.

Now for all i € I we have G + b(i) = G, because G is a group. Also, a(i) = b(i)
for all i € I'\ F. Thus, we can write

S sup| {funesa) I S D sup | {fis ) I + > sup | (fircinnw) |
jec iel j€G i€F jeclel\p
= Zsup [{firejan) I* + Z _H‘IIDFI (fireisam) [*
1€
< ZE [{fisesen0) P+ Z ) |{foreiran) [*

JEGEF

=305 [ fuesane) [+ Z o [ fuessam)
i€F jEG

=Y Y e P+ Z on [{firj4at0) [*
i€F jEGHb(H)

=YY (fue) P+ Z ‘*llP [(fis ejar) I*
i€F jeG

<Y Yl fue) P+ Zsup [{fisesra@) I*
i€F j€G

<BY lfil*+ Zsup [{forej4a) I* < o0,

ieF
where B is the Bessel bound of €. Thus, (3 ) b, &) is £z-localized. o

For two localization maps a and b, the £,-localization with respect to a and the
£,-localization with respect to b are equivalent if & — b is constant.

Theorem 2.3. Let § = {filicr and € = {e;j}jec be sequences in H, and let
a: I — G be an associated map. Suppose that (F,a,€) is bp-localized. Ifb: 1 —+ G
is a map such that b — a is a constant function, then (F,b, €) is (,-localized.
Proof. If (¥,a,€) is £-localized, then there exists r € £,(G) such that

(fises)| S Ta@)-j» i€, jEG.
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Also, if b: I — G is a map such that b — a is constant function, then there exists
A € Gsuch that a(i) = b(i)—A for all i € 1. Observe that the sequence s = {s(j)} j;
defined by s(5) := rj» belongs to £,(G), because

Tl =Y lrsoal = 3 Il = S lry-aP < oo.

1€G G JEN+G i€G
Finally, for all i € T and all j € G we have

[{fis €3} | S Taqiy=s = To)=5-2 = 86)j»
and hence (5, b, €) is £,-localized. m]
Using the convolution on £, in the next theorem we obtain new ¢;-localized

sequences.

Theorem 2.4. Let F = {fi}ier and € = {e;}jec be sequences in H, and let
a: I — G be an associated map. If (T, a,€) is £,-localized and €' = {€}}iec, where
) = Yreq Skejk for some s = {si}rec € L1(G), then (T, a,€’) is £y-localized.
Proof. If (7, a, €) is £;-localized, then there exists r € £,(G) such that

|(fire) | £ Tagy)-;; Vi € I,Vj € G.

Now, for all i € I and j € G, we have
(el = <f., ZSk€j+k> < 2 sill (Fireiard | £ D Isklrag—jck = (Is¥r)agiy=3»
keG kG keG

where |s| # r is the convolution of two sequence |s| and r. Thus, (F,a,€’) is £1-
localized. m]
In the next theorem, we obtain a new £,-localized sequence for a given £,-localized

sequence.

Theorem 2.5. Let ¥ = {fi}icr be an orthonormal basis for 3 and € = {e;},ec be
a sequence in }, and let a : I = G be an associated map. If (¥, a, €) is &,-localized
and & = {e}}jec, where €] = e; + Yye; 3ak)-ifk for some s = {si}rec € £p(G),
then (7, 0, €") is €,-localized.
Proof. If (¥, a, &) is £y-localized, then there exists r € £,(G) such that

|{fisei)| S ragiy-5 Vi€ LYj €G.

Now, for all i € I and j € G, we have
|{fie) = ’<fi| e+ Zsu(t)-jfk> > sage)—j (Fir fi)
kel kel

= (foe) | +Isla@-i 1 £ill* < (r + Is))ag—j-
Thus, (5,0, €') is £y-localized. o
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The next theorem shows that if p and g are conjugate exponents, then using
Holder inequality, from a given sequence that is ¢,-localized and £,-localized, we
can obtain a new fp-localized sequence.

Theorem 2.6. Let F = {fi}ier and € = {e;};ec be sequences in H, a: I — G be
an associated map, and let p,q > 1 such that %+% = 1. The following assertions
hold.
a) If (F,a,&) is by-localized and £g-localized, then (F,a, &) is £2-localized.
b) If (¥, ) is £y-self localized and £,-self localized, then (%, a) is £2-self localized.
) If § = {fikier is o frame for I} and (%,a) is &,-localized and £,-localized
with respect to its canonical dual frame F = {Fibier, then (F,q) is £y-
localized with respect to its canonical dual frame F = {fi}ier.

Proof. If (¥,a,€) is {,-localized and £,-localized, then there exist r € £,(G') and
3 € £y(G) such that

| (fire)| < Ta—j» and |(fire;)| < sa—;, Vi € 1,V € G.
Thus, for all i € I and j € G we have

[{fare) P =1 (i) 1{fi€3) | < Tai)=sSa(y-3 = (5)ai)-j-
By Holder inequality we have rs € £,(G), and hence (7, a, &) is £s-localized. The
proof of parts b) and ) is similar to that of part a), and so is omitted. a
Remark. Using the generalized Holder inequality and arguments similar to those
applied in the proof of Theorem 2.6, it can easily be shown that if T = {fi}ier and
€ = {ej}jec are sequences in H, a : I — G is an associated map, and (%,0,€)
is £p,-localized for t = 1,2,..,n such that Tieia = 2 <1, then (F,0,8) is
Lnr-localized.

The next theorem shows that biorthogonal sequences of £ = {ej}iec give a new

£y-localized sequence with respect to €.

Theorem 2.7. Let F = {f;}icc and € = {ej}jec be sequences in H, and let
= {€j}iec be a biorthogonal sequence of €. If (,id,€) is £,-localized, then
(F+¢€,id,€) is also £,-localized.
Proof. If (%, id, €) is £,-localized, then there exist r € £,(G) such that

|{fei)| <1ioj,Vie Vi€ G.
Now, for all i € I and j € G, we have

[{fi+ehyes) | < | {fues) |+ | (ehes) | < 1icj + 850 = (r + 8)icy,
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where 5 = {5(m)}mec € by(G) is defined by s(m) = 0 for m # 0 and 5(0) = 1.
Thus, (5 + &,id, &) is ,-localized. o

Using the convolution on £, in the next theorem we obtain new f;-localized
sequences.
Theorem 2.8. Let F = {fi}ier and € = {¢;}jec be sequences in H, a: I - G
be an associated map, and let &' = {¢}}jec, where €j = Tj_; ej4j, for some
1y 25 s i € G If (T, 0, €) is £y-localized, then (T, a, €') is also £y-localized.
Proof. If (T, a,£) is £1-localized, then there exist r € £1(G) such that

|{fis )| < Tagiy-j: Vi € I,Yj €G-

Now, for all i € I and j € G, we have
n n n
[{(five;) | = <l.,zej+n> <1 Eiind | S ) Tatmimie = (% Sati—ss
k=1 k=1 k=1

where s = {s(m)}mec € t1(G) is defined by s(m) = 1 form € {j1, 42 -1 Jn} and
s(m) = 0, otherwise. Thus, (¥, a, ') is £1-localized. (]
The next theorem gives a new f-localized sequence by acting a familly of

orthogonal projections on a given £,-self localized sequence.
Theorem 2.9. Let J = {fi}icc be a bounded sequence in I and € = {e;}jec such
that ej = f; — p;f;, where pj is the orthogonal projection onto M; := 3pany fitizi-
If (3, id) is £y-self localized, then (J,id, €) is also £y-localized.
Proof. If (5, id) is £,-self localized, then there exist r € £,(G) such that
1{fis fi}| S 7icj Vi j €G-

Also, there exist M > 0 such that ||fi|| < M, for all i € G. Observe that the
sequence s = {s(m)}meg, defined by s(m) = 2r(m) for m # 0 and s(0) = 2M?,
belongs to £,(G). Hence, for all i # j € G, we have

|(foreid | = [{Fin B3 = BAf) | S | Fos FM | 41 (Fispif) | = 20 (B )| < 8imge
Also, for all i € G we have

[(finei) =1 oo fs = pifid | 14 £+ opefid| S 2UAl7 < 2M0° = 51
Thus, (5, id, €) is £,-localized. o

A simple way to construct £,-localized sequences is given in the next theorem.

Theorem 2.10. Let F = {f;}icr and & = {e;}jez be sequences in H, a: 1+ 2
be an arbitrary map, F' = {f{}ic1, where f{ = ’—;';'ﬁ‘l’ft and €' = {¢}}jez, where

¢ = “"N‘ . Then the following asertions hold:
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a) (F.a,€") is L,-localized.
b) (F,a) is £y-self localized.
¢) (€',id) is £p-self localized. z

Proof. For all i € I and j € Z we have ;
2-laCi)l £, 2—|ﬂ(J)|e.>
! V| = )
1= |t T
where 7 = {r(m)}mez € £(Z) is defined by r(m) = 2-1"I. Thus, (5, a,&') is £,-
localized, and assertion &) is proved. The proof of parts b) and c) is similar to that |

< o WO < g-lo®=3l =

of part a), and so is omitted. o
0
|
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