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ON L"-INTEGRABILITY OF A SPECIAL DOUBLE SINE SERIES
FORMED BY ITS BLOCKS
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Abstract. In this paper we deal with a special double sine trigonomietric seriesy
formed by its hlocks. ‘T'his type of trigonomietric series is of particular interesi since
its blocks always are bounded. that is, under some additions] assumptions the sum-

function of such series always exists. We give rome conditions under which such sum-
function is integrable of power p € {2,3,...}. as well as is integrable with some

natural weight.
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1. INTRODUCTION

Let Ay = {n,} and Ay = {r,} be two strictly incressing sequeuces of natural

numbers 1 = n; < nya <My < --andl =71, < ry r3y < satisfying the
conditions:
-~ -~
i !
— < +oc  and § = < 40oc.
" . rJ
(LR} =1

Considering the special double sine series

e sin ka sin £y
P

k=lé=1
we form the following series |
o |Miga—lrpga-

sl F N k. sin £y,
(L1) SRS _"M.‘_’_Q

r=1 j=1| kmn, 2I=r,

According to the weli-known estiinate

’

sinkzx
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k=un

(1.2) rgl’ <00, U<rgm,

v
< —.
34 ]

the series (1.1) couverges for all (2. y) und its swn Gy, 4, {(r, y) is a continuous function
on (0, 7] x (0. x]. This fact is of particular interest and therefore this is the main reason

why we have formed the series {1.1).
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In the one-dimensional case such series has been considered by Telyakovskii [L]
and Trigub |3]. In particular. Telyakovskii [2] has considered the guestion: when the

sum-function gy, (z) of the series

o [Ri¢1—l
S = sinkxr
k=11] Ak=ny

belongs to the spaces L?[0. %] for p=2.3,...7

Specifically, in |2] was proved the following theorem.

Theorem 1.1. For any natural p = 2.3,... the function ga, () belongs fo the space
:

) : 1= 4 .
L0 7] if the series S Lom, " s convergent, where mn; = min(n,, 741 — 7+ 1).

] il

It the same paper was considered the problem of integrability of the function
ga, () with weight £ under natural condition 0 < 4 <. 1. Among others, the

following result was proved in [2]

Theorem 1.2. If for v € (0,1) the series
o
1
Y —m)]
™

is convergent, then the integrol [ Joga, (x)de converges.

Note that guestions pertaining to trigonometric series formed by their blocks were
considered in 4] - [6], and still receive considerable attention. The main aim of this
paper is to extend the ubove results to two-dimensional case. In order to do this we
will use the technique developed in |2], the estimate (1.2) and the following inequality
see |2] page 818)

Megr—-1
sinkxr A /1
(1.3) o= g-—minl—,m,‘), O<zx<n.
' k“;‘,. k n, \x J

wlere A is an absolute constant. Here and in the sequel we write (G5, 4, € L”, p 2 1,

if the integral [ [ 154, A (€, ¥)|"dzdy is finite.

2. THE MAIN RESULTS

In this section we state and prove the main results of the paper. We first prove the

following result.
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Theorem 2.1, For any natural p = 2,3.... the function Ga,.A, belongs to the spuce
L7(0, 7} x [0.7]) if the serics -

o
S
1
L I Rl d i
1 convergent, where uy; = wmin(ng, 40 — 0, + 1) end sj=min{ry,rypy -7 + 1)

Proof. For arbitrary naturzl nmunbers M and N we have
NE

MON
ZZu.(.x)u,(ub’ drdy
e=1j=1 ]
- M M N N
/ / wy, (2)--- Z u.p(;r) Z iy, (y) - Z ua, (y)dody
= :P=l =l pomt

M N -
(2.1) P Z PIRE Z / / M L2) - (P, () -, () edy.
=1 Q0

’l]l—l Zp=1"
Next. we split the square [0,7] x [0.7] into the rectangles [0.a] x [0. 3], [U.a] x
[7.8]. [, 7] x [0.3] and [o0.7] x [3,7]. where a and 3 will be determined later in an

appropriate way, Using the estimates (1.3) we can write
a a
L[ ) @un ), ey

. . S
(22) < /12”/ [ Ty ~--—m"'"ims_ﬁdxdy=/12r'_’"" e L/ S

iy, ng, 149, i te) n, 7y T

(2.3) /ﬂ /, g () oo (), (y) -y, (y)duedy

-

<A™ ("my mi' 1 dedy my  omy,  A® b
e e GV s, AL ,

./ LT LR TS & w y, i, Ty r p-1

* 8
(2.4) / / W () - --uy, (2)wy, (7) - - u;, (y)drdy

<,;~ o S dedy A s, s, 00
g, my, n,’, ry, Ty, aP ngc<ay, T,  ry, p— 1

(2.5) /:/: tg () - ug (), (y) -y, (y)dedy

" g AW ad)'~r
< A 1 1 dedy . . ( T
AT P TRRERY I ORI €-7) L NS N AR {p
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Inserting the estimates (2.2)-(2.5) into (2 1) we obtain

M N M N
/ [ (ZZM.I':\M) (y) ] dredy < Alr Z Z Z
J o=l ta=1"31=1
\:~ { m, 8, M o Ny ny, ] afl P
M O S gt R
= \u,‘ ny, Ty Tin Tie, i e
\ 1 85, s,a' "3 1 (ad)'\~»
(2.6) +"-‘. ng T, rj, p—1 T, Mgy Ty, (P — 1)2 §°
- s /
Whence, choosing in (2.6) a = (m,, -, )" % aud 8 = (s5, < - &, )%, we find that

/MA N

/ / VZ"-‘“",W’} d:['dy<442"z Z Z

el tp=1 g1 =1
td

Y\"”"‘ R RILTS S A T\‘S“(""”J)
( ——

—; ng G, Ty TG, n;T,

=1 =1
Consequently. since the last series converges by assumption, the integrals
r

8% r e o

f{, ju ZZH,UMJ y) | dzdy

=1 =1

are hounded by a quantity that is independent of M. N. Therefore, based on the

double version of the Levi’s theorem. we conuclude that the function Ga, 1, belongs

to the space L7([0. 7] x [0.#]). O
The next result gives an answer to the following question: under what conditions

the function G, A, belongs to the space L7([0.7] x {0, n]) with weight £~ "y,
Y1.72 € ((] 1)?
Theorem 2.2. If for 1,72 € (0,1), the series Y02, 3%, =L-m" s)* 15 convergent,

2 ST

then the follounng integral converges
il e Ga, v lxy)
/ S drdy
0 Ju Lhyn
Proof. Bascd on the uniform convergence of the series (1.1) we have
4 n
G, . -

[ f ":\’(fu)lb‘dy—zz f [ U(I)uj(y) ‘ dy~

oJo  Fhym P kit INyn
Splitting the square [0.7] x [0.7] into the rectangles [0, ] x [0, Al [0 o] x [, By)
[ar. 7] x [0.8;] and [a;. 7] x [3,, 7). where o; and B; are determined by

(2.7) r:,=L and 3, = L
™y %'
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we find that

y, 03 ) e
o /J_“;(x_)ﬁ.(iyldrdu < A*/ j 4 drdy
U 0 :‘:‘71:‘/‘72 A Hu‘l: 7‘lrj

Migs,

A

" al n

- mm e

& AT ) :
il 'Mdrdy = /12// - 2 dzdy
a0 Ty o i et
s,
€ o Mg -n
1—‘72)7117
/" l "_‘“_’“_'_‘_.".){_,,1" < /“/a r® ™, d!‘f'}
o Jo, VY o Ju, TV e,y
3 LI g

(1 ~v)7 n,u

'

1 A |
/' /' wi{ ), (y a‘;dy</12// lztly € —— iy
J,, ] Iy Y, VYT iRa) T2 1,7

Fuml]y. using (2.7) and the latest estimates, we obtain

, [ CMA;(: U) ""'v“'- !
Jo J e ZZ\(1“71 W= v2) nar, Y 7Y

I 1}‘71

0 Ju =)yl
bd
A: | a—vual—'n I A Lk, al—ms—*:
'71(1 - 72) Ly ' (1 =7 )y2 ey
L - |
et T ) B 3D BE T e
YiY2 Ty T Il
e C = A2 . A i | Bl -
where (&= A4S mﬂ&{l‘_“'“_T.,- wii=n)' ="' wvn! } ~

The next statement supplements Theorem 2.1, and gives conditions under which

SO0l
J;Tl yh

is convergent for v,,42 € (0,1) aud = 2

the integral

Theorem 2.3. Ifp=2,3.... and v, € (1 — p. 1). then the mntegral

=G T,}
f/ —A"A’( "I)d.‘rtly
0 Jo Ny

s convergent provided that the seres

1‘1(1—1'!) 1-4(1-m)
ZL,,, "y 5

=1 y=1 3
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is convergent.

Proof. Using a similar technique as in the proof Theorem 2.1 we have

/ A/’——I—‘-'— (.Z'i,,_qrru,‘yl) or dy

A

2.8) —i Zz Zf] .yn“"(T) g (b, (v) - wy, (y)dedy,

1 =1 n=1 =1

for all p = 2.3... .. and natural nunbers A4, N
Again we split the square [0. 7] x [0, 7] into the rectangles [0, a] X [0. 8]. [0, a] x [x. 8]
{0, 7] and [a. #] x [3, 7]. where a and 3 arc determined as in T'heorem 2.1

Using the estimates (1.3) and taking into account that yp\y2 € (1 — p. 1), we can

o

write

[ [ o) w @), widedy

Jyn
2 T, me ~, SJ"

!P/ / PPl S - - - 'd'tdy
o &Ny on, T, Ty, Th

s
(2.9) AU M sy s, olTn8ITE
iy Xy g (Lot )

A o |
[[WH..(J") ui (T (y) - ug (y)dedy

< A% / " / Ty om, 1 diudy

= S0 3 M .,L'.“J r)a o 'Tjw rﬁ'N""
(2.10) <Dy T, A el -mgt-m-p

70 My, Wy - T (1= )¥ya+p—-1)"

N l
/-/o oy ..(4) ", (2w (y) - -, (y)dody
1 Spn 4, drdy

A
PO A A S
Joo Juo My 1Ty, Ty atl |p-y7;

(2~“-) < A T 'ﬁ_ al-n-rgl-m
T, Ty .,-J." (71 +l)_ 1)(1 . 72)|

i, -
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and

» - 1

f A FT wi, (1) S u (), () oy, (y)dzdy
o
< A% /" /" 1 1 dedy
o T TE ey ) il +P1j'n+l’
(2.12) A2 al-m-rRl-m2-p
. -

T Ty Ty, (AP D p— 1)
The above estimates along with
i I

ow ——— and 3= =
(s, -, )% (85, - 95,)%
imply
» » 1 N N P

/u /o ITW g;.:,u.(:)u,(y) ILlf’y

M M N N [N € e LAl
(g, m ) "¢ 5 ) *
< A(p, : : U
(NS D BEEED 3 DEEED - AT

=1 n=15=1 Jp=1
where A(p.~1.v2) is a constant that depends only on p, v, and 7.

Hence,
p

v 1 M N
/0/0 xym ZZ”"‘)“J(V) dzdy

[ A |
»

< Alp.y.m) i: i & ~

l—i(l—’h)sl* (1-721) )
=] jul
Finally, the use of the double version of the Levi's theorem implies the statement of
the theorem. : 0
Tt is clear that the conditions v;,72 > | —p in Theorem 2.3 are essential, therefore

in the next theorem we exaniine the boundary case vj,72 =1 -p.

Theorem 2.4. If p=2,3.... and v1.72 = 1 — p, then the integral
]nr n G"‘ o - S ")dxd.
o Jo  zu)"

is converyent prowded that the series
./ e l
> 2 ;- (loem)(logs;)
i=1 j=1 J

iy connergent.
65




Xil. Z. KRASNIQ!

Proof. Observe first that in this boundary case the equality (2.8) reduces to the

following:

(2.13) / /: 50l l - (Y‘Zu.(xlu () | dedy

tm] el

N

A1
z ZZ Z/ ./ t:y)' Tyt () - g, ()M, (1) - “uj, (y)drdy.

13 =1 =1 =1

Also, for 4,.42 = 1 — p the estimates (2.9)-(2.12) take the following forms:

/ f (T!’,;_1$“"(' u,, (), (y) - - uy, (y)dedy
0 0

a M p
, 1 m m; s $ n, m; g s, (afB
*jAsz / _——l__i.i_J_IﬁdIdy=A2p u .._"i..-% ) -
(13}) P n,, ,, T T 4, ,, Ty Vi p

o - l ‘ ‘
/ / “ .y)l .,,'lh. (I) - u"(ﬂi)uh [y) g uj,,(y)(’.’l?dy
g |4
: 42”/ / Da T didy i, T, A nrlog%.

ST R .
7, i, T) - i, (@)17P 7 ns, ni, Ti T, P

T
[ [ e @ v tehun ), ()
n J0

<,42p]’" /” 1 %, fn dudy AT L sl iGN
3 ry, @YTP ey, T, Ty P

a do T, ony

/ d / . (—“-’;—— (1)1, (), (y) -y, )y
« ()

. * pm drd AQP
< A% f f : ! ‘ “1!{, < 101., log
Ny ooy, Ty Ty, (o) T My e Ty T, A’

respectively.

. =4 el .
Next, specifying a = (my, - -m,, ) » sud 8 = (;, -~ 3;,)7% we obviously have

n 1 T 1
log = =logm + =1 wooomi,) and  log = =logm + — log(s;, - -+ 85, ).
g7 =log pog(m o) €5 = logm+ 2 g( in)
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Using these equalities, the above estimates and the equality {2.13)), we obtain

oy M N »
./ojo (xy)=* EZ (w)uiy) | dady

l=l =1
N N ‘12', { 2
< !IZ” .'Z_‘ ,,z-:l z_ Ty, = { (; + logn)
p
+ (p + log ﬂ) [Z log(m,, ) + Zlog(s,“ l + & i Z log(re,, ) 1og(s,“]},
=1 n=l v=1u=1

Therefore, we have
* [ G}, a,i200)

Jo -f‘u (zy)'»
o =]

SKA®Y . ii

n=1 w=ln=
p-1

< KA ( ZE \. Z z log( m;)jog(%

\l:l F=1 ) } i=1 j=1
where K is an absolute positive constant. The proof is completed. O
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