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1. INTRODUCTION

The theory of function spaces with variable exponent has extensively bieen studied
by researchers since the work of Kova®ik and Rakosnik [10}. In [3] and [16], the
boundedness of some integral operators on variable L7 spaces were established. In
addition, the authors of [17] have defined the Herz-t vpe Hardy spaces with variable
exponent and gave their atomic characterizations.

Given an open set E ¢ R and a measurable function pl:) : E — [1,00). By

L E) we denote the set of measurable functious f on E such that for some A > (.

|
[ ([—f-%}l)i dr < oo.
f B

This set becomes a Banach function space when equipped with the Luxemburg-

g1y PlE)
”flll.rr NE) = inf {)4 =0: /I; (f—@) idr < ]} :

These spaces are referred to as variable LP spaces, since they generalize the standard

Nakano norin:

L? spaces: if p(x) = p is constant, then LM E) is isometrically isomorphic to LP(E)
il
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The space I.f:lil :'{I:'] is defined by

et ".;"1 = [f: fe LP"(F) for all compact subsets I C E}.

Define PY(E) to be the set of those functions p(:) : £ — (0, 00) lor which
p” =essinf{p(z):re E} >0 and p* =esssup{plz):re E} < nc
Also, defiue P(E) to be the set of those functions p(:) : E —= [1,o¢) for which
p~ =essinf{p(z) :x € E} >1 and p* = esssup{p(z): € £} < o0

Denote p'(z) = p(x)/(p(z) = 1). Let B(R") be the set of those functions p(-) € F(R")
for which the Hardy-Littlewood maximal operator M is bounded on LPC(R™). Also,
by |A| and v, we denote the Lebesgue measure and the characteristic funetion of
a measurable set A C K", respectively. The notation f = g means that there exist
constants 'y, Cs > 0 such that Cig < f < Cag.

The lemnas that follow contain some noportant properties of the variable LF

SPACES.
Lemma 1.1 (|1]). Let p(:) € P(R") be such thal
(1.1) plx) = ply)| < = . le-yl<1/2
~ log(|z — )
and
f-'
(1.2) In(x) — p(y)| < v ul 2 |l

~ log(|x| + e)

Then pl-) € B{E"), that 15, the Hardy-Littlewood marimal operator M s bounded on
LH(R™).

Lemma 1.2 ([10]). Let p(-) € P(R"). If f € POV R™) and g € L¥ C)(R™), then fyg is

integrable on R™ and

[ 15@a@)ide < rylfl oo unloll ooy
where
rn=1+1fp” —1/p*.
This mequality s numed the generalized Holder inequality with respect to the variable
L? spaces.

Lemma 1.3 ([8]). Let g(-) € B(R"). Then there erists a positive constant C' such

that for all balls B in B" and all measurable subsets S € B the following inequalities
hold:

2
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. v > ..' fy
||,‘.I{Bl|';‘-.1-|mn]. < ; IllS“Llrt AHE) < (]_l) arid
sl e gmmy 151" lxalpa @ |13

illﬁllj,-u'l' I{R") ‘: c (lﬂ)ﬁl L
"-‘fﬂlk_{,#" B | B

where §; and §; are constants with () < 8y, 4, < 1.

Throughout the paper constant d; will be the same as in Lemima 1.3
Lemma 1.4 (|8]). Suppose q(-) € B(R"). Then there exists a constant C > 0 such
that for all balls B in B" the following snegualily frolds:

|“|"1{H"Lr !R":""{H": A1 RM) <C.

Next, we recall the definition of the Herz-type spaces with variable exponent. Let
={z e R" : |5| < 2¥) and Ay = B \ Bi_) for k € Z. Denote by Z, and N
the sets of all positive and non-negative integers, respectively, ypo = yva4, for k€ £

Ye=xx il ke Zy and ¥o = x5,-

Definition 1.1 ([8]). Leta e R, 0 < p < = and g(-) € P(R"). The homogeneous
Herz space with variable exponent, denoted by f;.':t'_’]' (R™), is defined by
:;{F]'{Rn} s {f = L'J'f :'HRI'I- ll". {{}}] ; ||"Ir||.';f::'_i|'1't"] - I!‘.

where

“-Ir”h""" Ry = .}k"p”fl-‘- "Lal: R '
J() ) {

k=—pc
The non-homogencous Herz space with variable exponent, denoted by KV (R™). is

defined by

K (R = {fe L} (R"): [l corimny < o0},
where
. 1/p
1fllkezm ey = {Ei"‘“"ﬂm (i n) } :

In [17], the authors have defined the Herz-type Hardy spaces with variable exponent
H ."{' o Il"{It"'} and gave their atomic decomposition characterizations.

Ler. ﬁ[R“]I denote the space of Schwartz functions, and let 8'(R" ) be the dual space
of S(R"). Let Gn(f)(z) be the grand maximal function of f(r) defined by

Gn(f)(x) = sup |dg(f)(z)].
dCA N
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where Ay L {6 € S(R™) : sup |,1:”j‘]”".i|-{m]| <1}, N > n+ 1, and ¢% is the

fal,|H|=N
nontangential maximal operator defined by

o (fi(z) = sup |¢ = f(y)|

|y—x|<t

with ¢;(z) = t="d(z/t).
Definition 1.2 ([17]). Leta e R, 0 <p < 00, q(-) € P(R") and N > n+ 1.

(1) The homogeneous Herz-type Hardy space unth variable erponent H .f‘f::t'_’;ﬂt"'] ]
defined by ;
HE(R™) = { £ € (R") : Gu(f)(2) € KighR™))
and || fll v my = G (S ]||.ri:|'l*l-']'[n-}|-

(1t) The non-homogeneous Herz-type Hardy space with variable exrponent HH,T{?{R"]
15 defined by

K r-::n"] = {f € 8'(R"): Gn(f)(x) € H:}'j;{nﬂ]}

and || fllsce.s mey = IGN ()l @my:
For a € R we denote by [a] the largest integer less than or equal to a.

Definition 1.3 ([17]). Let nd; < o < 2¢ and g(-) € P(R™), and let s be ¢ non-negative
mnteger such that s > [a — nda).
(1) A function a(x) on R™ is said to be a central (ex, g(-))-atem, of it satisfies the
follounng conditions:
(1) suppa C B(0,r)={z e R": |x| < r}.
(2) llall Lacrorey < [ B(O,7)| 2/,
(3) fgn alz)xfdx =0,|4] < s.
(i) A function a(x) on R" is said to be a central (o, q(-))-atomn of restricted type,
if it satisfies the conditions (2), (4) above and
(1) suppa € B(0,r),r > 1
Lemma 1.5 ([17]). Let nd; < & < 00, 0 < p < oo and g(-) € B(R"). Then f €
HH“ S(RY) (respectively f € }H{“”{R"J_j if and only of

E Apay, (rrﬁpwbwﬂvf z Ju‘m‘) in the sense of 8'(R™),

kww =
where each ag is a central (e, g(-))-atom (respectively a central (e, g(-))-atem of
g
restricted type) with support contained in B, and Z |A|" < oc (respectively

k==

fid
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S Ml < o0). Moreover,

k=0 )
o 1/p =1 1/p
1SN gren »gn) = inf (kz Hkl") respectively || fl|grxce» s = inf (L .A:.-i”) ) ;
=— 00 k= (1

where the infimum is taken over all above decompositions of f.

Let S"=! denote the unit sphere in R"(n > 2) equipped with normalized Lebesgue
measure, and let {1 € L*(5"~1), 5 = 1, be a homogeneous function of degree zero. For
0 < o < n, the homogeneous fractional integral operator T , 1s defined by

Toe f() = j; =2 fa)dy

Muckenhoupt and Wheeden |12] have established the weighted (L¥, LY) boundedness
of the operator Tj; , with power weights. Recently, Tan and Liu [15] gave the (L#U), L4},
(HPO), L70)) and (HKSP, K2%8) boundeduess of T o.

Let b be a locally integrable function, the commutator of a homogeneous fractional
integral operator 15 o, generated by b and denoted by [b, T o). is defined by

b, Tl @) = [ bla) - b))y

Motivated by the results of [5] and [15], in this paper we study the boundedness of
the commutator [b, 1., for a homogeneous fractional integral operator Tg - on the

Herz-type Hardy spaces with variable exponent.

2. A BMO ESTIMATE FOR THE COMMUTATOR OF HOMOGENEOUS FRACTIONAL
INTEGRAL OPERATOR

Let us first recall that the space BMO(R" ) consists of all locally integrable functions
f such that

O e
111 = sup f.:, i folite oo

where fg = |Q|™} fq f(y)dy, the supremum is taken over all cubes @ C R" with sides
parallel to the coordinate axes, and |@Q| denotes the Lebesgue measure of ().
A nonnegative locally integrable function w(x) on R" is said to belong to the class

A(p,q) (1 € p,q < o), if there is a constant C > 0 such that
1/p

/4
 fueteree). (g fywteree) - <
— ) 9d. — iz < C < oo,
owp (i1 fy ) - (g [ o™
where p' = p/(p — 1). Also, we will say that w € A, if Mw(z) < Cw(z) for ae. r.
G5
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Let b € BMO(R™). The weighted { LP, L7) boundeduness of the comunutator [b, Tt 4]
have been proved by Segovia and Torrea [14], Ding [5], and Ding and Lu [6].

Lemma 2.1 ([5]). Suppose that 0 < @ < n, s’ < p < nja, 1/g = 1/p - a/n,
N e L*S" '), und w* € A(p/s' q/s'). Then for b € BMO(R") and m € Z there is a

constant ', independent of f, such that

(/p.-- I[fh.ﬂz.n]mf{m]lh-'{:?‘.ll"rhﬂ) o < C( i ]j{;-}w{zﬂp,ﬁ,)

Lemma 2.2 ([3]). Given a family F and an open set £ C R™. Assume that for some

1ip

pg and gg, D < py < qo < 0o, and every weight w € A,

1/ 90 1."r!"¢l
(f f[J.'}'T"uJ{.xjra'r) < Co ([ y{;]”u{.r]m’lq“d;ﬂ) . [fig)eTF.
K E

Given p(-) € PYE) such that pp <p.- < p; < ae, define the function g(-) by

—_—— —— = — -, TE€E

If p(-) satisfies the conditions (1.1) and (1.2) of Lemma 1.1, then for all (f,q) € F
such that f € L1°/(E), the following inequality holds:

1fllacrey £ Cllgll e gy-

Using Lemmmas 2.1 and 2.2, and arguments similar to those applied in the proof
of Theorem 1.9 of [15], we can prove the (L*'(R™), L9C)(R™))-boundedness of the
commutator b, Th »|.

Before stating our result, we first recall the definition of the L*-Dini condition. We
say that a function ) satisfies the L*-Dini condition if £2 € L*(S™!) with 5 > 1 is
homogeneous of degree zero on R, and

-/.; l M'deﬁ < 00,
where w,(d) denotes the integral modulus of continuity of order s of Q1 defined by
1/a
ws() = sup (f 2(pzx') — ﬂfﬂ-’ﬂ']ll'fl'-r') 1
| <d it
and p is a rotation in R™ with |p| = ||p = I|.
Now we are ready to state our result concerning the boundedness of the commutator

b, Tq1,4] on the Herz-type Hardy spaces with variable exponent.

Theorem 2.1. Suppose that b € BMO(R™), 0 <« 8 < 1,0 < ¢ < n - 8, and
qi1(:) € P(R") satisfies the conditions (1.1) and (1.2) of Lemma 1.1 with qf < n/a
GG
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and 1/q1(x) = 1/qa(z) = afn. Let 1 € L*(8"')(s > q7 ) with 1 < &' < q; and satisfy

fu W'M}Idﬁ < 00,

58

Let 0 < py < p2 < oc and nd; < a < ndy + 3 (respectively 0 < max(nd;, az) < a; <

ndy + 3). Then the commutator [b, Ty .| is bounded from HK () (R") (respectively

from Hﬁ'ﬂ’ "‘ (R™)) to Hq i }{R"} (respectively to :’{’;“{R"}_J

To prove Thﬂﬂl‘l:.'m 2.1, we also will need the following lemmas.
Lemma 2.3 (|9]). Let p(-) € B(R"), k be a positive integer and B be a ball in R™.

Then for all b € BMO(R™) and all j,1 € £ with j > i, we have

1 : W
GIlblle < sup 16— ba)* xallLrsmn) < CIBIE.

IxBll Lo A(R™)

(b= b ), o @y < € = i) I01E X, s e

where Bi = {z € R": || £2'} and B, = {r e R" : |z < 27}

Lemma 2.4 ([2]). Given a set E and a function p(-) € P(E), let f: Ex E — R b
a measurable function {with respect to product measure), such that f(- y) € L*'/(E)
for almost every y € E. Then the following inequality holds:

<c fp 1FC i ey Y-

Lri M E)

Lemma 2.5 ([13]). Let () be a variable exponent defined by l_lftﬁ = ;ﬁlg- +2 [z€

q
R™). Then for all measurable functions [ and g we have

I fgllzrirmny < CllFllLacimey I foll Lagmn)-

Lemma 2.6 ([4]). Let p(-) € P(R") satisfy the conditions (1.1) and (1.2) of Lemma
1.1. Then for every cube {or ball} Q@ C R" we have

Q|7 if|Q) < 2"and z € Q,

Ix@llLstiirm) = { QIF=T if|Q| = 1,

where p(oc) = =an;¢ plz).

Lemma 2.7 ([7]). Suppose that 0 < o < n, s > 1, and Q satisfies the L°-Dini
condition. If there is a constant ap > 0 such that |y| < aoR, then the following
imequality holds:

(-/H-rfl.rl <IR

Qz-y) N)
|$2I: a y!n—ﬂ len-a

| ) -

A 5 o ﬁ

[ : E {:R?_{H—ﬂ'} Iyl + f ""'Ilji: }
R Jui2r<é<iyi/r

67
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Proof of Theorem 2.1. We prove the theorem only for homogeneous case, because in
view of embedding Ii"" T (R") C .!’i'“‘ P (R") for 0 < az < ay, proved in [18], the non-
homogencous case can hv treated '-1Iml|u‘|} Let f € HK I;' ﬁ (R™) and b € BMO(R").

By Lemma 1.5 we have f = Z A;a;, where ||_.|"||,”._ T R) == inf( z | Az17 }”m

J=—o0 J==00
(the infimum is taken over ahove decompositions of f), and a; is a dyadic central

(v, g1 () )-atom with support ;. Noting that p; < p2, we can write
I
||, Ty =l(f) | e J "3 (gn) {E.:,:: oo 2P [ T, (F)xxllss Laat lmnl}

< Z 2"“"“ |"ﬁ' rﬂ: tr] f}\:kl Loat) (R

= =

e o bl
(21)  <c ¥ 2t [ S (Al Ta.ol(as)xxl
J==00

o= = o0

f ]
T e
+G Z E‘”"“ ( z I':l'.i'"”'!".'Ih-ﬂ"]{ﬂj}x&”_{_ﬂi][nn}

k=—pon J=k=1
= jl. + Fg.

We first estimate I;. Foreach k € Z, j < k-2 and a.e. x € Ay, using Lemma 2.4,

the Minkowski inequality and the vanishing moments of a;. we get

”lt’-Tﬂ.d]{ﬂ ILHL-;-:-](R-.}

L 0.
g ﬂy}.;r i]a (B(-) = b(y))xx(-) la;(w)ldy
-—yl | - | Leat I (R}
g ()}
f | : o ,{,},,lliﬂﬂ ba, k() | (w) | dy
by _!H I E Lot (R
(3 -
=] ”El. () 1bB, — b(w){la; (4)ldy
_Tfl | ; | Lazt}(Rn)
= fn + I1z3.

To estimate [y, we note that s > q.j‘ , and denote gz(-) > 1 and l]".llfl} = ﬁ%ﬂ +: ;’l

Then by Lemmas 2.3 and 2.5 we have

‘ A n!i:l e .0 [b(-) — ba, |xe(-)
Jee palis ] [ et : Laal ) (R7)
Q- - 1€

sl - Bl 16 = b, Ol o

ﬂLEI || L (R
; g £ :

=C 1 P r-ii}ar e ::L-L k() (k 'J}“E'“-”Iﬂ..“_r_.l:r-:mn}-

] i Lo (R")

When |Bi| < 2" and . € By, by Lemma 2.6 we have

x Bl Lazes mmy = | Bl T =[x g, || pos gy | Brl =2~ %
G
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When |Bi| = 1 we have

3

"+T L
":'-".H'j. "_J','ﬂ#* MR~y = | Bi| "7 = Ixa M pa ’l.’E"']lE*-'l =5

5”1 Lok Uhtﬂin ”x'B"'HL‘"H"[n".J s H‘-‘:Bn "L"""';'{l"jlﬂﬁ'l_l:_ﬁ-
Meanwhile, by Lemma 2.7 we have
u:-}‘
L*(R")

m Q- y) )
< glk=1)(2~(n=r)) {M _,_f'“'” [ w,[ﬂ]d&}
|

- g |
| e i)
ak ul /2 a

l =h.
< olk=1)(%=(n=a)) [ gj=k+1 +i“1“‘+‘3‘”f “-'-:E”]rm)
(1]
< Colk-D(2=-(n=-a)lg-K)8_

So, using the generalized Holder inequality, we obtain the following estimate for Iy,:

(2.2)
It = f () = Bagial) la; (4)\dy
Loal) (Rn)

< C(k = j)||blf.2* -V = (=N oU=RI8| y g || oy gyl B 7> 5 fﬂ |a; () |dy

< Clk = b2 O 2 gy | s o gemy 5l o 3 zmy x5 M a0

nej

Q- )

B N

To estimate Ij2, we use arguments similar to those applied for [;;. to obtain

- - -
‘” . nulﬂ 5 E.}ﬂ Ik{-}“
1 _:yil ) i o
t - y : . -
Iui _yl'l"l- I Iﬁ'_ﬂ' :l.".l'[ } L "'rl'{ }”Lu;;rl VR=)
5(‘;" a¢-y) _ o0 B llzesr o)
|- =yl |- P

< CE{J;-':}{E—IH“’“E“ ”ﬂﬂ?{m Il £ #at I{R™)

< Cz-h-ﬂj_km B, ”J',ul-n{nn}~

So, by Lemma 2.3 and the generalized Holder inequality, we have

Ly = Il(mﬁi} - m‘_}ﬂ xe(-) lba, — b(y)l|a;(u)|dy
JEtlie=e e |« Lnt)(R)
(2.3) < C27F =8 xp, [[ar 1 e fﬂ lba, — blw)lla; (v)ldy
1

< C27 U= Py, || Loy eyl (bE; = B)xE, Il L 0j 0 ey 12l Lon ey
< bl 27F BB g, ||
69
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Next, usind (2.2), (2.3). and Lemmas 1.J and 1.4, we can write

“['F" jh.ﬂ]{ﬂj}lk” F’HJII:'{.H"}
< Clk - j]”bll_ﬂ_l‘“"'u_”ﬁll‘fﬂ'-' "L'u-i I:_Rh]."ﬂj“L':: {-l.[nnj"l’ﬂ‘, H LY ) (R™)

¥R H.'I.'HJ ||Lq§: V(R )
ol ) o
K

< C(k - j)|Ibll.2Y

”Lu’.i |Iln}
< Ok _ﬂg—:n+U—i-']{ﬂ+nﬁ:!|||1,|hI

So. we have

m
o0 k-2
ho<clpipt 30 2t ST N (F=y)eR ettt
J-.'-_——f!:- j_-.-“_:

1
oo k-2

— (]|b||2 Z z ;| (k = §)2li=R) (A +nsa—a)

k=—o0 \J=—o0
When 1 < py < oc, take 1/p; + 1/p] = 1. Since 8 + ndz — a > 0, we can use the
Hilder inequality to obtain

o k=2
el R | B e Ll

b= — ==

i
—q \ P /ey

5 Z (k — j)PigU=F(B+nés ~a)p, /2
==
b 7 k=2

3 (5 ppashemnons

k=—oc \Jj==o0

< C]lb

o0 ]
s GTFJ”EI E l}u!rl, Z .2[_1—.1:]-{3-{' ndy—alp /2
(2.4) j=—oc k=j+2
. =
<OfblE 3 Il
j=—o0
When 0 < p; = 1, we have
- ) k=2

I < GlblEt Syl &y A; [P (k = 5)Ps 2U=R)(B+nda=cip

k=—mo \Jj=—o0

(2.5) = C)|b||™ Z A [P Z (k — j)™ oli—k)(d+ndz—a)m
j==—00 k=j+2 :
<Clplly 3 AP
j=-00

70
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Now we estimate I3. To this end, observe first that by the (L9 (R"), L9 J(R™))-
boundedness of the commutator [b, Ty, |, we have

a ] £
L < Clbl Z asru 3o |-3'tj|||f*;rl|r,u-l-r|z--;.)
g

b =gy =k=1
. P i
Ec"‘"b“fl z Z |:.IJ|2fk—]':ln- :

k=—no \ jmk-]

If 0 < p; <1, then we have
(- =] 1+l o
(26)  L<Cle 3 i 3 2kaem < e S g
J=—nd k= = ==

If 1 < p; < oo, then we can apply the Holder inequality to obtain

A (4 o S ,*-:_
f‘] E C“hllfl Z ( z |Aj|i"'2{'k_]]n.?t.'r2) ( Z Ei'l"r __||r;|r':_.".-]j
J

(2,7} k= —pg =k-1 jek=]
7

<ClblE Y (A1

j==0
Combining (2.1) and (2.4)-(2.7) we complete the proof of the theorem. Theorem 2.1

18 proved.

3. A LIPSCHITZ ESTIMATE FOR THE COMMUTATOR OF HOMOGENEQUS
FRACTIONAL INTEGRAL OPERATOR

For U < v < 1, the Lipschitz space Lip,(R") is defined as follows:

Lip, (R") = {f:"ﬂh_-,,,‘_ S E= T}

ryeR iy |2 — ¥

Let b € Lip, (R"). It is easy to sce that |[b.Thq]| < CllbllLip, [Tha+~]- In [15], the
authors proved that the operator Th » is bounded from L9 R") to LU (R") for
1/qi(x) = 1/q2(x) = o/n and q,(') € P(R") satisfying the conditions (1.1) and (1.2)
of Lemma 1.1 with g < n/o. So, we can state the following theorem.

Theorem 3.1. Suppose that b € Lip,rfR”} wthl<y<1landd <o <n-—7 Let
q1(-) € P(R™) satisfy the conditions (1.1) and (1.2) of Lemma 1.1 with q] < n/(7+7),
1/qiz) = 1/qa(z) = (o +7)/n, and let {1 € LA(5" 1 )(s > g ) with 1 < 5" < q; . Then
the commutator [b, Tq o] is bounded from LT U(R™) to L7V (R"™).

7l



HONGRIN WANG

Next, wg give a Lipschitz estimate for the commutator [b, Tfa,»| on the Herz-type
Hardy spaces with variable exponent.
Theorem 3.2. Suppose that b € Lip,(R") with0 < y < l and 0 < ¢ < n-—1.
Let gi(-) € P(R™) satisfy the conditions (1.1) and (1.2) of Lemma 1.1 with qf <
nl(e + ), 1/q(z) — 1/q(x) = (¢ +7)/n, and let Q € L*(S™ L) (s > q7) with
1 < 5 < g7 and satisfy fn T.i_-hm < oo. Further, let 0 < py € p2 < o0 and
nds < a < néy + ~y(respectively 0 < max(ndz, az) < a; < ndz + 7). Then the
commutator |b, Tn -] maps H H" '”'{'E"} (respectively ."”f”" [R“}j continuously into
o ”If?”]f"r‘f;ﬁm‘f tively info .ﬁ.n‘ m (R")).
Pm of. Similar to Theorem 2.1, it is enough to prove the theorem only for homogeneous

case. Let f € Hh:f':l[ﬁ"}l and b € Lip, {Tl"} Then by Lemma 1.5 we have f =

Z A;a;, where | .|"||f“f LR = inf( Z |A;[P*)" ™ (the infimumn is taken over

== J=—00
above decompositions of f), and a; is a dyvadic central (e, g1(-))-atom with support

B;. So. we can write

rifpra
(b, T} (N1 02 e {E*- - 2korz|| (b, Ty o] (f) .IJ.“L.,[.Jm--j}

-..|' I
2

< Z ‘*k”’” |[{1'-T£i.¢]': f’ui:“,.ru R™)

I!_'= - O j-
F o =2 -
(3-1) <G E ki

-0

)
W fh &
Z okap) ( z |As 1110 T e (@ )k ll Loats (e =:J1+ Ja.

k=—x j=k—1

We first estimate J;. Foreach k € Z,7 < k=2 and a.e. x € Ay, using Lemma 2.4,

the Minkowski inequality and the vanishing moments of a;, we get

!|[b-ﬂr.¢§{ﬂj}1{k"m="t R™)
0(--z)  0f)

< B ] (50 - bu)xe() lay 1)y
Ia, - =yl 1 Lo3C)(R™)
< ﬂt_ _,Jy_]a 5 jﬂi-u [b(-) — b(0)|xx () laj(w)ldy
g, - =yl |- Loat) (Rn)
+ [ = - S 16(0) — b()llas()ldy = Jus + Jiz
By |- =l = Loal-)(Rn)
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To estiwmate .Jy), we uote that s > ¢, and denote §2(.) > 1 and —— - m = ==+ 1

Then by Lemma 2.5 we have

H - —u) $1-)
T e B

16(-) — B0} (")

(- - y) m} s
H‘, _,,Ffi s | X () 11BC) = B(O) Xk ()l oxc s o
D T A
{C"blle,Ehm] |nyﬂ |.|n—a .TIH.|:.]. o “}'E'HJ,”LhI B
(R™)

When || < 2" and z; € By, by Lemma 2.6 we have

-—lﬁ L=y
| x e | L @) = | Bi| %= T = |[xg, || Lo j&n) | Bl S

When |Bi| = 1 we have

l ke o ]
] n

Ix sl paacr mey = | Bk 5= = ||x g, l|poi s mey | B |~

So, we obtain ||y s, ”Lht-'r;n-; = |IxB. |l ot ainn}lﬂtl-i‘ =i

Meanwhile, by Lemma 2.7 we have
|” =)

== — | Xk
i T e P

< gk=1)(2~(n~0}) @4‘_/'“'” 2 m’{ﬁ}d&
2 lwl /2" &

'I .
Ezik—l}lf‘—{u—n}} 2.‘F-k+]+2i,]-k-r|:l'r/ u"éﬂ-]_rfﬁ)
L1}
< .:’2!*' 1){2—(n 7l )oli—kiy

So, using the generalized [older inequality, we obtain the following estimate for Jy,:
(3.2)

Ju = la; (3)lly

- [(-) = &(0) [xx(-)
=™ I“ ‘ L3t (Rn)
= e L2+ d
< C|lbf|Lig, 2572051 —==eNaU=kb ||y g | porir ey 1Bl ™7~ ] |a;(y)|dy
B,

= G"Mhaipirk"ﬂj-kh Ixm. Lo HE'}"“J' e ’{I“J||T"=1f:.ﬂi' '(R™)

To estimate Jy3, we use arguments similar to those applied for Jy,. to obtain

U -y) Q)
‘”I T |,1n;r xk() 40
W| {_y_|nli}, l'lf‘-‘}” xel:) L.m”}||l't['}|i_:,u. 7l
Q--y) Q) : |
'Il[ —y|"" |.|n--ur -“” Ea () ”Im"uur.m”

< C2=D2=(r=aNgli=kN |1y b |l 6203 am)
< {-:E—L-nHJ-*h_h"xﬂ,. llLastr (mny
T3
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So. by the generalized Holder inequality, we have
Q- —y Q)
ne = [ (I - S a0 6(0) = byl 1)y
B, |- = | - ] Lval-}(R™)
(3.3) < FE“*"*“"‘”“‘“lemllmx-a{nn;_[E |B(0) — b{y)fa; (v)|dy
- i
< C|lbllLin, 27292y, | Loy mmy

= 'I'.':'||FJ||L.]3_|‘3_J""'H:’T-HT|| X By e *qit'-]"l'ﬁ; | L Jmnlllf‘_r'||1,nl-1.|'n--}-

|lBJ "L"JI. (-1 (R"™) ||ﬂj||f_,w11'}:_nﬂ]

Next, using (3.2), (3.3), and Lemmas 1.3 and 1.4, we can write

{6, Tar.al(@;)xk | ozt e
< Cllblluip, 2770 xa, Nl s ey sl Lor o ey 18, | a0 ey
"IH‘. ”L_n;l; 1(1"3

[ A
< Clbllip, 27 lajll pn o @y ori—
.lﬂp, gt F1Hn]

< CoImHG-ROnE) bl
=0, we have
o k-2 i
Ji £ Clblifi,, DT 2FeE ST [y jasiatUssiGias:)

o0 k-2 H

= ||} {'ip‘ Z E |Aj|gii-k]{’r+-li|5:‘u'i

[ 4 . =

When 1 < p; < oo, take 1/p; + 1/p} = 1. Since 4 + né; — a > 0, we can use the
Halder inequality to obtain

o0 k=1
Ji < Cllbllg,. z z |A;[P1 26~ B r+nda—a)pi/2
k=—mo \j=—o0

k=9 P

. E oli—kl(y+nda—a)p, /2
J =
o k—2
< CllbliEy, 35 1700 IR 2da e e

k=—mo \j=—ou

s = i
= ClIblE,, Y A Y 20-Rr4ni-alp /2
(3.4) .I'=¢;-=n kej+2
< Cllblig,, o P
I=-po0
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When 0 < p; < 1, we have

7]

| k=2
A TR DB it

k:—rm jﬂ—tﬁ

== =
(3.5) =U"£""'::p., z AP z oli=k}{v+nd;—a)p,
J=—a0 k=342
< CBlIE,, S a1
J=— o0

Now we estimate J;. Observe first that by the (LTCHR™), L9:0)(R" | )-boundedness

of the commutator [b, Ty »], we have

Pl

o0 (=2
P ki | = |
Lip, Z 2 Z ”"J!Ilﬂ',l |L-H. (R=)
k=—og =k=1

#

Ja < |

o

v ]
E':—'Hblfjp,_ Z Z |A; |2tk —s)a

k==no \j=k-1

If 0 < py <1, then we have

. . 1 ; ] ¥ 1P g
(3:6) Jz = ClbIgi,, 3252 _ . INIPV TR 2%dlen < ¢ L] S i B V1 28

If 1 < p; < oo, then we can apply the Hblder inequality to obtain

oo b S Piip)
J:r E ':.r"b }:.lip.1| E Z IAJ[P’ 2'["""_.1;:"-"’?"I.".2 Z 2“’ —jlop; f2
["rle} k:—m j='|'—l J'_.ﬁ: 1
=]
< CllblT,, D 117
J==nn

Combining (3.1) and (3.4)-(3.7) we complete the proof of the theorem. Theorem 3.1
is proved.
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