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1. I n t r o d u c t i o n

In recent, years, boundary value problems for nonlinear fractional differential equations 
with a variety of boundary couditipus have been investigated by many researchers. 
Fractional differential equations appear naturally in various fields of science and 

engineering, and thus constitute an important field of research (see [1 3]). A s a
matter of fact, fractional derivatives provide a  powerful tool for the description of 
memory and hereditary properties of various materials and processes. A significant 
feature of a  fractional order differential operator, in contrast to its  counterpart, in 
classical calculus, is its nonlocal behavior, meaning that the future sta te  o f a  dynamical 
system or process based on the fractional differential operator depends on its current, 
state as well its past states. In other words, differential equations of arbitrary order 
are capable of describing memory and hereditary properties o f certain important 
materials and processes. This aspect of fractional calculus has contributed towards 
the growing popularity of the subject. Mixed monotone operators were introduced by 
Guo and Lakshmikantham in |4|. Their study has wide applications in the applied 
sciences such as engineering, biological chemistry technology, nuclear physics and 
in mathematics (see |6 8|). Various existence and uniqueness theorems of fixed
points for mixed monotone operators have been obtained by a  number of authors
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(see [9] [12]). Bhaskar and Lakshmikantham, |9), established some coupled fixed
point theorems for mixed monotone operators in partially ordered metric spaces and 
discussed a  question of existence and uniqueness of a  solution for a periodic boundary 
value problem. Recently Y. Sang, (13), proved some new existence and uniqueness 
theorems o f a  fixed point of mixed monotone operators with perturbations.

In this paper, by applying Sang’s  results, we obtain some new results on the 
existence and uniqueness of positive solutions for some nonlinear fractional differential 
equations via given boundary value problems.

We first introduce some notations, definitions and known results to be used in the 
paper.

D efin itio n  1 .1  ([1, 2j). For a  continuous function f  : [0, oo) —► R , the Caputo 
derivative of fractional order a  it defined by

cD a f ( t )  =  r , 1 > A t ֊  s )n- ° - l f ^ ( s ) d s ,T(n I  a ) Jo
where n  — 1 <  a  <  [a] +  1 and [a] denotes the integer part of a .

D efin itio n  1 .2  ([1. 2]). The Riemann-Liouville fractional derivative of order a  for 
a continuous function f  is defined by

D ° f ( t )  =  jp g  . A ”  f  -.— ^ — r ds, n  =  [a] +  1.
v '  r ( n  -  a y d t '  Jo  (t  -  s )0 - " ՜ 1

where the right-hand side is defined pointwise on (0, oo).

D efin itio n  1 .3  ([1, 2]). Let [a, 6] be an interval in R  and a  >  0. The Riemann- 
Liouville fractional order integral o f a  function f  G / ^ ( [ a ^ .R )  is deined by

H 3 I kwhenever the integral exists.

Let (E ,  || • ||) be a  BanacU space which is partially ordered by a cone P  C  E ,  that 
is, x  <  y if and only if y — x  €  P . If x ft y, then we denote x <  y or x  >  y. Also, 
the՛ zero clement of E  we denote by 6. Recall that a  non-empty closed convex set 
P  C  E  is called a  cone if it satisfies the conditions: (i) x  G P, A >  0 = >  Aar €  P,
(ii) x  G P , —x  €  P  ==> x  =  0. A cone P  is called normal if there exists a  constant 
Ar >  0 such that 6 <  x  <  y implies || x  ||<  N  || y ||. Also, we define the order 
interval [aii, #2] =  { i G  2?|:Ei <  .t <  z 2} for all T i , i 2 G E . We say that an operator 
A : E  - »  E  is increasing whenever x  <  y implies Ax <  Ay.

D efin itio n  1 .4  ([4, 5j). Let D  C E . An operator A : D  x  D  D  is said to be a 
mixed monotone operator if A(x, y) is increasing in x  and decreasing in y, that is, 
Ui,Vi G D ( i  =  1 ,2 ), u 1 <  « 2,v i >  V2 implies i4 (u i,v i) <  .4(m2, u2).
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Aii element x * €  D  is called a fixed point of A  if it satisfies A (x ", x *)  =  x * . For 
/1 >  6 we define Ph =  { x  €  E \ 3A, n >  0; Xh <  x  <  fill}.

In this paper, using the existence and uniqueness results for the solution of the 
following operator equation

(1.1) A (x, x) +  B x  =  x ,

where .4 is a  mixed monotone operator, B  is sublinear and E  is a  real ordered 
Banach space, obtained in [13] by the partial ordering theory and monotone iterative 
technique, we study a  question of existence and uniqueness of positive solutions for 
nonlinear fractional differential equation boundary value problems.

T h eo rem  1.1 ([13]). Let P  be. a  normal cone in E . A : P  x  P  —> P  be a  mixed 
monotone operator, and let B  : E  —r E  be sublinear. Assume that fo r  all a  <  t <  b, 

there exist two positive-valued functions r ( t)  and f ( t ,  x , y) defined on an interval (a, 6) 
such that:
(II i) r  : (a.b) - r  (0,1) is surjection;
(H2) <p(t, x ; y) >  r (t)  for all t G (a, 6), x ,y  € P ;
(Hz) A (r(t)x . z ^ y )  >  <p(t,x,y)A (x}y) fo r  all t G (a ,b ), x . y  €  P ;
(H,\) ( I  -  B ) ՜ 1 : E  - *  E  exists and is an increasing operator.
Furthermore, fo r  any t G (a, b) the function <p(t, x , y) is nonincreasing in x  fo r  fixed y, 

and nondecreasing in y for fixed x .  In addition, suppose that there exist h €  P  — { 0 }  

and to €  (a, 6) such that 

r(to)h  <  ( /  ֊  J ) - > * A )  <
Then the following assertions hold: •
(i) there are uo,vo €  Ph and r  €  (0 ,1) such that rv0 <  uo <  y0 and

uo 51 (I  — B ) 1A(uq,vo) <  (I  — B )  1A(uo,tio) <  vq;

(ii) the equation ( 1 .1)  has a  unique solution x *  in  [uo ,i>o];

(Hi) for any initial values xo,yu € Ph, constructing successively the sequences

x n =  ( I  ~  B )  A (xn—\ , yn֊i ) .  yn =  ( I  — B )  i4 (y „_ i ,x „_ i) , 7i =  l , 2 , . . . ,  

we have || x „  — x *  | |->  0  and || yn — x *  ||—> 0 a s  n  —► 0 0 .

2. M a in  r e s u l t s

We study the existence and uniqueness of a  solution of a  fractional differential 
equation on a  partially ordered Banach space with two types o f boundary conditions 
and two types of fractional derivatives. We first study the existence and uniqueness 
of a  positive solution for the following fractional differential equation:

(2-i) 0  =  t  €  [0,1], 3 <  q  <  4,

80



I

subject to conditions

:|-2 ) ' u (0) =  « '(0 ) =  li( l)  =  u '( l)  =  0,

where D °  is the Riemann-Llbuville fractional derivative of order a.
Consider the Bauach space of continuous functions on [0,1] with sup norm and set 

P  =  {y  €  C [0 ,1] : minjgio,!] y(t) >  0 }. Then P  is a  normal cone. The next two 
lemmas were proved in [14).

L e m m a  2.1 (|14]). Given y 6  C\0,1] and a  number a  such that 3 <  a  <  4. Then 
the unique solution o f the following fractional differential equation boundary value 
pivblem

(2 ‘3) =  yW '  t  €  [0,1), 3 <  a  <  4,

u(0) =  u '(0) =  u ( l )  =  u '( l )  =  0,

is  given by

u (t) =  f  G[t, s ) f (s ,y ( s ))d s ,
Jo

where

(2.4) G (t,«) =  |  1i ֊. ir::V - » |t. ֊. ) + ( ; ֊2 ) ( l ֊, H  0 <  f <  ,  <  1.
V r(ftj ’ — — —

I f  f ( t ,u ( t ) )  =  1, then the unique solution o f (2.3) is given by 

Mo(<) =  fo G (t,s )d a  =  I7 ֊f i y « a " 2(l  ֊  t)2.

L e m m a  2 .2  ((14j). The Green’s  function G (t,s )  has the following properties:

( I )  G (t, s )  >  0 and G (t, s) is continuous for t , s  6 [0,1];
(S) < G(t,.) 1  ^ 1,
where M q =  m a x {a  -  1, (a  -  2)2} . h(t) =  £"~2(1 -  t)2, k(a) =  s 2( l  -  s ) ° ~ 2.

Now we are ready to state and prove our first main result.

T h e o re m  2 .1 . Let f ( t .u (t ) ,v ( t) )  €  C ([0 ,1] x  fO.oo) x  (O.oo)) be an increasing in u 
and decreasing in v function. Assume that fo r  all a  <  t <  b there exist two positive
valued functions r ( t )  and <p(t, u, v) defined on an interval (a, b) such that:

(III) T ՛• (a.&) —► (0 ,1) is surjection;
(H i) ip(t, u, v) >  r ( t )  for a l l t €  (a, 6), u, v €  P ;
(H :i) G ( t ,s ) f ( s ,r ( t ) u ( s ) ,  jf c v (s ) )  >  <p(t,u,v) fo G (t ,s ) f (s ,u (s ) ,v (s ))d s .
Furthermore, fo r  any t €  (a, 6) the function <p(t, u, v) is nonincreasing in u for fixed 
v, and nondecreasing in v for fixed u. In addition, suppose that there exist h 6  P —{ 6)
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An element x * €  D  is called a  fixed point of A  if it satisfies A (xm,x * )  =  x * . For
h >  6 we define Ph =  {x  6  E\ 3A,/z > 0 ;  \h  <  x  <  nh}.

In this paper, using the existence and uniqueness results for the solution of the 
following operator equation

(1.1) A (x ,x ) +  B x  =  x,

where A is a  mixed monotone operator, B  is sublinear and E  is a  real ordered 
Banach space, obtained in [13] by the partial ordering theory and monotone iterative 
technique, we study a question of existence and uniqueness of positive solutions for 
nonlinear fractional differential equation boundary value problems.

T h eo rem  1.1 ([13]). Let P  be a normal cone in E .  A : P  x  P  —» P  be a  mixed 
monotone operator, and let B  : E  —r E  be sublinear. Assume that fo r  all a  <  t <  b, 
there exist two positive-valued function,$ r (t)  and <p(t, x , y) defined on an interval (a , 6) 

such that:
(//i) r  : (a. b) (0,1) is surjection;
(#2) <p(t,x,y) >  r(t)  for a l l t  G  (a, b), x ,y  € P ;
(H3) A (r(t)x , z ^ y )  >  <p(t.,x.y)A{x, y) fo r  all t G (a, b), x . y  G P ;
(H i) ( I  — B )՜1 : E  —> E  exists and is an increasing operator.
Furthermore, for any t G  (a, b) the Junction <p(t. x . y) is nonincreasing in x  fo r  fixed y, 
and nondecreasing in y for fixed x . In addition, suppose that there exist h G  P  — {0} 
and to G  (a, b) such that 

r(to)h <  ( I  -  B ) ~ l A(h, h) <  ^ ' y ^ h.
Then the following assertions hold: •
(i) there are uo,vo G  Ph and r  G  (0 ,1) such that n՝o <  uo <  vq and

■ u o < ( I -  B ) ~ l A(uo,vo) <  ( /  -  B ) - l A (vo,uo) <  vQ\

(ii) the equation ( 1 .1)  has a unique solution x *  in  [no, vo]/
(Hi) for any initial values xo,yo G  Ph, constructing successively the sequences

x n =  ( I - B ) ~ iA (xn- i ,y n- i ) ,  Vn =  ( / - B ) ~ 1A(yn. l , x n- i ) ,  n  =  1 ,2 , — , 

we have || x n — x*  ||-> 0 and || yn — x *  ||—> 0 as n —> oc.

2 . M a in  r e s u l t s

We study the existence and uniqueness of a  solution o f a  fractional differential 
equation on a  partially ordered Banach space with two types o f boundary conditions 
and two types of fractional derivatives. We first study the existence and uniqueness 
of a  positive solution for the following fractional differential equation:

(2.1) f a t )  =  f ( t ,u ( t )M t) ) ,  t G [0,1], 3 <  Q <  4,
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subject to conditions

(2.2) ' U(0) =  « '(0 ) =  u (l)  =  « '(1 ) =  0,

where D °  is the Riemann-Ltouville fractional derivative of order or.

Consider the Bauach space of continuous functions on [0,1) with sup norm and set 
P  =  {y  €  C [0,1] : min,e [01| y(t) >  0 }. Then P  is a  normal cone. The next two 
lemmas were proved in (14).

L e m m a  2 .1  (|14j). Given y €  C\0,1] and a  number a  such that 3 <  a  <  4. Then 
the unique solution of the following fractional differential equation boundary value 
problem

(2-3) ^ r « ( i )  =  f { t ,  y (t)), t  €  (0,1], 3 <  a  <  4,Dt
u(0) =  u '(0) =  u (l) =  « '(1 ) =  0,

is given by

where

u(t) =  f  G (t ,s ) f (s ,y (s ) )d s ,  
Jo

(2.4) G (t ,s )  =  |  s © <  t <  a  <  1.

I f  f ( t ,u ( t ) )  =  1, then the unique solution of (2.3) is given by 

=  fo G (t.,s)d s =  r ^ FTyia " 2( l  ֊  <)2.

L e m m a  2 .2  ([14]). The Green's function G (t,s )  has the following properties:

(1) G ( t ,s )  >  0 and G (t ,s )  is continuous fo r  t , s  €  [0,1);
(2)  <  G (t , . )  <  ^ 1 ,
where M 0 =  m a x {«  1 1, (o  -  2)2} , h(t) =  tn~2( 1 ֊  t)2, k(s) =  s 2( l  -  s ) ' * ՜ 2.

Now we are ready to state and prove our first main result.

T h e o re m  2 .1 . Let f ( t ,u (t ) ,v ( t) )  6  C ([0 ,1] x  [0; oo) x  [O.oo)) be an increasing in u 
and decreasing in v function. Assume that for all a  <  t <  b there exist two positive- 
valued functions r (t)  and <p(t, u, v) defined on an interval (a, b) such that:

(H i) t  • (a >b) —> (0 ,1 ) is surjection;
(H-i) <p(t, u, v) >  r (t)  fo r  all t  6  (a,b ), u ,v  6 P ;
№ )  f<! G (t, s ) f ( s , r(t)u (s), ^ jv ( s ) )  >  <p(t, u, v) G(t, s ) f ( s ,  u (s), v(s))ds. 
Furthermore, fo r  any t 6  (a, 6) the function ip(t, u, v) is nonincreasing in u for fixed 
v, and nondecreasing in v for fixed u. In addition, suppose that there exist h €  P — {#}
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and to €  (a, b) such that

/•' 77TTT>r Uo)^)
(2.5) r ( to )h <  I  G(t, s ) f ( s ,  h(s), h (s))d s  < -------- -------------- h.

Jo  T\to)
Then the following assertions hold:
(i) there are tto, Vo €  Ph and r  € (0 ,1) such that ri>o <  uo <  uoi and 
wo <  fo G ( t ,s ) f ( s ,  uo(s),vo(s))ds <  / J  G (t,s ) f ( s ,v o (s ) ,u o {s ) )d s  <  wo, 
ftt) f/ie problem (2.1), (2-2)  has a unique solution x * in [wo,wo],
(Hi) for any initial values uo.t’o €  Pi, and n =  1 , 2 . . . . ,  constructing successively the 
sequences

"n =  [  G ( t ,s ) f ( s ,u n- i { s ) ,v n- l (s))d s, v n =  f  G (t, s ) f ( s .  vn- i  { s ) ,u n-1 ( .s |||s ,
Jo  Jo

we have || un — u* ||-> 0 and || v„ — v *  ||—> 0 as n  —» oo.

P roo f. By Lemma 2.1. the problem is equivalent to equation u(t) =  G (t, s ) f  (s, y(s))ds, 
where G (t,s ) is defined by (2.4). Define the operator A : P  x  P  -> E  a s follows: 
A (u(t),v(t)) =  f Q G (t ,s ) f ( s ,u ( s ) ,v ( s ) )d s ,  and observe that u, is a  solution for the 
problem if and only if u =  A (u, u).

Next, it is easy to see that the operator A is increasing in u  and decreasing in 
w on P . Hence, under the assumptions of the theorem we have A (j( t)u ,  ^U u ) >

i^(t,u ,v)A (u,v) for all t €  (a. b). u ,v  6  P  and r(t-o)h <  A (h ,li) <  h.
Thus, the operator A satisfies all the conditions o f Theorem 1.1, and hence A  has a  
unique positive solution (u * ,u *)  such that A (u *,u *)  =  u *, u ' €  [«o> wo]- □

E xam p le  2 .1 . Consider the following periodic boundary value problem:

( 2 .6 )  D i t i ( t )  =  / ( f , u ( < ) , u ( t ) )  =  <7(f) +  u ( t )  +  - 7 L = ,  t € l 0 , l ] ,
V » ( 0

u(0) =  u '(0) =  u (l) =  u '( l )  =  0, 

where g(t) is continuous on [0,1] with 388.625 <  g(t) <  63728.
For every A e  (0 ,1) and u ,v  6  P  we have 

/o G (t , «)(«/(») +  Au(«) +  -tt-t-tIds =  A J 0‘ G (t, s ) [ ^  +  u (s) +  -y j  Ida\I TvlJJ \ i  AV141
Jt̂ +U(*)+ ‘ 7I7^ ,1

-  Air .)+ « ( .)+ ^ r  Jo G(t’ *)l»(«) +  «(*) +
We note that

+  u (s) +  W- r -  rl 
A <  ip {\,u ,v )  =  A-- - - -  ... V -" .. /  G {tta)\g(a) + m («) +  Ida <  1.

. <?(*) +  «(*) + Jo V w

By means of some calculations, we can conclude that for any A 6  (0 .1 ) the function 
ip is nonincreasing in «  for fixed w and nondecreasing in v  for fixed u.
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So, it is enough to verify that the condition (2.0) of Theorem 2.1 is satisfied. Putting 
u  =  v =  |  == 1, and taking into account that My =  uiiu16[0ii] f 0 G(t. s)d s =  0.00001 
and M՝i =  m axte|o,i] f 0 G(t, s)d s  =  0.004, wo can easily get 
2 ՜ 8 <  0.00001 x 390.625 <  G (t,s)[g (s) +  u (s) +  -^ i= ]r fs

<  0.004 x  63730 <  e  [0 ,1],
implying that the condition (2.5) of Theorem 2.1 holds. Therefore, we can apply this 
theorem to conclude that the problem in the example has a  unique solution.

Now, we study the existence and uniqueness of a  positive solution for t he following 
fractional differential equation:

(2-7) «D “ y(t) =  h(t), ' i  €  [0,T], T > 1 ,

subject to

(2.8) y(0) +  f  y (s)d s  =  y(T).
Jo

L e m m a  2 .3  (|15j). Let 0 <  a  <  1 and let h €  C([0, T ],R ) be a given function. Then 
the botindary value problem (2.7), (2.8) has a unique solution, given by

y(t) =  [  G (t , s)h (s)d s ,
Jo

where G (t , s) is  the Green’s Junction given by
f  - ( T ֊s ) a +a'I ( t ֊s ) "  , (7*"»)** o <  a <  t

l t # =  - ( r j r(t - sr - >  rr (a ) 5 -  ’
I  r r ( o + l )  +  7 T  }n) » t < S < T .

By using arguments similar to those applied in the proof of Theorem 2.1, it can easily 
be verified that Theorem 2.1 remains true for Green function defined in Lemma 2.3.

E x a m p le  2 .2 . Consider the following boundary value problem

№ #  -  / ( * ՝  “ ( * ) .« ( * ) )  =  s ( * M 0 *  +  « ( t ) ^ ,  t €  [0,1],

m(0) +  [  u (s)d s =  u (l),
Jo

where g(t)  is continuous on [0 ,1| with 0.6378 <  g(t) <  2.89967.
For every A 6  (0 ,1 ) and u ,v  €  P  we have

(2-9) f o G (t,s)[g(s)((X u(s)^  +  ( jv ( s ) ) ^ ) ]d s  >  A £  G ( 1 , s ) { ^  +

+ « w + i +  ( a ^ ) ) ^ ) w «

y (s )u (s ) *  +  v(s) "r  Jo
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Note that -w , , .՝ -1
.............................+ (*»(«))•>■
A <  ip(A ,« ,  u ) =  A--------------- t ------------——  <  1.

9(«)u («)* +u(s)՜5"
Bv means of some calculations, we can concludc that for any A 6  (0,1) the function 
is is nonincreasing in ufor fixed v and nondecreasing in v for fixed a.

So, it is enough to verify that the condition (2.5) of Theorem 2.1 is satisfied. 
Putting u =  i; =  h =  1, and taking into account that Mx =  minte[0,i] f0 G(t,s)d$ =  
1, and M2 =  max(£[0ii] / J  G(t, s)ds =  ff, we can easily get 2՜6 <  ± x 1.6378 <  
£ ( ? ( ( . * № ( #  + u (s)^ ]d s  <  f  X  3.8967 <  -§ £ £ £  =  3 6

[0. lj. implying that the condition (2.5) of Theorem 2.1 holds. Therefore, we can apply 
this theorem to conclude that the problem in the example has a unique solution.
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