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1. INTRODUCTION

hurecent years. houndary value problems for nonlincar fractional differential equations
with a variety of boundary couditipns have been investigated by many rescarchers.
Fractional differential equations appear naturally in various fields of science and
engincering. and thus constitute an important field of research (see [I  3]). As a
matter of fact. fractional derivatives provide a powerful tool for the description of
memory and hereditary properties of various materials and processes. A significant
feature of a fractional order differential operator. in contrast to its counterpart in
classical caleulus. is its nonlocal behavior. meaning that the future state of a dynamical
system or process based on the fractional differential operator depends on its current
stale as well its past states. In other words, differential equations of arbitrary order
are capable of deseribing memory and hereditary properties of certain important
materials and processes. This aspect of fractional calculus has contributed towards
the growing popularity of the subject, Mixed monotone operators were introduced by
Guo and Lakshmikantham in [4]. Their study has wide applications in the applied
sciences such as engineering, biological chemistry techuology, nuclear physics and
in mathematics (see [G  8|). Various existence and uniqueness theorems of fixed
points for mixed monotone operators have been obtained by a number of authoss
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(see [9]  [12]). Bhaskar and Lakshmikanthain, |9], established some coupled fixed
point theorems for mixed monotone operators in partially ordered mietric spaces and
discussed a question of existence and uniqueness of a solution for a periodic boundary
value problem. Recently Y. Sang. [13], proved some new existence and uniqueness
theorems of a fixed point of mixed wonotone operators with perturbations

In this paper, by applying Sang's results. we obtain some new results on the
existence and uniqueness of positive solutions for some nonlinear fractional differential
cquations via given boundary value problemns.
We first introduce some notations, definitions and known results to be used in the
paper.
Definition 1.1 ([1, 2]). For a continuous function f : [0.0c) ~» R. the Caputo
dervative of fractional order v is defined by

] (A
an ) g . — n~c-| (u;n». db
$O = o [ - o 1
where n — | < a < [a] + | and [a] denotes the integer part of a.

Definition 1.2 (|1. 2]). The Riemann-Liouville fractional derivative of order a for
a continuvous function [ is defined by

oy . i d n i -{(8) = .
DI = s () /0 Toperds.  n=la ¢ L.

where the right-hand side is defined pointwise on (0.oc

Definition 1.3 ([1, 2]). Let [a,b] be an interval in R and o > 0. The Riemann-
Liouville fractional order integral of a function f € L'([a,b]. R) is deined by
v fle

ds.
¥a) J, (E-35) )

I =
whenever the integral exists.

Let (E,] - [|) be a Banach space which is partially ordered by a cone P C E. that
is, z < y if and only if y — z € P. If £ # y, then we denote z < y or 2 > y. Also.
the zero clement of E we denote by . Recall that a non-empty closed convex sct
P C E is called a cone if it satisfies the conditions: (i) 7 € P, A >0 = Ar e P
(i) r€ P. -1 € P=>1=20. A cone P is called normal if there exists a constant
N > 0 such that § < = < y implies || z [|[€ N | y || Also, we define the order
interval [z;, 2] = {z € E|r; < ¢ < 72} for all 21,22 € E. We say that an operator
A E = E is increasing whenever z < y implies Ar < Ay.

Definition 1.4 ([4, 5]). Let D C E An operator A: D x D — D is said lo be a
mized monotone operator if A(x,y) is increasing in & and decreasing in y. thal is,
wi,vi € D(i=1,2), u; € uz,v; 2 vy implies A(u;. v1) € Aua, v2).
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An element r* € D is called a fixed point of A if it satisfies A(2”.x*) = 2*. For
h > 8 we define P, = {z € E| FA e >0; M <z < puh}.

In this paper. using the existence and uniqueness results for the solution of the
following operator equation
(1.1 Az, 2)+ Br = .
where 4 is a mixed monotone operator, B is sublinear and E is a real ordered
Banach space. obtained in [13] by the partial ordering theory and monotone itcrative
technigue, we study a question of existence and uniqueness of positive solutions for

nonlinear fractional differential equation boundary value problems.

Theoren 1.1 ([13|). Let P be ¢ normal cone in E. A : P x P - P be a mized
monotone operglor, and let B - E — E be sublincar. Assume that for alla < t < b,
there ezist two positive-valued functions T(t) end ¢(t, z. y) defined on un interval (a.b)
such that

H) 1:(a.b) = (0,1) is surjection;

Hy) ot a.y) > () for all t € (a,b), v,y € P;

(Hy) A(r(t)z. :’T)”) ot e y)A(z. y) for all t € (a,b), .y € P:

Hy) (I - B)™' . E - E ezists and is an increasing operator.

Furthermore. for anyt € (o,b) the function ¢(t. 2.y) is nonmncreasing in x for fized y,
and nondecreasing in y for fized . In addition. supposc that there exist h € P — {4}

and ty € (a,b) such that

. M LOLY
r(to}h < (1 — B)~' A(h, h) ¢ ZI TR,
Then the follounng assertions hold: -

(i) there are ug. vg € Py and r € (0.1) such that roy < ug < vg and
< (= B) ' Alwyw) € (1 - B)™' Ave, ) S 20
(11) the equation (1.1) has a unique solution x*  [ug, vo);
(w11) for uny wmnitial volues Ty, yy € Pr, construcling successively the sequences
Zn = - B) "Alza 1. ¥n-1)- Un={ - B)"'Alyu—r.®n1). n=1.2...,

we have ||z, —r* |20 and || g, —2* |20 as n = oc.

2. MAIN RESULTS

We study the existence and uniqueness of a solution of a fractional differential
cquation on & partially ordered Banach space with two types of boundary conditions
and two tvpes of fractional derivatives. We first study the existence and uniqueness

of a positive solution for the following fractional differential equation:
i

(2.1) %nﬂ)= Jihalt)ult)), te0,l],3<as4,
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subject to conditions
2.2) u(0) = «'(0) = (1) = v'(1) =

where D is the Riemann-Liouville fractional derivative of order .
Consider the Banach space of continuous fuuctions on [0, 1] with sup norm aud set
= {y € C[0,1] : min,cjp1y(t) 2 0}. Then P is a normal conc. The next two
lenimas were proved in [14].

Lemma 2.1 (|14]). Given y € C[0.1] and a number a such that 3 < a < 4. Then
the unique solulion of the following fractional differential equation boundary value
problem.

(2.3) %u(l) = f(t, y(¢)). te0.l]. 3<a<4.
u(0) ='(0) =u(1) =u'(1)=0
is given by

1
mn=£omammmwa

where
(o (G u""o(n».r"r-"u. Bslo-2MI-tl 0 ey
(2.4) G(t,s) ={ Dy o
(L-4)" 9" *(s-t)+{a—2)(] - t)sl
:(n) 0<t<s<1

If f(t.u(t)) = 1, then the unique solution of (2.3) 13 given by
ug(t) = fo' G(t.s)ds = l'mt" 2(1 —1)2.

Lemma 2.2 ([14]). The Green's function G{t,s) has the following properties:
(1) G(t,s) > 0 and G(L.3s) is continuous for1,s € [0.1];
[ =201 2} Mok )
{2) i—‘ﬁ-'— <G(f ‘i)( T(a
where Mo = max{a ~ 1.(a — 2)2}. h(t) ="~ 2(1 - )2, k{s)=s%(1—s)""%

Now we are ready to state and prove our first main result.

Theorem 2.1. Let f{t. u(t). v(t)) € C([0.1] x [0. 00) x [0.00)) be an increasing in u

and decreasing in v function. Assume that for all @ < t < b therv enst two posilive-

valued functions T(t) and p(t.u,v) defined on an interval (a, b) such that:

(1)) 7 : (a.b) = (0,1) is surjection;

(H2) plt,u,v) > 7(t) for all t € {a,b), u,veE P;

(H) [} Gt )55, m()u(w), 50()) 2 lts ) fi Gt ). uls), o()is.

Furthcrmore, for any t € (a,b) the function o(t, u,v) is nonincreasing in u for fized

v, and nondecreasing in v for fized u. In addition, suppose that there exist h € P— {6}
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An element z* € D is called a fixed point of A if it satisfies A(2*.x*) = z*. For
h > 8 we define P, = {x € E| A u>0; M <z < phl

In this paper. using the existence and uniqueness results for the solution of the
following operator equation
(1.1) A(x,2) + Br = .
where 4 is a mixed monotone operator, B is sublinear and K is a real ordered
Banach space, obtained in [13] by the partial ordering theory and monotone iterative
technique, we study a question of existence and uniqueness of positive solutions for
nonlinear fractional differential equation boundary value problems.

Theoremn 1.1 (|13]). Let P be a normal cone in E. A : Px P = P be a mured
monolone operator, and let B : E — E be sublineer. Assume that for ell a < ¢ < b,
there exist two positive-valued functions 7(t) and ¢(t, z. y) defined on an interval (a.b)
such that

(1)) 7 :(a.b) = (0. 1) is surjection;

(Hy) o(t.x.y) > 1(t) for all t € (a,b), T.y € P:

(H3) A(r(f)z, _—{‘,—5;4/}) >t w ) Al y) for all t € (a.h), .y € P:

(Hy) ({ - B)™" - E > E czists and is an increasing operalor.

Furthermore, for any t € (a,b) the function ¢(t. r.y) is nonincreasing in = for fized y,
and nondecrcasing wn y for fized x. In addition. supposc that there cxist h € P — {6}
and !y € (a,b) such that

(to)h < (I — B) " A(h 1) & "“""‘f‘-[jn')'"""”h.

Then the following assertions hold: -

(i) there are ug, g € P and r € (0. 1) such that reg < ug < v and
4 Uy S J = 3)7]/1(1&0.??()) <_: (I ] B)_l.‘l(l'(), llu) $ Uy,

(ii) the equation (1.1) has 6 unique solution z° [uu,vo] .

(1) for any initial values £y, yo € Py, construclting successively the sequences

Ip = {I - B)UIA(IPI-I'?IH—I)t Yn = (l ~ B)_1A(yn_1.:vn_|). n= 1.2,. L.

we have || 2, —x* |50 and || gy, — 2" |20 as n > oc.

2. MAIN RESULTS

We study the existence and uniqueness of a solution of a fractional differential
equation on a partially ordered Banach space with two Lypes of boundary conditions
and two types of fractional derivatives. We first study the existence and uniqueness

of a positive solution [lor the following fractional differential equation:
o

2.1) Dot = stu0,ue),  tel,l), 3<as4,
80
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subject Lo condilions
(2.2) u(0) = +'(0) = (1) = /(1) =0,

where D@ is the Riemann-Liouville fractiona! derivative of order a.

Consider the Bauach space of continuous functions on [0, 1] with sup norm and set
P = {y € C{0,1] : minjgyy(t) > 0}. Then P is a normal cone. The next two
lemmas were proved in |14].

Lemma 2.1 ({14]). Given y € C[0.1] and « number «v such that 3 < a < 4. Then
the unique solulion of the following fractional differentiol equation boundary value
problemn

@3 Doult) = ). telo.1]. 3<ast
u(0) = u'(0) = u(1) = /(1) = 0,

is given by

u(t) = / G(t.5)f(s. y(s))ds.

where
[0 o 4 ) i it | L 1 b Lot 2 L L fEcscte
ol . .
(2.4) G(ts)={ . a
b {1 =s) 2 Upetioda - 24 ) ~1)4
Tin) ! 0<t<s< 1.

If f(t.u(t)) = 1, then the unique solution of (£.3) ts given by
wo(t) = Jo Gt s)ds = byt =21 - 1)2.

Lemma 2.2 (|14]). The Green's function G(t, 3) has the following properties.
{1) G(t,s) > 0 and G(t.s) is continuous for 1,5 € [0.1]:

(2) f"-?!hf")'”-) < G(t. .'J) < ﬁ:’:'tlsl’

where Mg = max{a —1,{a — 2)?}, A(t) =t""3(1—t)2. k(s)=s*(1-3)"""
Now we are ready to state and prove our first main result.

Theorem 2.1. Let f(t. u(t). v(t)) € C([0.1] x [0.0c) x [0.00)) be an increasing in u

and decreasing in v function. Assume thet for all a < t < b there enst two positive-

valued functions 7(t) and o(t, u,v) defined on an interval (a.b) such that:

(Ih) 7 : (a,b) = (0,1) is suryection;

(H3) p(t,u,v) > 7(t) for all t € (a,b), u,vE P;

(H3) f(,l G(t, 5)f (s, T(hu(s), sfru(s)) 2 lt,w,v) fol G(t. 5)f(s. u(s), v(s))ds.

Purthermore, for any t € (a,b) the function (¢, u,v) 3 nonincreasing in u for fized

v. and nondecreasing in v for fized u. In addition, suppose that there exvisth € P— {6}
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and ty € (a,b) such that
! [} .——”,“_ L7{ty)h)
(2.5) {to)h < / G(t,s)f (s, h(s), h(s))ds < 5(—°—-‘-—g—(i—h.
0 Tto)

Then the follounng asserizons hold:

(i) therc are ug,vg € Py and r € (0. 1) such that rvy < ug < vy, und

wo < [ GIt, 9)£(s, uo(s). va(s))ds < f; G(t. )1 (s, vo(s), u(s))ds < vn,

{11) the problem (2.1). (d.d) has o unique solution x™ in [uy. vol, .

(11i) for any initial values ug. 19 € Py andn =1,2.. .., constructing successively the

4

sequences
1
o = | G.8) (3. %n=1(5) Vnm (8))ds, wp = / G(t,8)f (8. vu—1(2), un—(8))ds,
0 0
we have || up —u* |2 0 and || v, — 2% |- 0 as n = oo.

Proof. By Leuuna 2.1. the problein is equivalent to equation u(f) = ["' G(t, s)f(s,y(s))ds.
where G(t. s) is defined] by (2.4). Define the operator A : P x P — E as follows:
A(uft), o(t)) = fo (2.8)f(s,u{s}.v(s)}ds, and observe that « is a solution for the
problem if and only if « = A(u.u).

Next. it is easy to see tliat the operator A is increasing in « and decreasing in

v on . Hence. under the assumptions of the thcorem we have A('r(t)u. +v)
dlte =8 ritIA)

vt v)A(u,v) for all 1 € (a.b). u, v € P and 7(tg)h < A(h,h) € ——','f,“l—

Thus. the vperator A satisfies all the conditions of Theorem 1.1, and hence A has a
unique positive solution (u*,#*) such that A(u*,u*) = u*, 2" € [ug. vy). a

Example 2.1. Consider the following periodic boundary value problem:

(2.6) DEu(t) = f(1, u(t), u(t)) = g(t) + u(t) + —](3 Le 0,1,
t

u(0) = «'(0) = u() =4'(1) =0,
where ¢(f) is continuous on {0, 1] with 388.625 < g(1) < 63728.
For every A € (0,1) and u,# € P we have
[, G(t. 5)[g(=) + An(s) + ——ds = A Jo Gt 9)[52 + u(s) + Vr‘ml_ds

52 +uln) 4~
S A e i G la(6) )+ el

We note that
B y(s) + —pdae I_

N  Avisl A %
A< p(huv)= A ) File 'T, jn G(t, s)gls) + uls) + W'(h <.

By means of some calculations. we can conclude that for any A € (0. 1) the function
¥ is nonincreasing in u for fixed v and nondecreasing in v for fixed 1.
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So, it is enough to verify that the condition (2.6) of Theorem 2.1 is satisfied. Putling
w=wv=h =1, and taking inlo account that 3, = ming, fol G(t. s)ds = 0.00001
and My = maxc, ) f(: G(t, 9)ds = 0.004, we can casily get
278 < 0.00001 x 390.625 < T, G(t, 9)lg(s) + w(s) + 7h]ds
< 0.004 x 63730 g+ s€[0,1],
implying that the coudition (2.5) of Theorem 2.1 holds. Therefore, we can apply this

theorem to conclude that the problem in the example has a unique solution.

Now, we study the existence and uniqueness of a positive solution for 1he following
fractional differential equation:

(2.7) ‘DUyy=h(t), 1€l0,T]. T>1.

subject to
T
(2.8) y{0) +/ y(&)ds = y(T).
(i}

Lemma 2.3 ([15]). Let 0 <« € ) and let h € C([0. T|.R) be a given function. Then
the boundary value problem (2.7), (2.8) has a unigue solution quen by

r
o) = / G(t, )h(s)d.

where G(t. e) is the Green's function given by

—(1- 3)® +al(t—s)" ! (¥ ) s c
G(t 3) TT(n+1) + TT(a) 0<e<t,

(T-s1" (T‘ )"
T (et TT(n tss<T

By using arguments similar to those applied in the proof of Theorem 2.1. it can casily
be verified that Theorem 2.1 remains (rue for Green function defined in Lemma 2.3,

Example 2.2. Consider the following boundary value problem

“Diu(t) = f(t. u(t), u(t)) = y(t)u(t)* + u(t)"‘g, telo.],

i
u(0) +/ u(s)ds = u(l).
0
where g(t) is continuous on [0, 1] with 0.6378 < g(t) < 2.89967
For every A € (0.1) and u,v € P we have

@9) [ oD} + (onPlas 22 [ Gr. 012

+u(s) + 7—714»-\ / G, -mq(n)(—) + () T lds

> AZOCEN + (nie) ¥
als)u(s)® + v(s) T

/ (,‘(l,g)(g(,n)u(;l i 4 winl (.2 ldx
0
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Note thal N
als ) "I' )J + ()n-(s))";i'

-y
g(shu()? +u(&) T
By means of some calculations. we can conclude that for any A € (0,1) the function

2 < p(Auv)=A

s nonincreasing in u for fixed ¢ and nondecreasing in v for fixed u.
So. it is cnough to verify that the condition (2.5) of Theorem 2.1 is satisfied.
Putting « = » = k = L. and taking into account that My = mingeg g fu G(t,s)ds =
| . 3 )
iand M, = nAXtefy, ] _ﬁ: ('(t s)ds = 3. we can easily get 270 < 1 x1.6378 <

+8 r
fy Gt $)o()u(s)’ +ufb;'1ds»_#xssos gﬁ(ﬁg_] .u.z_rz;z__' P

[0.1] implying that the condition (2.5) of Theoremn 2.1 holds. Thercfore. we can apply

this theorem to couclude that the problew in the exainple has a unique solution.
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