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1. INTRODUCTION

We denote the set of all non-negative integers by N, the set of all integers by Z
and the set of dyadic rational numbers in the unit interval I = [0,1) by Q. In
particular, each element of Q has the form £ for somep,n €N, 0<p <2".

Let 7 (z) be the function defined by

1, ifz €[0,1/2
o (z) = { 1, ife e[[1/2/| 1)), ro(z+1)=ro(z).
The Rademacher system is defined by m, (z) = 7 (2"z), n > 1. Let wp,wy, ...
denote the Walsh functions, that is, wo(z) = 1and ifk = 2™ + ...+ 2" iga
positive integer with ny > ng > -+ > ng, then wi (z) = 7, (x) 7, (). The
Walsh-Dirichlet kernel is defined by

n—-1
Dy(®)=0, Du(e)= Y wi(e), n21

k=0
Given z € I, the expansion
o
(1.1) z= szZ‘("“),
k=0
where each xx = 0 or 1, will be called a dyadic expansion of z. If z € I\Q, then
(1.1) is uniquely determined. For the dyadic expansion z € Q we choose the one
IThe research was supported by Shota Rustaveli National Science Foundation grant no.DI/9/5-
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U. GOGINAVA
for which lim z = 0. The dyadic addition of numbers z,y € I in terms of their
==
dyadic expansions et
whyi= Y o — 274,
=

@ 4 In. We consider the double system

Denote Iy := [0,27") and Iy (z)
{wa(x) X wm(y) : n,m € N} on the unit square I = [0,1) x [0, 1) . Throughout the
paper the notation a < b will stand for @ < ¢- b, where ¢ is an absolute constant.

The norm (or pre-norm) of the space Ly (I?) is defined by

1/p
I, = (/ m") (U< p< +):

I f € Ly (I?), then
fam)= / (21, 22) o 22 ()13

is the (n,m)-th Fourier coefficient of f.
The rectangular partial sums of double Fourier series with respect to the Walsh
system are defined by
M-1N-1

Suw (21,22 f) = E Z 1 (m.n) wn(@1)wa(zs).

m=0 n=0

Denote
n—1 m-1

S0 @z f) = Y Flaw(@), 8P @nzif)= Y Flanrw (@),
1=0 r=0
where

Fl) =

fla,m)w (@) dey,  fFo,r) = /  (@1,2) wy () dazy.
I

i
Recall the definition of the space BMO [I?]. Let f € L, (1) . We say that f has a
bounded mean oscillation (f € BMO [I2]) if

1/2
Wlauo = st (@ q/ If- fq|’) <50,

where fo = F&l J f and the supremum is taken over all dyadic squares Q ¢ I2,

For an arbitrary sequence of numbers € := {€u,n, : 11,n2 =0,1,2,. «.}, and &7 =
[2,., &) we define

21 —1 2"2—
BMO¢) := . up Z z &,hnan. (g,)n,.., (t2) ;
0<n;,n3<00 ki=0 ka=0 BMO

where I is the characteristic function of a set £ e
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ON A COMPOSITION PRESERVING INEQUALITIES ...
We denote by L (log L)* (I?) the class of measurable functions f satisfying

/ 1] (log* 1£1)” < o,

where log " u := Iy ) log u. Denote by SY(, f) the partial sums of the trigonometric
Fourier series of f, and let

(e, f) = Zsk @)

be the (C,1) means. Fejér [1] proved that 0,7,'( f) converges to f uniformly for any
2m-periodic continuous function. In [15], Lebesgue established almost everywhere
convergence of (C,1) means for f € Ly(T), T := [—m, ). The strong summability
problem, that is, convergcncc of the strong means

leklf f@f, zeT, p>0,

n+1

2 n+1

was first considered by Hardy and Littlewood in [13]. They showed that for any
f € Ly(T) (1<r<o0) the strong means tend to 0 a.e. as n — c0. The Fourier
series of a function f € Ly(T) is said to be (H, p)-summable at z € T, if the strong
means (1.2) converge to 0 as n —+ c0. The (H,p)-summability problem in Ly(T)
has been investigated by Marcinkiewicz [16] for p = 2, and later by Zygmund [29]
for general case 1 < p < oo. In [18], Oskolkov obtained the following result: let
f € Ly(T) and let & be a continuous positive convex function on [0,+00) with
$(0)=0and nd(t) = O(t/lnlnt), t — o0, then for almost all

Z¢ (IS @ 5) - £ @)]) =0.
=0

It was noted in [18] that Totik announced a conjecture that (1.3) holds almost
everywhere for any f € L;(T), provided that In & (t) = O (), t = cc. In [19] Rodin
proved the following statement.

(1.3) ,.lli“ n + 1

Theorem R. Let f € Ly(T). Then for any A>0
n
Jim n+1,§ (exp (A|SF (z,£) - f@)|) 1) =0

forae z€T.

G. Karagulyan [15] proved that the following is true.

Theorem K. Suppose that a continuous increasing function @ : [0,00) —+ [0,00), & (0)

0, satisfies the condition
Tmem log & (t) fI’ (t)
t—+oo
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Then there exists a function f € Ly(T) for which

1 T s
== ‘;«»qsz (1)) =

limsup
n-r00
for anyz € T.
For Walsh system Rodin [22] proved that the following is true.
Theorem R2 (Rodin). If ®(t) : [0,00) =+ [0,00), ®(0) = 0, is an increasing
continuous function satisfying
log (1,

(1.4) lim sup ir’—(—l < o0,

t-roo

then the partial sums of Walsh-Fourier series of any function f € Ly () satisfy the

condition -
] 0 (o ) _ =
,_lggo;’;‘l’ (1Sk () = £ (=)) = 0
almost everywhere on I.

In [3] it was established that, as in the trigonometric case [15], the condition
(1.4) is sharp for a.e. ®-summability of Walsh-Fourier series. More precisely, in [3]
was proved the following statement.

Theorem GGK. If an increasing function ®(t) : [0,00) — [0,00) satisfies the
condition

limsup
tooo

then there exists a function f € L (I) such that

lng!b(f,)_oo
T 2

n
Iig:s:p%é@ (ISk (z; f)l) =cc foreny zel

The two-dimensi Fejér bility of f € Llog* L(I?) was proved by
Zygmund [30] for trigonometric Fourier series and by Myricz et al. [18] (see also
Weisz [26]) for Walsh-Fourier series. The two-di ional strong bility, that
is,

1 n—-1nz-1
Srtes Y D 1Skika (@1,25 £) = f (o1, 2)P 50 e asn— o0
k1=0 kp=0
was established by Gogoladze [10] for tri ic Fourier series and for f €

Llog* L(T?). The same result for multi-dimensional ‘Walsh-Fourier series is due
to Rodin [21] (see also Weisz [27]). These results show that in the case of two-
dimensional functions both the (C; 1, 1) summability and the (C;1,1) strong summability
have the same maximal convergence space L log* L.
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In [9], a BMO-estimate for quadratic partial sums of two-dimensional trigonometric
Fourier series was proved, from which almost everywhere exponential summability
of quadratic partial sums of double Fourier series was derived.

The results on strong ion and imation of trij ic Fourier

series have been extended for several other orthogonal systems. The problem of
summability of multiple Fourier series have been investigated by Gogoladze [11, 12],
Wang [26], Zhag [29], Glukhov [4], Goginava [5, 6], Goginava and Gogoladze [7, 8]
and Gat et al. [2]. In this paper we study the problem of BMO-estimation for
rectangular partial sums of two-dimensional Walsh-Fourier series.

The main results of the present paper are the following two theorems.

Theorem 1.1. If f € L (log L)* (%), then
[{(@1,22) € I* : BMO[Snym, (1,22 f)] > A}| § (H/Ifl(loglfl))

lar sums of t

The next theorem shows that the di ional Walsh-
Fourier series of a function f € L (log L)? (I?) are almost everywhere exponentially
summable to the function f.

Theorem 1.2. Suppose that f € L(logL)’ (12). Then for any A >0

2™ —12m2—1

Y (P (AlSnins (21,72 ) - f (m1,32)) = 1) = 0

m = —
iy ma—bo0 21+
=0 na=0

for a.e. (z1,32) € 2.

2. AUXILIARY RESULTS
In this section we recall some known results and prove two lemmas needed in
the proofs of main results. Consider the following operator, introduced by Schipp
[23]:

v 2\ 1/2
gy [ (12

Valzif)=| ) / SNy, (8) San (zH t 65, f) dt )
=0 \ ola =0
and denote V (f) := s:p Va (f). The following theorems were proved by Schipp [23].
Theorem Schl. [23] Let f € Ly (I). Then
wtvsi> s Ul wagir [ineetin (e ).
1
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Theorem Sch2. [23| The following estimate holds:

1/2
{2,, Z Sm (&3 1)1 } AACTIE

m=0

We set
Vinymy (21, %23 f)
ami_y2ma_] (L41)27™1 (la41)27™ ‘"ll =1

=08 8 / / 3 2, (0) Zzﬂ L, (i)

6=0 L=0 \ ;olmi  otmy B0 72=0

o /2
XSqmigma (21 +t1 + ey @2 + b F €555 f) dbrdta) )

For a two-dimensional integrable function f we introduce the following functions:

-
oy (D277, 2N
Vi @120 f)= | 327, (6) 852 (o + b 5,0 f) e
=0 \ L. i=0
anoy f 002 2\ 1/2
V@ @nanf)=| Y SV, (t) S5 (o, 20 e £t
=0 \ Gl =0
and
VO (21, 29; f) = wif)], s=12

Lemma 2.1. The following estimate holds:

1 2mi-12m2—] 1/2
{2"l|+m1 20D ljc(D,.,@D,.,)ﬁ} < Vinyma (@1, 235 f]) -

=0 na=0

Proof. Let

In [23], Schipp proved that
n-1

D (¢ Zlh\l.“ (t) kaﬂ’ L (t + €5)

=0
1
—gtm &) +m+1/2)I;, (1), m<2"
Then we can write
(1) Humym (21, 2; f)

2mi-12"m2-1

1/2
o 2 X I (1) (Dn.wmn}

m=0 ny=0
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2mi_ggmay

Z

=0 n2=0

my=1
/s.mm @tz ) Y Ly ()

2 k=0

x Z €rin 2 My (0 e5,) Z Ly Vi (t2)
=0

23 1/2

ks
% Z hain 22w, (ta + ¢j,) dirdty
J2=0

™1™y i
Somigma (1 +t1, %2 + t2; f)
iz

mi—1
)0 T vty (1)
k=0

1/2

=0 na=0

2
ky
X 3 ek 2w, (b +ei)
Q=0

Wy (t2)
dt;
2 diydty

ami_yoma_y my-1

Somygma (21 + t1, 32 + 125 f) Z L\l (B1)

m=0 m=0 |5 k=0
24 1/2

1 2w, (b €jy) (n2 +1/2)In,,, (t2) dtrdts

2mi—12™m2—1 ma—1

3 L\t (t2)

ka=0
2y 1/2

/52"'12"': (21 4+ t1, w2 + 12, f)

m=0 na=0 |

SN o (1)
x Z Ehaja 272 M, (b2 + €5y) ——dt1dtz

J2=0

2mi—12ma-1
1

omi+mz

/Szm‘zmn 71 +t1,22 + 12 f)

=0 n:—U B
2}1/:4
Sgmigma (21 + t1, 22 + t2; f)

2}1/2

Z I\ (2)

- w...2(t1) w",z(h) dtyity

mi-12ma-1

m=0 na=0 [

x2o0) (417201, () ity

2mo12ma_]
Symigma (1 + 1,82 + ta; f)
iz

m=0 na=0
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24 1/2

ks
%Y Eryin 2 My (b2 + €3) (1 + 1/ L1, (ty) dtrdty
Ja=0

et
+ {2—.”—." Doy

/S,m ama (11 + ty, 22 + 125 f)

iz
.1} 1/2

/Szm-zv-z (zy + b1, 22 + 125 f)
iz

m=0 ny=0

x% (1 +1/2)1,, (1) dirdts

1 R
+ {z*,m— 22

=0 mny=0

e
X (m1 4 1/D)Ty,, (1) (02 + 1/, () dedtaf*} = Y e
i=1
There is a suitable vector
(A0, or,za) 0 m < 2™ 0 Sy < 2™}

such that

2m-12ma—

il

2
B0, (o) =1
m=0 nz=0

and

m=l my—1 \
@) amiR =[5 5Y el b o)

B =0 Fa=i1

ma—1 ma—1
x S afist (Z Ekaialng \liy (B F 5]:))
7=0 ka=ta
X Symigma (21 +t1 + €, 2 + t2 F €551 f)
2m—12m-1
X 33 B (@1,32) wn, (t1) wn, (ta) dirdts

m=0 ny=0

m-l ma=1
s/ 32y (1) Y 227, (t)
B =0 72=0
X Somigma (81 + t1 + €5, %2 + 2 + €55 | f])
2m1—12m2—1
Y Y A, @1,32) wny (1) Wy ()
=0 ny=0

Analogously, we can prove that

X dtydts.

my—1
(23) amitma)/2p, < / 3 257y, ()
B =0
X Sgmigma (1 + t1 + €5, 72 + ta +eo; | f])
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i
Y3 A, o m)wn, (1) Wy (e0) Wy (t2)| dtrdlts,
2 =
(24)
i ma—1
o(mitma)/2p, < / 3 257y, (1) Syzms (31 + 1 + €22 + o+ €351
o 0=0
271 —12™m2 -1
s (21, 22) wa, (t1) wa, (e0) Wy (t2)| dtrdta.
m=0 na=0
(23)  2mimip < / Sz (1 11 + 0,22+ 82 + i )
d
2™1 —12™M2 -1
x| 3 A, (21,22) wy (1) wn (c0) wa, (t2) wn, (e0) | dirdt,
=0 ny=0
where
o
5 |ﬂ,,,’(z,.;,)| =1 (z1,02) €P, s=2,4,5.
n=0

Now, we estimate Rg. There is a suitable vector{ﬁ(a) (z1,22):0<my < 2"“} such
that

™1
Y e =1 @eer
=0

and

©26) olmi+ma)/2p,

mi—-1
< c2¥ml? / E 27Uy, (t1) Symigma (21 +t1 + €y, 22 F 1331 ])
Ity 3120
2m1-1
x| 3 A (@1,2) wn, (t,)ldhdtg.
m=0
Analogously, we can prove that

(2.7) olmitma)/2 g, < 2(8/2)ma / Symagms (21 + t1 + €0, T2 + t2; | f])

ixTg
2™ —1
x| 3 B (@1,22) wn, (e0) way ()| dtrdta,
=0
ma-1
@8 glmitma)/2R, < o8/2m 3 27y, (1)
Iy xt 31=0

X Sgmigma (21 + b1, 22 +t2 + €53 | f])
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2™ —1

Z B (21, 32) Wy (t2)

m=0

dtydty,

(2.9) olmitma)/2py < 9(3/2)m Symigma (21 + b1, @2 F o + eg; | f])
Ly <1
™21
x| 3 B (@1,52) way (c0) Wy (t2)| dbrdlz,
na=0

(210) 2(mmal/2R, < 2C/2)(m1+ma) / Symigma (o1 + t1, 22+ ta; 1),

Ty Ry
where
M-y 2ma-y
> ’ (")(11,12)! z |ﬂ(s)(z1,zz | =1 (z1,22) € I (z1,32) €I,
m=0 na=0
Next, we set
2™ _12m2—1
P, (@1,22) = Y Z B, (21, 72) wa, (t1) W, (t2),
m=0 na=0

and use (2.2) to obtain -
olmitma)/2p,
2m-12ma-y 'my—1

Z Z '('lll)’"i (;Tl,rlez,> Z 2J"_lnl“ (t1)

L=0 b=0 Watmi Gaies B0

(+1)27™ ()2

ma-1

x Z 227y, (ta) Symaama (71 +t1 + €5, 32 + by + €3 | f]) dtrdty

2=0
1/2
P(x b b
mima \ gy gme
yma_pgma_y (427" Gz

. ma—1
x> / / ¥ M, (1) Y 2, (1)

L=0 b=0 51=0 2=0

L=0 I=0

L2=™ h2-ma
12
XSgmgma (21 +t1 + €y, 73 + by + €5 |f]) drdta) )
Taking into account that
h b
B mr’ gma

2m-12m2-1
ami_ggma_y (W+1)27™ (lp+1)27™2

> X n
PR x> ¥ / |P,$}),,,2 tl,t;| dtydty

h=0 la=0
L=0 I3=0

4am™ . lgmma

40

6,7



ON A COMPOSITION PRESERVING INEQUALITIES ...
(1) 3
2;..,4-::.1/‘1’,,,,,,1, (tr,ta)| dtydty < 2mi+ma,
K

we obtain

(2.11) Ry S Vinyms (21,223 |f]) -

Analogously, using (2.3)-(2.10) we can prove that for s =
(2.12) Ry < Vinym, (21,223 (/1) -
Combining (2.1), (2.11) and (2.12) we conclude the proof of lemma 2.1. ]

Lemma 2.2. The following estimate holds:
Vinng 01,25 1£1) S VO (31,25 V (17))

Proof. There is a suitable vector{ay,, (21,22) : 0 <l < 2™,0 < Iy < 2™} such

that
2™ -12m2-1

> Y lenn @uw) =1
L=0 =0

and
g (D2, g

Vinema (1,35 1) = 3 / Y 2, (1)

[ RPN )

Gatna ™,

amay
% Y ani, (@1,22) / > 27y, (1)
12=0 laoma B0
X Sgmigma (T1 + b1 + €y, T2 + 12 + €, | f]) dtz) dty
gmi_y (127 ma_1 1/2 gma_y
< / o )| Y laun (11,12)|2)
h=0 g te 50 =0 1=0
(s,
E 27Uy (ta)
haims  Fa=0

3 N2
XS @+t +epmn i bepilfan) ) d

1/2 (h+1)z""l"u_1

™1 fama_1
DY (Z |amz(1hrz)lz) [ TEuw

h=0 \ l=0 Lo=m 310

XV (a1 + b+ e5,, 723 | f]) dty
™1™ V2 fgm_y [((at27™ )
< ( > low, (z.,z;)|2) > / 3 2, ()
h=0 =0 h=0 La-m  $1=0
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2\ 1/2 ‘
xv® (z,+t1-i—ej,,mq;|f|)dt1) ) <y (m;,zg;V“’).
Lemma 2.2 is proved.
3. PROOF OF MAIN RESULTS

Proof of Theorem 1.1. Set
2M-12"2-1

fuuma @2 t0) 1= D0 D Sk (1,723 f) Ty (81) Dy (82),

k=0 kz=0
Jy= (2T G+ 127 h = 327 (a +1)27T).
Then we can write (n; < ng)

(3.1) [l fnsma (21,22, M paro

=sup suj / | fosma (1,2, 11, b2
= o<,..,.<zm (l-ll x le Vo na )
4 1/2

|Jx><-72l / Snring (1,32, 01, u2) durdus| dtydty

S( sup  sup’ + sup sup 4+ sup  sup )
m<n; 0£51,2<2™  ni<mgng 0<51,j2<2™  m>nz 055,52 <2™

1
(m / |fnima (21, 22,81, 83)
B

2 1/2

1
S| / Iy g (@1, %2, w1, u2) durduy| dtydty
Jixds

= Py (n1,m2) + Pp (n1,n2) + Py (ny ,ﬂz)
Let ny < ny < m. Since fu, u, (21,2, t1, t2) is constant on 2,,,, ‘ml )x[&, ‘%‘ )s
for fixed (z1,22) € I? we conclude that

(3.2) Py (ny,n2) = 0.
Let m < ny. Then for P, we can write

(14+1)2"1 7™ —1 (ja+1)2"2 7" -1
92m Z Z
JixJa

ki=ji2m=m kymjpona-m

Pi(n1,m2) = sup  sup
mEny 0K, ja<2m
S ks (21,72 f) Lo (01) Igpz (t2) — 22"

2

(141)2" "™ 1 (ja+1)2" "™ -1
g / > Y Suk(anesf)

hixd, k=h2mom o ky=jpgna-m
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2 12
dhdtg)

(G1+1)2" 7™ —1 (j2+1)2"2 7"
= sup  sup granigma
m<n; 051,j2<2™

Xn‘:,‘ (u1) HJ:; () duydug

-1

k=g
[k ky (21,223 ) — 27 M2m ™

ka=ja2na=m
2\ 1/2
(31+1)2" " =1 (j241)2"2 "™ —1

2 Sky ka (21,223 f)

ky=ji2m—m kg=ja2na-m

2mi-12m-1
= sup sup 2R 1g=ta z z
my Sy ma Sy 05 <2™ 0<j2 <2 =

|Stutiizm tatjazma (21,22; f) = 27™27™2
2mi_1gma_y 2\ 1/2

X 3 Y Sutizmiatize (@, )
a=0 @=0
Since

Stytin2m fasazna (21,323 f)

= Sjom jpama (T1,22; f) + Sy jyzme (21, T2; fwj,2m ) wjiom (21)
+Sji2m1 1y (%1, 223 fwjzama) wjyama (22)
+51,,13 (21,223 fwgiam ® Wisgma) Wyami (#1) Wigzma (22),
we can write
2m_12m2_1
(33) Pi(m,mg) < sup sup 9t ma Z
m1<ny,maSng 0<5: <2™1 02 <22 = e
Sty ta (21, %23 fwjzm @ wipgms ) — 272
ami_1gma_) 2\ 1/2

=5 Z Z Sa1,02 (1,223 fwjami @ wjyzma)
@=0 ¢:=0

it
+ _sup sup (2—'"' Z |8t jz2ma (21, 72; fwjizm)

M1 Smy,ma<ng 05 <2M1,0<52<2™2 =0
1/2
ami_y 2\ 1/
=i z Saqu,gazma (@1, %2; fws,zm)
a=0
2m2-1

sup sup 27 3™ |Sjiam gy (21, 3; frogoma)
my <ny,maSng 0<5; <2™1,0<52<2™2 20

12
gma_y 2\ 1/:

= 27™ N Sjiam g (91,22 fjsama)
q2=0

4
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= Py (n1,n2) + Pia (n1,n2) + Pi3 (m1,m2) -
Next, from Lemmas 2.1 and 2.2 we obtain

Py (n,n2) S sy sup Vi o (1, %23 | [, 2m1 & w592 )
my Snyyma<ng 0<5: <2 0<j2<2™2

SV (a1,20 VD (1))

Consequently, by Theorem Schl we can write

(34) {(zl,zg) €l?: sup Py (n1,n2) > A}I
53 ./ ( ./ VO (a1, Ifl)rln) sy
53/ ( [ 11 @ zaliogt 1 a1,z o + 1) i,
1 \1
1 +
Sy [ flog®Ifl+1 ).
Since

St inam (21,723 Fjam) = S (1, 223 Sy0m (F) wym),

we can apply Lemma 2 to obtain Pz (n1,n2)

1/2
S £ L 27 |S() 1, T2; Sjyam: - |
,,.,5,.,_.1,’.,5,,,us,-,«m..fg,dm,( ‘§1 1,22; Sjyama (f) wjyzm )
< su) 8 v (1- 223|880 ary D
mx<n.,£:<n,o<n<zm- gs:mzmz 1,223 Sy zma () wj2m

<VO (2,25 (1),
where 58 () := sup! 53 ( f)l. Iff € L (log* L)* (12), then f (z1, ) € L (log* L)" (1)

for a.e. ; €1, and from the well-known theorem (see [25]), we have 5@ (21, f) €
L, (I) for a.e. z; € I. Moreover, we have

[5® @ fans [\ (erea og? 15 @1, 22)) oz 41
1 I
for a. e. z; € I. Hence,

(8.5) {(Ily@?) €I?: sup Pia(ny,np) > ,\}|
ny,ng

S ,{(Ihlz) er: v (21,22;557) (f)) > A}I

53/ ( [5 @enr) uzl) s
1 1
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1 2
23 [ | [1# a0t tog* 1 ra)) s +1)
1 1

2
171 ot 17?41
2
Analogously, we can prove that

(3.6) {(1‘1,1'2) €I?: sup Py (ny,na) > /\H
niz

i Gogriny? 41
2
Combining (3.3)- (3.6) we get

7)

1 g
(et s AuGonm) >A}] s fin ot 1) 41
Analogously, we can prove that

(3.8) {(a:l.xg) €l?: sup P;(n1,ng) > A}|
ny,na

1
$3 ([ 1nceetin+1
2
Combining (3.1), (3.2), (3.7) and (3.8) we complete the proof of the theorem. O

Proof of Theorem 1.2. The result can easily be deduced from Theorem 1.1 and
John-Nirenberg theorem (see [9]). So, we omit the details. ]
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