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1. INTRODUCTION

Let R" be the family of open rectangles [.; (s, &) in B™ and R, e C R" be
the family of dyadic rectangles of the form
n ‘-‘1 .
(1.1) H(ﬁ,‘m—'.%). s €Z, i=12,...,n
=
For a given set E C R™ we denote

diam(E) =0 llz = uil-

Deﬁniﬁml.l.jhmﬂgMnﬁnmddmnuhﬁmR“ianﬁdtahuMwm
basis (or simply basis), if for any point = & R™ there exisis o sequence of sets
&EMMMGHEE.,*=1.2.--‘Mdjlm(Ek}—iﬁﬂk-—}m.
Let M be a differentiation basis and Lioe(R") be the space of locally integrable
functions:
Lioc(R") = {f: f € L(K) for any compact K R").
For any function f € L. (R™) we define

1
(] = lim L, _
(. 1) m;g;..ﬂ.“.‘lmhsi fs o rc=:|.
The integral of a function f € Lioo(R™) is said to be differentiable at a point = € R"
with respect to the basis M, if du(z, f) = 0. The integral of a function is said to
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Mmhﬁ&mwmeﬂiihmwnﬂMm
point. Consider the following classes of functions
F(M) = {f € Inoe(R") : S1(z, f) = 0 almost everywhere },
FHM) = {f € Lioc(R™) : f(2) 2 0, §pa(z, ) = 0 almost. everywhere }.
Let @ : R* — R* be a convex function. Denote by ®(L)(R") the class of measurable
functions f defined on R™ such that ®(|f]) € L}(R"). If ® eatisfies the Ag-condition
®(2x) < k®(z), then O(L) turns to be an Orlicz space with the norm

S : i}
Ifls mf{c:»n. LD <1},
‘The following classical theorems determine the optimal Orlicz space, which functions

have a.e. differentiable integrals with respect to the catire family of rectangles R™
is the space

L(1 +log* L)"~'(R") c L'(R™),
corresponding to the case ®(t) = (1 + log™ &)™ ([1]).
Theorem A. (see [2]).

L(L+log* L)"~'(R") € F(R").
Theorem B. (see [6]). If the function ® satisfies

B(t) = oftlog" ' t) as t - oo,

then ®(L)(R") ¢ F(R™). Moreaver, there exists a positive function f € $(L)(R™)
such that ga(x, f) = co everywhere.

Such theorems are valid also for the basis R, ;.. The first one trivially follows
from embedding L(1+log* L)™' (R") € F(R") € F(R},,4). The second can be
deduced from the following
Theorem C. (see [10] (also [11, 12])) F*(Rleue) = FHR™).

Let A = {1 : k= 1,2,...} be an increasing sequence of positive integers.
This sequence generates the rare basis R, .(A) of dyadic rectangles of the form
(1.1) with my € A,i = 1,2,...,n. This kind of bases first considered in the
papers [8], [9], [7], [4]- A. Stokolos (8] proved that the analogous of Saks theorem
holds for any basis R, 4, (A) with an arbitrary A sequence. That means L(1 +
log* L)"="(R") is again the largest Orlicz space containing in F(R%, 4 (A)). The
necessary and sufficient candition for the equivalency of rare dyadic basis R34, (8)
and complete dyadic basis R,y is established in [4]. G. Oniani and T. Zerekidze
[5] characterised translation invariant as well as net type bases formed of rectangles
that are equivalent to the basis of all rectangles in the class of all non-negative
functions. G. A. Karagulyan [3] proved some theorems, establishing an equivalency
of some convergence conditions for multiple martingale sequences, those in particular
imply some results of the papers [8], [9], [7].
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Definition 1.2. A basis M ix said to be density basis if M differentiates the
integral of any characteristic function Ig of measurable sct E:

Spilz,0g) =0 ot almost every z € R".

We will say that the basis M differentiates a class of functions F, if basis M
differentiates the integrals of all functions of F.

Theorem D. (see [1], [T, Theorem 1.4) If M is a density basis, then it differentiates
L.
Note that any subbasis M’ of & density basis M is also density basis, since in
this case du(z, f) < du(z, f) for any z € R" and [ € Lie(R").

Definition 1.3. Let My, Mz C M be subbases. We will say that basis My is

quari-coverable by basis M; (with respect o baris M) if Jor ang R € My there
exist Ry € My, k=1,2,...,p ond R' € M such that

»
(1.2) RCRCR, R=|JR
k=1
(1.3) diam(R') € ¢-diam(R), |R|<elRel, k=1,2,...,p
»
(1.4) S IR <Rl |R| < olR),
=1
where constant ¢ > 1 depends only on the bases My, My and M. We will say two
bases are quasi-squivalent if they are q ble with respect to each other.

In this paper we prove that quasi-equivalent subbases My, Mg of density basis M
differentiate the same class of non-negative functions, namely F*+ (M) = FH{M;).
2, MAIN THEOREM
Theorem 2.1. Let My and My be subbases of density basis M in R™. If the bases

My and Mg are quasi-equivalent with respect to M then F*(M;) = F*+(Ma).
Proof of Theorem. First, let us suppose that F+(A; )\ F*(M;3) # @. That means
there exists a non-negative function f € Ljo-(R™) such that

(2.1) Spay(z, f) =0, ae,

(2.2) Spa(z, f1>0, z€ By,
where |Ey| > 0. From (2.2) it follows that there exist such positive numbers o and
«~ that the set

By ={z €R™: fpq,(z, f) > &, 0 < f(x) <4}
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has positive measure. Set f = f, + f7, where
_ @, #o0< ) <q,
fy(z) = {0. if flz) > .
Sinea Mg C M is density basis, then it differentiates L and therefore differentiates
J5 € L™, namely we have du,(z, f;) = 0 almost everywhere. Denote by Fy the
subset of E; where §a4,(z, f7) = 0. Clearly |Es| = |Ez| > 0. From this we can
deduce that if = € By € Ep then du,(z, f) = da4,(z, f7) and f7(z) = 0, since
0 £ f(z) £ 7. Furthermore, using (2.1), we get set Ey C Ej of positive measure
such that for any x € Ey
(23) Sy, M) > @, fT(2)=0, du,(z f7)=0,

According to (2.3) for any = € Ey4 one can choose a number §(z) > 0 such that the
conditions z € R € M, diam(R) < 8(z), imply

(2.9) ﬁ L fT(ujdu <n,

where n > 0 will be conveniently chosen later. For some § > 0 the set G = [z €
Ey: 6(z) = &} has positive measure. Thus, we have

(2.5) sz M >a, fi(z)=0, fzeg,
(2.6) I_‘:ELF(u}du{r;, if RNG # &, R € M, diam(R) < &
Since M differentiates Ig, hence we may fix x5 € G with

|IRNG| _

=
dlam{R)—+0, soeReM  |R] t

which means that for any & > 0 there exists o(e) such that diam(R) < o(¢) and
zg € R € M imply |[RN G| > (1 — )| R|. Using this relation and (2.5), we can fix
R such that -

27 zo€REM;, diam(R) < imln(a (%)a)

1
(2.8) I j; fT(u)du > a,
As we have that basis Mj is quasi-coverable with A4y, then for R € Mj we can fix
R' € M and Ry € My, k=1,2,...,p such that (1.2),(1.3) and (1.4) hold. From
this and (2.7) we get
e eM, diam(R"}an).
which implies
(2.9) NG| > (1 = %) IR
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which together with (1.3) gives that RuNG # @,k = 1,2,....p. Now, since
each R contains some point from G, we can use (2.6) and come to contradiction
against (2.8) . Namely, combining (2.6), (2.7) and (1.3) we have RaNG # @, R, €
M), dism(Ry) < é and therefore

IT':-I']; fw)du<y, k=1,2...,m
which i T vhh{l.-l.)' -II
P » i
Jirwass [ a0 b= 3 [mm«wun);‘w.lanm
and

i f e <ne
On the other hand, from non-negativity of function 7 and from (2.8) ,(1.4) follows

that
- B 1 a
mLF(quuzl-ﬂ L >,
which is impossible if choose n < &- Thus we have proved that F*(M;) c
F*({My). In the same way we can prove the inverse inclusion FF(Ma) c FHM,).
a
3. APPLICATIONS

It is well known that the basis of all open rectangles R" differentiates L>=(R™),
ie. it is a density basis. Therefore we can apply the theorem when M = R™ and
getnitmﬁwwnhmiwmedn[mu;ludlﬁhmﬁlunghmmdnm—
negative functions:

Corollary 3.1. If bases Ry and Ry formed of rectangles in R are quasi-squivalent,
then FH(R)) = F+(Ra).

Let @ = {w{}{=, be a finite family of sequences with
(a.1) wi—+0ask—scafori=12,... n
Define the basis R as a family of rectangles of the form
IT (o - 1), med), meZ keNi=12,...n
i
mdmbmﬁnuahmﬂyﬂmmuﬁihaidu]mgﬂmh,ia 1,3 in

satisfying ¢; - wj, 5.:‘ Sec-wf,keNi=1,2,...,n Then, it can be shown that
the bases R and Ry are quasi-equivalent, therefore

Corollary 8.2. For any 01 with (3.1) F*+(Ra) = F+(Rq).
T2
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Corollary 3.3. [f the family of sequences 0 satisfies
wi

(3.2) oax m q:: < po,
then
(3.3) FH(Ra) = FH(RY).

Prool. Denote by 7 the finite quantity of the Jeft hand side of (3.2). Then for
coefficients ¢; = 1 and &z = 7+ 1 we have F*(Rg) = F*(R"). Hence from the
theorem we deduce (3.8) - o
Finally, if we take wf =2 keN,i=1,2,...,n, where A = {on: k2 1} is
an increasing sequence of positive integers, the basis R becomes the basis of all
dyadic rectangles R ,(A) corresponding to the sequence A.
Corollary 3.4, If the sequence A = {1 : k 2 1} satisfies
sup(vigr — 1) < o0
kEN
then FH(R3,a(8)) = F*(R™). Particularly, if we take A = N, we get Theorem
C.
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