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Abstract. This rescarch is a continuation of the recent paper by X. Qi and L. Yang [15].
In this paper, we continue our study concerning existence of solutions of a Fermat type

differential-difference equation, and improve the results obtained by K. Liu et al. in |8, 10]
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1. INTRODUCTION

A number of papers are devoted to the study of solutions of the following Fermat

tvpe functional equation:
(1.1) fiz)" +g(z)" =1.

For instance, in the case n > 4. Gross |3] has proved that the equation (1.1) has no
transcendental meromorphic solutions. For the entire case, Montel [11] established
that (1.1) has no transcendental entire solutions when n = 3. For n = 2. Gross
[4] showed that the ecuation (1.1) has the entire solutions f(z) = sin(h(z)) and
g(z) = cos(h(z)), where h(z) is any entire function, and no other solutions exist.
Later on, many authors investigated the generalization of equation (1.1) (see [17,
19, 21|, and references therein). Recently, many articles were focused on complex
difference equations. The background for these studies lies in the recently developed
difference counterparts of Nevanlinna theory (see [1, 2]). Meanwhile, the difference
analogues of the Fermat type functional equations have been investigated in a number
of papers (see [T, 9, 12, 13, 14, 16, 18, 22]).
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No. 11371225, No. 11401387, No. 11661052 and No. 11626112), the NSF of Shandong Province,
China (No,ZR2012AQ020), the NSF of Zhejiang Province, China (No. QI4A10013) and the Fund of
Doctoral Program Research of University of Jinan (XBS1211).
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In the recent publications Liu et al. [8, 10] discussed the question of existence of entire

<olutions of finite order for the following Fernat type differential-ditference equation:
(1.2) ()" + [z + o)™ = 1.

Specifically, the following result was obtained.

Theorem A. The equation (1.2) has no transcendental entire solutions of finite
order, provided that m # n, where m and n are posilive miegers.

In [15], the authors of this paper have obt ained a similar result for more general
equation.

Theorem B. ([15]) Let f(z) be a transcendental meromorphic function af finile order,
m and n be twe positive integers such that m = 2n+4, and let H(z) be a meromorphic
function satisfying Nr. Fl;] = S(r, f). Then f(z) is not a solution of the following

equation.:
(1.3) (f'())" + f(z + &)™ = H(z).

In this paper, we continne our study concerning existence of entire solutions of
equation (1.3). To simplify the proofs, we transforin the equation (1.3) into the

following:
(1.4) f(2)" + ([ (2 + )™ = P(z).

In what follows. we assuine that the reader is familiar with the elements of Nevanlinna

theory (see |G, 20]). Now we are in position to state the main results of this paper.

Theorem 1.1. Let P(z) be a polynomial, and let n and m be positive integers such
that n # m. Then the equation (1.4) has no transcendental entire solutions of finite

orier.

The following question arises naturally: what happens if in equation (1.4), P(z) is
a transcendental entire function? Our next result concerns this question, where we
consider the special case: P(z) = r(z)e™® + g(z).

Theorem 1.2. Let P(z) = r(z)e®® + g(z), where r(2), s(z) and g(z) are nonzero
polymomials, If n and m are two positive integers satisfying n > m + 1, then the

equation

(1.5) S+ (24 )™ = r(z)e™™® + g(2)

has no transcendental entire solutions of finite ornder.
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Remark. The assertion of Theorem 1.2 is not true, if n = m + 1 or n < m. For
example, when m = 1, the following equation

P22+ fllz+c) =% +1,

where ¢ = In2 + iw, has a finite order transcendental entire solution f(2) = e* +1,

and the transcendental entire function f(z) = e® + = solves the equation
; Lo
flz)+(f'(z + :'J]‘E = E!"E' +z41,
where ¢ = In 3 + im.

The following result contains a partial answer as to what may happen if n = m in

Theorem 1.2.

Theorem 1.3. Let f(z) be an entire function of order 1 < a(f) < oc and A(f) < 1,
and let P(z) = r(2)e®® + ¢(2), where r(z), s(z) and q(z) are nonzero polynomials
Then f(z) iz not a solution of equation (1.5) when n = m.

In the above stated results we considered only the finite order solutions of equation

(1.4). The next result concerns the existence of infinite order solutions of (1.4)

Theorem 1.4. Let P(z) be a nonzero entire function of finite order, and let m
and n be positive integers. Let f(z) be an entire function salisfying the conditions:
AMS) < a(f) = oc and the hyper-order a3(f) < 20. Then f(z) is not a solution of
equation (1.4).

2. SOME LEMMAS

Lenl;ma 2.1 (|2], Theorem 2.1). Let f(z) he a meromorphic function of finite order.
and let ¢ € C. Then

Lemma 2.2 ([1], Theorem 2.1). Let f(z) be a transeendental meromorphic function
of finite order o(f), and let ¢ € C. Then

T(r, f(z +¢)) = T(r, f(z)) + Or" ) + Ologx).

) = 8(r. f).

Thus, if f is a finite order meromorphic function, then
T(r, f(z + c))= T(r, f)y + S(r. f).

Lemma 2.3 ([6], Theorem 2.4.2). Let f(z) be a transcendental meromorphic solution
of the equation
frA(z, f) = B(z, f).
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where A(z, f) and B(z, f) are differential polynomials in f and its derivatives wath
small meromorphic coefficients ay, in the sense that m(r,ax) = S(r, f) for all A € I.

Ifd(B(z, f)) = n, then m(r, A(z, f)) = S(r. f).

Lemma 2.4 ([20], Theorem 1.51). Suppose that f;(z) (7 = l,...n) (n = 2) are
meromorphic functions, and g;(z) (j = 1,....n) are entire functions satisfying the
follouring conditions:
(1) 35, fi(z)en'® =0. 3
(2) g;(z) — gx(z) are not constants for 1 < j <k = n.
(3) Forl<j<nandl<h<k<n T(rf) =o(T{re %)}, r o0, r gk,
where E © (1,050) is of finite linear measure. Then f;(z) = 0.

Lemma 2.5 ([5]). Let f(z) be a transcendental entire function of infinite order and
aa(f) < oc. Then f(z) can be represented in the form f(z) = U(z)e"®), where U(z)
and V' (z) are entire functions, and A(f) = A(U) = &(U).

3. ProoF OF THEOREM 1.1

Suppose there is a transcendental finite order entire solution f(z) of equation (1.4).
We discuss the following three cases.

Case 1. If n > m., then rewrite the equation (1.4) as follows:

fe+o) fzt\m
i Lk

Applying the logarithmic derivative lemma, Lemmas 2.1, 2.3 and taking into account

™2™ = P(2) -

the assumption n > m, we conclude that
T(r, f*™) = (n=m)T(r, f) = S(r, f),

vielding a contradiction.
Case 2. If m > n = 1, then we have f(z) + (['(z + ¢))™ = P(z). Differentiating the

above equation, we get

(3.1) f(z)+m(f(z+e)" [z +c) = P'(z).

Set f'(z +¢) = F(z), then f'(z) = F(z — ¢). Moreover, in view of (3.1), we have
F(z - )+ m(F(z))™ ' F'(z) = P'(z),

Rewrite the above equation as

m(F(z))™ *F'{z) = P(z) - %F[z}.

[
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Using Lemmas 2.1, 2.3 and taking into account the assumption m > n = 1. we get

T(r, f'(z +¢)) = T(r, F') = m{r, F') = 8(r, F') = 8(r, f'(z + ¢)),

3

vielding a contradiction.
Case 3. If in > n 2 2, then by the second fundamental theorem for three small target
functions, we obtain
mT(r, f'(z +¢)) = T(r,(f'(z + c))™)
1

l AT '
< ﬁr'(,-__ == +c}:|'") + ,xr(r, T Pj + 8(r. f).

Furthermore, equation (1.4) gives mT(r, f'(z + ¢)) = nT(r, f) + S(r, f). Therefore,
we Can write

(m=1T(r, fl(z+¢)) < ﬁ’h(r

] 5 ¥
(flz+e))m - F’) + S(r, f) = N(r, %j' + S(r, f)

< T(r. f) + S(r, f) = ?T{r. f'(z+ &) + S(r, ).

implying that T(r, f'(z +¢)) < (< + "]T[r, Iz + c)) + S(r. f), which contradicts

ir
the assumption that m > n > 2. Theorem 1.1 is proved.

4. PrRoOF OF THEOREM 1.2

Let f(z) be a transcendental entire solution of finite order of equation (1.5). Then
differentiating (1.5) and elimilmting e*®) | we can write

]l

f(2)" " (nf'(z) = (s'(= 1 (&2)) =q(z) =m(f'(z+c))" (2 + )

(4.1)

+l'H{J'+ (U (2% )™ - q(2))-

If nf'(z) = (s'(=) + %}f = 0, then f(z)" = Ar(z)e**) where A is a non-zero

constant. Thus, f(z) can be rewritten as
1(2) = h(z)e™

where h(z) is a polynomial. Substituting f(z) = h{:}{?:%l into (1.5), we obtain

(4.2) (A = Dr(z)e*® + ((h(z + )e™2Y) " = g(z) =0.

Hence.

(1.3) (A - Dr(2)e’® + (G(z)e™F )" —gq(z) =0

where G(z) = h'(z + ¢) + M Clearly, A # 1. We set g(z) = . and use

(4.3) and Lemma 2.2, to obtain

nT(r,g) = mT(r,q) + S(r.g),
a7



QY. LI AND L. YANG

which coutradicts the asswnption that n > m + 1. o
Now let nf'(g) — (s'(z) + :rc_l::ﬁl” # (). We rewrite the equation (4.1) as follows:

flz)" " nf'(z) = (5'(2) + %{_:—}}U'[ZH
f’{t+=‘".'f[:+=‘]jm 1f%(=+¢) f(z+e)
flz+e) f(2) flz+0) [f(z)
r(z), o fzte) flzte)vm o
NG e fer )

Applying the logarithmic derivative lemma and Lemmas 2.1, 2.3, and taking into

=q'(z) — nr([ ).”3]“1

+ (8'(2) +

account that by assumption f(z) is entire, we obtain

T(r.onf'(z) = (5'(2) + %}fj = 5(r, f)

and

L)y ) = S f):

r{z) "
Therefore T'(r, f) = S(r, f). which is a contradiction. Theorem 1.2 is proved,

I'(r, flnf'(z) = (s'(z) +

2. Proor oF THEOREM 1.3

Suppose that f(z) is an entire solution of (1.5) satisfying 1 < o(f) < oo and A{f) < 1.
Then, by the Hadamard factorization theorem, f(z) can be rewritten as flz) =
h(z)eP'=), where h(z) is an entire function sat isfying A(f) = Ah) = a(h) < 1, and
plz) is a polynomial. We substitute f(z) into (1.5) to obtain

(5.1) B(z)"3) 4 A(2) P4 = r(2)e"®) 4 g(z),

where A(z) = Wz +e) + h(z +c)p'(z + ¢). Thus, we have

'j',,!:l JJ{E}“E"M:] i At.".:lnr.‘wll:t-l-r} s :I"I:::IFJ{:} The q{;} = ).

We discuss the following three cases:

Case 1. If p{z+¢) —p(z) = a,, where a, is a constant, then we obtain plz) = Bz+C,
where B # (). Substituting p(z) = Bz + C into (5.2), we get

|:'__l._ﬂ E:ﬂ.{-f:l'-z +I!"_:I{h{z1l|n i A{:}n&mu} = r{‘z.}ﬂ's{z]- i l?{ﬂ} =)
If 5(z) — n(Bz + C) = as, where a; is a constant, then by (5.3), it follows that
(5.4) eMHEECI i Alz)"e™) = r(2)e™) = g(2),

which is impossible under the assumption that qlz) #£ 0.
Next, if 5(z) = n(Bz + C) # ag, then applying Lemmma 2.4 to (5.3), we get g(z) =0,
which is a contradiction as well. Henee, p(z +¢) — plz) # a;.
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Case 2. Il np(z + ¢) — s(z) = b;, where b, is a constant. then we get
(5.5) (A(z)"e” = r(z))e*® + h(z)"e™P(2) _ g(z) = .

Observe that s(z) —np(z) # by. Indeed. if 8(z) —np(z) = by, then we have np(z +¢) -
np(z) = by + by, which is a contradiction by Case 1. When a(z) — np(z) # by, then
applying Lemma 2.1 to (5.5), we get g(z) = 0, which is a contradiction. This shows
that np(z + ¢) — s(z) # by.

Case 3. Arguments, similar to those applied in Case 2, can be used to show that
np(z) — s(z) & ¢, where ¢, is a constant.

Combining the Cases 1 - 3, Lenima 2.4 and formula (5.2), we conclude that g(z) = 0,
which is a contradiction. Therefore. f(2) is not a solution of equation (1.5). Theorem

1.3 is proved.

6. Proor or Turores 1.4

Let f(z) be an entire solution of equation (1.4) satisfving A(f) < a(f) = » and
a2(f) < oc. Henee, we can apply Lemma 2.5 to obtain

(6.1) J(z) = U(z)e"=,

where U(z) and V(z) are entire functions. Moreover, since A(l) = a(ll) = Alf) < o,
a(f) = oo, we have a(f) = o(e**)) = oo, Therefore, V(z) is u transcendental
function. Substituting (6.1) into (1.4), we obtain

(6.2) U(z)"e"V'2) 4 H(z)me™V 2+ = p(z),

where H(z) = U'(z + ¢) + U(z + ¢)V’(z +¢). From the assumplion ag( f) < oo, we
get o(V) < oc, and so o(H) < oc. We write (6.2) in the form

UR)" + H(z)"e) = P(z)e="(?),
where G(z) := mV(z + ¢) — aV(z). If G(z) is a polynomial, then we have a(L/{z)" +

H(z)"e%)) < 0o and a(P(2)e="Y(2)) = 50, which is a contradiction.
Therefore, G(z) is a transcendental entire function. We write (6.2) as follows

{l'j..'j} Utz]"c“r”’ + H“Jrﬂcmv{:}e] g P{:jt‘ﬂ =0.

and observe that H\(z) = %) Hy(z) = "V Hy(z) = e™VE+9) are entire
functions of regular growth with infinite ovder. Therefore, for ¢ = 1,2, 3 we have
T(r,U™) = oT(r, H:)}, T(r. H™) = o{T(r, H;}}. T{r, P) = o{T(r. H,)}.
Applying Lemma 2.5 to (6.3), we conclude that U(z)* = (=)™ = P(=) = 0, which
is a contradiction. Hence, f(2) caunot be a solution of equation (1.4). Theorem 1.4
1s proved.
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