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1. INTRODUCTION

The Laplace operator d.0= produces a second order model equatiou - the Poisson
equation. The classical way to solve the Dirichlet and Neumann boundary value
problems for Poisson equation involves application of representation formulas via
the Green and Neumann functions. Explicit solutions to the Dirichlet and Neumann
boundary value problems for Poisson equation are well known for some particular
domains, such as, the half disc and half ring [1], the ring domain [2|. the quarter ring

, the equilateral triangle [4], and the unit disc [5]. Let 2 = {z € A|Imz > 0},

domain |3
where A is a lens defined by the following formula (see [6]): A = DN D,,(r), where
D={z |z <1}, Dalrl=1z:lz=ml<r}, 0<r<l<m andr®*+1=m?

In this article, we provide explicit solutions and solvability conditions for the

Dirichlet and Newmann problems for Poisson equation in the half lens €.

2. BOUNDARY VALUE PROBLEMS FOR [POISSON EQUATION

In order to treat the Dirichlet and Neumann boundary value problems for second
order complex partial differential equations some special kernel functions, the Green
and Neumann functions, have to be constructed. These kernels then are used to solve
the Dirichlet and Neumann boundary value problems for Poisson equation via the

corresponding integral representation formulas for solutions. The harmonic Green
Hd




N. TAGHIZADEH, V. S. MOHAMMADI
function for half lens (2 is given by the following formula (see [7]):

1 g Ak =4 2
5 ol (€—zM1-z¢)(C(1 -mz)—(m—z))({({m-—-2)—(1-mz))
Gl{"‘" C} Z Iﬂg (C—2)(1—-z()({(1—mz)—(m—z)}({(m—z)—(1—1nz))

For = € (m —r, 1), thatis, 2 = Z, we have

ﬂ:r,Gl {3{:.} - —’i{ﬂ'; o &:'}Gl [z'[:) 3 4Im[{lT: iis l—cz( + ({l—r::;g:;m—z]

for z € 0f1p, that is, 27 = 1, we have

o, tnlzxy = (z0. + Z207)G1(2,0) = JR'E‘[— I - {{rraji{i::;?;}—mt}

-+ {(m—() ]1

{(mz=1)—(z=m)

lzl.,

and for z € d0p, . that is, |z — m| = r, we have

0,.G(2,0) = ((52)0: + (2 '"‘)E}u){“‘](:g AR '[cff 4 Se=m)

— 4p
(r"
+{{m:-1}—{z—m} T {(m-.,} {] mz}]

The next theorem contains a representation formula for a class of functions via the
Green function, which is used to solve the Dirichlet boundary value problem for

Poisson equation (see [8, 9]).

Theorem 2.1. Let © C C be a regular domain, and let Gy be the harmonic Creen
Junction for ©. Then any w € C*(©:C) N C(O;C) can be represented as follows:

w(z) = — 4= o V(€0 Cr(z,O)dsc — £ fa wz(¢)G1(z. C)dédn,

where v is the outward normal derivative on 90 and s is the arc length parameter.

Thus, any function w € C?(%;C) N C' (8; C) can be represented as follows:

wz) = 74| f w(C)[0 — P5)G1(z, Q)dC + j; w(Q)COc + (G (2, ) F

n—r

[ rOSm)a + G500 a0 2

Ll

-1 [ w6z, agan

H4
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where dQp = 90 N OD and dflp,, = NN OD,,(r), and in explicit form the Green

representation formmla from Theorem 2.1 for Q is

L = ré(z—3%
W(E} = 2.”-/.._ W[f}[m f It{1—m2z ;‘5 {n:: z)[?

2 I—|zl

r¥(z—%) | | |
_ [t(m—z)--(1- rnzﬂf]dt L — ?m [ W{{] z-'f & |IC—2z|2

2[1—|~Ii] 'il:l |I } T'l'l":—ﬂ:lﬁ
~RO=ma (=2 * Timmz-(ma7) ¢ T 7 f,.““m[ &

il
2y 1'2—|:—m|? % r2—|z—m!' r-—|z d¢
IC—2|2 II—:EF |1—"'I:]TL {—m

(21) -1 [ w016z, G)agan

In fact formula (2.1) provides a solution to the Dirichlet problem.

Theorcm 2.2. The Dirichlet problem
- f fﬂ-_ Q. w=%5 on 39‘ "}'(rn -— r} = ']r{l} —

with gven f € C(Q,C) and v € C(IN,C) is uniquely solvable and the solution is
quen by

'{-... =

1
+ [t{(1—mz)- {m—;}“

w(z) = & r":r‘(trl[]:—__:—;r; 8=
m—

ré(z—3) 1 1-|2 o
_|!.I:rr|.—z1}--{'1-'mz_]liTJ dt + E] ’T(C [ C— :] F
ayp

r(1=|2]%) r#(1-]z*) ] BE Y |:1':‘i:—m[ﬂ
If;fl'—‘!li.,] —(m— E}IE + Ili{].—-mz']—{"t_:”? 4 gE ] F[l‘.,,:l f,:_:l'l

o
1

{1[]“
e --I- —m|? ri—|z—m]|? 4 ré—|z—m|* | d¢
I{_-.IJ |1—5EF |1—2z(|? {—m

-1 [ 1061 (2. )aean
1

Proof. It can easily be verified that w is a solution to the Poisson equation. So, i
remains to verify that the b{11.11'1-3:1«'-:'1,1':,r conditions are satisfied for the boundary integrals.
For [Co| = 1,60 € O, o # 1, = +iZ, t € (m—1,1), ¢ € 3 and n € I, . we

have

It = Gol? [tdo = 1)%, |t(1 = mdo) — (m = Co)|? = |t(m — ¢o) — (1 — mo)|?,
1€ = Gol? 11=CGl% 1C = Gol* = 11 = ¢l 1-6o]? =0,
M—Gl* # 0.n(1 =mé)—(m—o)|* #0.[7(1 —méo) — (m— G #0.
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Hence, based on the properties of the Poisson kernel for [ (see [10]), we can write

Jim i), = D gy [ e
= flj:];}., ﬁfmﬁ({][{{? "'_é?; = 1]“%‘ = I"1(¢) = 7(o),
where
] b { ﬂq{i qceeagﬁ’\ 905,

For (o € d2p,,, that is, [(o —m| =r , ¢ #Fm—r, L 4 iz, t€(m—n1), ¢ €dp,
and 1 € d0p, we have
1t = Gol* = [tm — Go) = (1 = mco) 2, r2[Got — 12 = [£(1 — mco) — (m = ¢p)?
rél¢ = Gol® = |€(m = ¢o) = (1 = mdo)[*,r2[¢ — ol = I¢(1 — mGp) = (m — Go)|?
M—Gl # 0. [1-7o|#0, |1-né|#o0.
Therefore

lim w(z) = lim ;- FE{O(F}EIE;FFJ;EH = I'2(Co) = (o),

-'!‘-*"f_.__il E—H;n ; ﬂD.n{r]

where

e i ( €Xlp,,
FE({\) LR { [}] C = 3Dm \I\ aﬁﬂm'

Similarly, for ¢y € (m —r, 1), that is. (o = (o, C € 8Oy, nedlp, and t € (m—r,1),

we have
I€ =Gl = I6=¢Gl; o - m(p) — (m — G)|* = [€(1 — mep) — (m — ¢o)|?
11— Goml? = |1 - ¢onl?, 1n—Col = 71— ¢ol,
#Co =1 # 0,[t(1 = mGo) — (m — Q)P #0, |t(m — ) — (1 —mGo)|* # 0.

Thus, in view of [11], we get

+oc
lim w(z) = lim - f [3(t) p=dt = I's(¢o) = (o),

2-—'-1:[;. 2'—1*{:”. ami — e

where
i ‘T(f]* te (m o 1}:
Fﬂ“)‘{ 0, teR\ (m—r1).

Here the corner points m —r, 1, L + i~ were excluded.

TR
To check the boundary behavior at points m — r and 1, we define
1 al

1
¢ e o — - r:’( . r < i
'r""'-l{") — 27 (1) [I:—:ﬂ = T;‘:-_TF § 1 ]tl_'lr-mz]z-—{ﬂ{-—z}[’ s Ft{m-zl—zfli;—]m;]li] dt,

mr=r

e 14 . 1—-|z|? _ 1-)z)? = r?(1—|z]?) r2(1—]z]%) d
o .sm..f.(CJ {W—LF’ Eiuf' K(T=mz)—(m—z)] +TE[_1-m=}-{m—=}I“] 4
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and

L #[ 10 | Eslamml? _ Afemi® (-t mi?)
d

Jons, I—2z]% |¢—=z|2 [C(I—mz2)—(m—2z)?

'I+ r:(ri—h_”’ti) ] d(

et C—m"

C(l—-mz)—(m—2z)|?
We first prove that lim,; w(z) = 4(1) = 0. Indeed, using the equalities

1 o 1/(m—1) A
/ w(t)]ﬁfdt =f wféjl—;_‘—,jfdt
~ 1

m—17

and

| r';{____?} lj‘fﬂ‘? I] [
/1 ﬂt}%f[m—:]-[l—mzhlfdt i [ H%}Iﬂ.l r:r- ”J:_fHJJ— Ik et

n—ryr 1
we can write
. lf[m -7

1/(m—r)

wi (3] 21‘” [ i I""l (t) |l=—_zz|* t‘“ 3 /:u_r r‘l[f]' [t(1 !:'.I-Li: _l‘:: 3 'l'“} -
where
Talt) = Y(t). m-r<t<l,
s A —v(3), 1<t<1l/m-r.

Hence, based on the properties of the Poisson kernel for half plane, for ty € (n —
r, r—anr}, we have

]l'm u;rl{z] F(fu)

fU

In particular, the relation limz..n wi(2) = v(1) = 0 follows, because of the continuity

of I'y at 1. Now we prove that lim._,,,_,wi(z) = v(m = r) = 0. Indeed. we have

1 1 2 =
(@) = 2 [ Dozt + ok [ Talt) it

where

no<{ EE,  —i<t<m-r
” (L), m—r<t<l.

So, for ty € (—1,1) we have

lim w; (3] = I‘(t.:.},

z—tln
and, in particular, the relation lim,_;,,,—, w;(z) = y¥(m—r) = 0 follows, because of the
continuity of I's at m—r. Next, we show that lim,_,, wo(z) = 0 and lim. ,, ,w2(z) =
(0. To this end, we write

[ Ok E - & [ Ok

o lp

wa(z)

1 L) r(l-]a?) . dg
~ B an’ftc} [{(1—mz)—(m—2z)[* { @€+ ﬁ T(C:}H“__m:}_ ey 1
4

1—lz1% d (1—]=|*) d
P Fﬁfc,‘lr-'ﬂ’:% 3 ‘z“:ﬁ'/ Ph(@mi mz‘.r =) ¢

AANOD AANOD
o7
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where
“:'(lf_]a { € f?ﬁ];},
Fe(C) = ¢ —(C), ¢ € dp,
0. ¢ € dD\ 0A.
T'hen, for {; € 9D N A Jwe have ‘

: o (1—|z] el
:I.]Pl:;'.. wa(z) =Tgllo) — Ilm —/ Fﬁ{(‘]l{“ r"u} [m} ~}I?£

and, in particular, the relation lim._,, wa(z) = (1) = 0, follows, because of the

continuity of I'g at 1. Next. in view of the equality

. =T i | - I_ s - I:I- d
mzfl,,—,r.—f} = —I]-_ Fhf(J“ zc:I C i “"”[ FG{C}IWH x)— {ll-fuzﬂ'-' c.{

5 J A

it follows that lim._,,,_, wal( Imi” ] = - lim._,,,—,w2(2), and hence

lim w;y(2) =0. X

E=kMi—r
Now we examine the limiting behavior of w3(z). We have

.i'

’ :r“‘d—:-m? el rs—lz—m
L"?"j{:-} 5 ﬁir_r 501 n((} I*-'.:’ 2 11 2 En s ﬁ ﬁf{‘:) |f-:| -'.'-r: 'L'{-Icm
con g [ ooy 7 (el i { (rP=lz=m*) 4
Eﬂ-éﬂh I{(1-=mz)—(m— -z)|I° (—m Em _} j{(l—m:] —{m—=z)|* C—m"
Therefore
o ey r’—|z—m[?)
wi(z) = % T'7(¢) *I_qfﬂl de_ l_f T+ (¢) ( G
2 D, () (=22 ¢(—m 2mi oD, (s gc |t,|_’l —mz)—(m—z)|* {—m!
where
’:Ir{(;)'r ': E E}ﬁﬂm*
L7(0 =1 —(0), ¢€dp,,
0, ¢ € 8D, \ BA.
Then for ¢y € A N JD,, (1) we have
hm wy(2) = (¢ ) — lim == ['7(¢) (' o ) d¢
= W TR e Y =P T

implying that lim,_,,, . w3(2z) =I'y(m - r) = 0. From

(Y, ANl (' “""“r) i e F o 1" =lz—m|* d
wsl?) 2mi oD, {TT(C]KU -mz)—(m—-z)|2 (—m  2mi F[TE‘:)—_J_-I?LE:EH*

08
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it follows that lim,_,, u.:;;(%) = —lim._; w3(2), and hence lim._,, w3(z) = 0. Now we
show that lim _ 1 xw(z) = (L +i i—). We have
rrL ri
j 1
L m_r[“r z) - ”-t{z) - u;( J= ”t{: ) +ug(55) — uy( 1":,2]
l—m l=mZz =
g (lomz L= :} e —= e )|dt + = ,h” i (ve(2) +1‘E{:) - I‘E{:] — v¢(%)
LB
+ﬂ¢(ﬁ] + U‘E{ 1"2”1-;:' 5 I'-{l msz } I 1JE{ 'lrf-t- rr:.": ]] %.'g
l _— -
bk () + wel®) - ug(s) - we(?)
LRI
] [2'2} ‘+"£L!(.‘( ]”li'l".t-"} o H*_ lm ﬂrlzz] H‘—[ '11" mz- ] we iﬂir-’r;z J] s..fﬁnr '
where w(2) = 23, ve(z) = Jé____ml

Multiplying (2.2) by ~ [rn + z;) and subtracting the resulting equation from w(z).
for z € Q) we obtain

.-|T|:

1
1 ~ z—3 =% r (z—2)
PR—. ""'l" B H-
[ r(”[[f.—.:l- jzt—1]% 15 It{l-mz)—(m—z)?
W Tfi=T

r j.m+ﬁ[ﬂme~L[_
J

-_|;Ifm—:]—l1—m::l|41 L—z|° 1 —z|?

u(z} ’}(1:1 + ;H‘I' =

|

| b
=
o

900,

ri(1-|z|*) A 14¢

IK=mz)—(m==2][* " [((1-mz)—(m—z)|?

rf—|z—m|* - J"'J—'I—H'IJ: r?—=|z—rm|?*
3-“_ ‘T{C][ |(:_._=|:' J'E_:Iz s 1—at ‘;'

rﬁlﬁ-t_firr‘_]{: m [2 [i}{:’]{,r-: Llf[l?;

[ HOFERE

Al
where (¢) = ¥(¢) —¥(5 +iL), and (L +iL) = 0. Thus, we have

ljm 14.(,:}-1(,}, +il) =

+ Fr

Theorem 2.2 is proved. O

Another second order representation formula, similar to the one given in Theorem

2.1 is available, where instead of Green function the harmonic Neuniann function is

used (sec [8]).

Theorem 2.3. Let © C C be a reqular domain. and let Ny be the harmonic Neumann

function for ©. Then any w € C*(©;C)NC'(O;C) can be represented as follows:

w(z) === fé:{{)ﬁpﬁNl(:,C]—3,,{1::((}1‘4'1(2.(]}(13:—l / (O (=, Q).
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Thus, any function w € C*(:C) N CY(N; C) can be represented as follows:

|
2() = k] [ M0 - w0 + [ M6 +Tontule) €

Jm—r a5l

+r/;” J"ﬁ[h()[[{:—";—":}a; 1 (f_,*_”:]f}f]“-’[‘::'cfiiul
i,

1 i
—?.'-:[_/ w(Q)[Bc - HE}-NI(L{]{J("‘_/aﬂ‘:'(q)[ca‘: + (O] M2, €) ¢

-1

b w0520+ (R0 M (2, 0) 2]
S Oflp,

(2.3) ] [ w2 ()N (2, ¢)dédn.

[t can easily be verified that the harmonic Neumanmn function N;(z,¢) for the half
lens € is given by the following formula:
Ni(z,¢) = —log|(C—2)(1-20) (E{l —mz) — (m < z))
(C(m —z)—(1- mz)) (¢ — z)(1 — z¢) (C(1 =mz) — (m - 2))
o 2
(Clm—2z)—(1- mz]}[ :

For z € 9€lp \ {1,2 + i=1} and ¢ € €2, we have

T

0. Ni(3,0) = 4+ g B e
e o=+ ({1—{::5}-1[}:;—:} T .-:[m—{i]:?r-m.}
.:.E* 03 IEEEC 5 ) cilj::':gjr—lgjjl-z‘} i {I_’m—{g'ii-n;ii—mf}
L RS « L C-mlk, - g

=T 1-E ' ((1-mT)—(m=-3) ' {(m—F)—(1-m3)
Similarly, for z € (m — r, 1L eEfl =& MNp.. \ {m —r, ?1_1 e ":H} and ¢ € 0, we get
By, N1(2,¢) = —i(B; — BNy (2,¢) = 0,
and
9, N1(2,0) = ((552)0: + (352)8: ) N (2, ) = ~&.

Now we introduce the outward normal derivatives at the corner points. Let the partial

outward normal derivatives be given by the following formulas:

24)  GLe()=  lim 9,w(C), O w(l)=lim 8,w(t),
;;Eaii-:\{ 1} te(m—r,1)
(2.5) Opwim—1)= lim 9, w(t), Onw(m—r)= . lim 8, w(c),
3 Lm-—7r " {4m-—r
te(m—r,1) CEMp,, \{m=r)

GO
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and
W | = *
(2.6) uu{m +iLl) = 111111 . Qv w(C), 0, w(= L+ i=) = lim r"J,,E-.l';.:({}‘
< P—i-l"— C rLI o~
e Tr
grﬂﬂnn‘\{m'llm]- lfll'i.ﬂL.gI"*:E}

Definition 2.1. If the partial outward normal derivatives (2.4)-(2.6) exist, then the

outward normal derivatives at the three corner points are defined to be

Ov,w(C) =3[0}, w()+0,w(Q)], Cefm-r1,L4iz).

L

The formula (2.3) provides a solution to the Neumann boundary value problem

~for Poisson equation.

Theorem 2.4. The Neumann problem

R 8u=7 on 90,
1

= i s / [y L
i Jog, 80, )

Jor f € C(Q;C), v € C(ON; C) and c € C is solvable if and only if
- .1
en) [ sy / W% +5 [ O+ L[ e

g
and the weak solution is given by formula:

1
w(z) =—3- [ At)[log|t — z|* +log |1 — zt|* + log [t(m — z) — (1 — mz)|?

m-—r

II'.

+log [t(1 — mz) — (m — 2)|?]dt
. ’}-(()[log](j 2| +log |1 — 2¢|* + log |C(m — 2) — (1 —m2)|*

+lng|(,“{1 -mz)—(m— 3“2]%;

—3m | 7(C)[log ¢, 2|* +log |1 — ¢ + log [{(m — 2) — (1 - mz)|?

5
+log [((1 —mz) — (m — z)|2] Cﬁrﬁ
(2.8) —%/ F(C)N1(z,)dédn + c.
0

Proof. It follows from Theorem 2.3 that if the Neumann problem is solvable. then
the solution should be of form (2.8). Now we verify that (2.8) indeed is a solution of
the Neumann problem. We easily get w.s = [ in 2. Next, for z € 2, we have

1 .
—i(d; - dp)w(z) = 17 (8, — BN (=, ()t - L [ (0. — )N (z, OVOF

il

i (8 — BN (2, )(Q) 2% + & /ﬂ £(C)(@: — D) N (=, C)dédn,

dmw
anp..,
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and for z € 2 and ¢ € 90 we can write

(0: = 0)N(2,0) = 2t + B2 + ot + e
e e ),
C—Z 1-F (l=mZT)—{(m-F) (m—-Z)—¢{(1-mTE)
Therefore, for iy € (m — T, 1). we have .
1
F i — . Ry o - PR — - L -7 =09
0, w(lg) = 311.1..“, [ i(6; ri'gj]m{..) = :]ﬂlﬁ] T / X V() ==z dt = y(to).
Further. we have
(2.9) O wlim—r) = ; lim 8, w(ty) =~(m —r),
& n=*m-=r
iﬂE{”’l—F'.l}
(2.10) g, w(l) = tliml .. w(to) = (1)
.*.HE[{:'n-r,lj

Similarly, we obtain

] ,
(20: + Z05)w(z) = 111?_/ (20: +Z0:)N1(z, t)y(t)dt

m—rr

+-— [ (28; +29:) N (=, lf)":f‘-:}d?c 5 ﬁ/
ol p

J 80y

(20: +20:) N1 (2. O(€) 2%

—%/;f{(](:d_ + Z0:) N, (z, {)d&dn.

Taking into account that for z € Q and ¢ € 95

. = \ N < S i z( 2(m—_) z(1-mg)
(20: + "r}EJh]{E'{’) = 2[{,'i-: & 1==2¢ i (1—mz)—((m—z) 15 (m—z)=((1—mz)
+_E + EE_ I:'{m;fj z(1—mQ)

e 1-3¢ (1=mZ)—=C(m-3) {m—?}—E[l—!ﬂE) :

for (o € 0 \ {1, = +iL}, we can write

Deollo) =l (e +306)(2) = lim (g [ 20l + 7% - 1%

1
" e o
2 -2 [ v0%-z [ w0
m=r 9y Iy,
1

+:;;_[n f{{]dfdr}} = 7(¢o) — 3 / ~(t)dt

m-—r

2 a%-E [ 0+t | 10aean

a0y, Ny,

which implies the necessity and sufficiency of condition (2.7). Thus. we have

(2.11) 8} w(l) = climl v, w(Co) = (1),
GEMN\, = 4i L)
(2
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(2.12) O w(d +iL)= lim  0y,w(Co) = (L +iL).
{‘n-—r—"'-l-lm
CoeN {1, m+tm}
Finally, we observe that ’
1
({* 228, + f;—:—m]ﬂs)w{z} = ﬁf ([E%“}th + {3,;—”‘135) Ni(z,t)y(t)dt

tam [, 5200 + (552001 N (2, €10 ()

i ({= 2)0: + (352)85 ) Ni (2, ()v(Q) 2%

q’}f J-} 'S Fr
1 =0T \ £ Fil i T " g
—;[f{C'}({TJd-. i {—,—If.’})f‘vutz.{fhlédn.
0

Next, taking into account that for z € Q, ¢ € 99,

:—m ZT—=1M\: 3 _ 2[lz—m)]) (z—m (z—m)(m—C)
( T )az+ [3 ]c}f)Nl{""'c) 4 r[ {—= + 1—.:{{]'.' i (1- mz‘pl[{{m z}
(z=m)(1=m() _(_—m] (T— 'I"I"t_E (E=m)(m—=7) (E=m)(1—=ml) 1
+[m— z)—=C(1—mz) P T 1—-3( + [l—mE_]-E{m—?} i (m—%)=C((1—-m3)!°’
for o € 9Qp,, \ {m —r, = + ;—} we can write
duw(C) = lim ((52)0. +(52)0)u(a)
==+
e
= lim {‘T[ VO[5 + 2 - 1] &% - / y(t)dt
i bl o Sl
2 o | d¢
s = - = ¢ f ydéd
i L ok ]{:_ - f(¢)dedn
QST 2 y
_ T{CHJ B E ﬁt r ﬂ“}dt 2 E [ﬁﬂu ﬂ:’{{;]?
2 d¢
2.1 -
(213) 7 S 1070 + g [ KOt
which implies the necessity and sufficiency of condition (2.7).
Furthermore, we have
(2.14) d, wim—=r)= lim O, .w(C) =~v(m—-r),
= Co—m—r
eI p,, \{m-—r, ——l-tm}
(2.15) uwim+in)= Im  3.w()=1(z+ik)

'Ci.l—?_‘l‘l-,_

Co€Mp,, \{m—r, l+ —I'

Fr

Hence, in view of (2.9)-(2.15) and Definition 2.1, we conclude that

Bw(C) =7(¢), Ce{m-r1,L4iZ

This completes the proof of Theorem 2 .4.
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