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A b s t r a c t .  In this paper we deal with a  special double sine trigonometric series 
formed by its  blocks. This type of trigonometric series is of particular interest since 
its  blocks always are bounded, that is, under some additional Assumptions the sum- 

function of such series always exists. We give some conditions under which such sum- 
function is integrablc o f power p € {2, 3 , . . . } .  a s  well a s is integrable with some 

natural weight.
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1. I n t r o d u c t i o n

Let Aj =  {« ,}  and A2 =  {r j}  be two strictly increasing sequences of natural 
numbers 1 =  ni <  n2 <  <  • • • and 1 =  rt <  r2 <  r3 <  • • • satisfying the
conditions:

У 2  —  <  + ° c and T - <
U r>

+00.

Considering the special double sine series
oo oo . , . „sm kx sin I?/
E E  
k = l  £=1 M

we form the following series |
00 op

k—
(Ы) E E

r=l j= l
According to the well-known estimate 

v

n i + i - l r i + i - l

E  E
t = r j

sin kr sin £y
kt

( 1.2) E
k=v

sin kx
k <  — , v < V  <  ос, 0 <  т  <  it, 

vx

the series (1 .1) converges for all (x, y) and its sum G \l։^ (x , y) is a continuous fuuctiou 
on (0,7r] x (0,7r]. This fact is of particular interest and therefore this is the main reason 
why we have formed the series (1.1).
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In the one-dimensional case such series has been considered by Telyakovskii [1] 

and Trigub |3|. In particular, Telyakovskii |2) has considered the question: when the 

sum-function g \ t (x) o f the series ՛

oo *»<+»-! . |
s in  kx

kfc=l fc=n<

belongs to the spaces U )[0. 7r] for p =  2,3 , . . .  ?

Specifically, in |2] was proved the following theorem.

T h eorem  1.1. For any natural p  =  2 ,3 , . . .  the function g \ , (x) belongs to the space 

a-] if the series ֊֊m *  '՛ is convergent, where mi =  m in (n < ,^+ i  — TOi +  1).

In the same paper was considered the problem of integrability of the function 

g.\,(x) with weight x ՜ 7 under natural condition 0 <  7  <-. 1. Among others, the 

following result was proved in [2].

T h eo rem  1.2. I f  for  7  e  (0 ,1 ) the series

oo |
S p l l

is contingent, then the integral J Q" -p;g/i ։ (x)dx converges.

Note that questions pertaining to trigonometric series formed by their blocks were 

considered in [4| -  |6|, and still receive considerable attention. The main aim of this 

paper is to extend the above results to two-dimensional case. In order to do this we 

will use the technique developed in [2j, the estimate (1.2) and the following inequality 

(see |2|. page 818):

n«+i— 1
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sin kx 
Z

A  . \  , „
<  — mm I - , rrii J , 0 <  x  <  n.

n ;  \ X
(1 .3 ) t i , ( x )  : =  (

k=n,

where A is an absolute constant. Here and in the sequel we write €  L p, p  >  1,

if the integral \G \u\ t (x ,y )\pdxdy is finite.

2 . T h e  m a in  r e s u l t s

In tliis section we state and prove the main results of the paper. We first prove the 

following result.
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T h e o re m  2 .1 . For any natural p  =  2, 3. . ՛.. the function G a 1,Aj belongs to the apace 
L 7>([0 , 7r) x  (0 , 7r]) i f  the scries _

H H (m» * j) !~ *  

ggg
w convergent, where tjh =  inin(n<,n<+i ֊  +  1) and s j  =  m in (rj,rJ + i -  r j  +  1).

P ro o f. For arbitrary natural numbers M  and N  we have 

r 1  \ p  —) dxd֊y

ON £.'’ -INTEGRA 131LITY OK A SPECIAL DOUBLE SINE ...

*=1 j = 1 j

n
*ir M  iVI N  .V

53  t i „  (a-) • ■ ■ 53  Uip(x)  53  «#, (y) • • • 53  u3 r(y)(l̂ y

՛ »P=1 >1=1 ip=i
I  i  |  i  > |

(21) =  5 3  "  5 3  53  ' "  53  /  /  • • •“<,.(*)“*(!/)• • • Ujv{v)dxdy.
*1=1 »-,i=l'jfi=l iP=i •'°

Next, we split the square [0, tt] x [0,tt] into the rectangles [0, a] x [0,5], [0,a] x 

[tt,/?], [a, 7r] x  [0,(9] and [a, 7r] x  [/3, tt], where a  and .5 will be determined later in an 

appropriate way. Using the estim ates (1.3) we can write

n /9
M», 11  ■ • • Wip ( * ) « jx {y) • • • Ujp (y)rfxrfy

(2.2) H I  I  r r ^ . . . . ^ j L . . . ^ dxdy =  A^ - , a . oA
./O ./o «ij w*p &  /lij N-t'p 'rj\ rip

PC* /•«■

'•'•H i (y) • ‘ ՛ Mjp (y)dxdy

m *x m j 1 dxrfy ^ 77?i, 4 2p o 5 ,-p

V  rix 1 «i,. * Jl P ՜ 1

) • • • Mi,,(*)Mj. (y) ••■Ujp(y)dxdy

1 1 «J. $j„dxdy  ,  i42p Sj, Sip
Tlj, •• "ip O. Op * p nn ’ •«ip  rj. rJp P ՜ 1 ’

•••Mi,, (*)M>» (y) ■ ■ • Mjp(y)</x-rfy

1 1 dxdy A2p (o/3)I_p

« i, • • ■̂ p  0 . • •՛ Op (®y)P '  nM • • •«ipO l • ••Op fa g ! ! ) 2
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Inserting the estimates (2.2)-(2.5) into (2.1), we obtain

m  r n /  m  N  \ P M M  N

/  /  ( E E  n*Mnj(v) I # €  < A*P E  • • • E  E
Jo Jo  \ . = 1 i—if I j,=1 *..=1 i, =  1=  1 3=1 /  »1=1 =  l

rriiy m?J, 1 a () l ~p

u  V ֊  |
/ m«i _ _ _ m*i< 3Ji __, 4- m*' . . . w?|1 !
V rn, rap rh rjp n k nip rj ։  ■■■rj

(2.6) +_ L _ ifc ...it= ^ 2  + - 1------
«it • • • rj .  rip P -  1 nh • • • ■ • • rj P (p -  I )2 /  '

Whence, clioosing in (2.6) «  =  (rnil ■ ■ ■ mip)~$  and /3 =  (s j, • • • we find that

„  " /  m  N  \ p M  M  N

/  /  rfxrfy< 4A2pE  • • ■ E  E
7o /o V - i j - i  §  i . - l  iP= l J i= l

(m<, ■•■mipsjl ■■■sjp)1-՛՛ 2 (w,-gj)1՜ *
p

y ՝  V"*՛՜. • • • ,<>jp> " <  4i42p y - y \
Jp = , n it ■ ■ • n,:„ r j ,  • • • r ip y  £=1 3=1 n i r J  /

Consequently, since the last series converges by assumption, the integrals

I t  1  M I  \ P

y0 y0 t E E l w ) )  rfx£̂

are bounded by a  quantity that is independent of M , N . Therefore, based on the 

double version of the Levi:s  theorem, we conclude that the function G \ t x.\2 belongs 

to the space L v([0- 7r] x  [0, jt]). □

The next result gives an answer to the following question: under what conditions 

the function (?Al ,a2 belongs to the space Xr"([0 . 7r] x  [0 , 7r]) with weight x ^ ' y ՜ ^ ,  

7 i .7 2 G (0 ,l ) ?

T h eo rem  2 .2 . I f  for  71,72 €  (0 ,1 ), the series YluLi ՝ ST  *® convergent,
then the following integral converges

Jo JU | i g |  I
P roof. Based on the miiform convergence of the series (1.1) we have

r r  OA, A ,(x,y) _  g g  r  r  !‘ .(x)U j(l/)
yo7o Jo Jo

Splitting th e  s q u a r e  [0. 7r] x  [0. 7r] into the rectangles (0,tt<] x [ 0 [ 0 ,  a ,]  x  [7r 

[a*.*-] x [0./3j] and [a,-,7r] x [/3j,7r], where a *  and 0j  are determined by

(2-7) tt; =  —  and 3 . =  —
m  • J  a  .

62



we find that

w m m M  < 1 1  r f ։ - j ^ ^ dxdv
Jo Jo ^ 'y ՜12 Jo Jo a-’7 1 '*/7 2  n p j JI _____

(1 - 7 i ) ( l  - 72) riirj ’ >

i  n 0i - L ֊- Z L . dxdy 
Jet J o  Xy'V ^  Jo J o  x  y UiXTj

ON £ p - INTEGRABIT/ITY OF A SPECIAL DOUBLE SINE ...

71(1 - 72) niVj
(X, ftr

7o Vyjj a:7ly72 -A) Jd} ^ 'y 71 n.rjjy

( 1 1 71)72 «*»*՛

rr  S M U I  rr
®7l377s J i I 7172 niTj

Finally, using (2.7) and the latest estimates, we obtain

Jo Jo * 7l2/72 \ (1  -  7 i) ( l  - 72) «iO  J

H— T p -— r — a ՜ 1’ ^ 1՜ 1'  +  7֊  -  ֊  ft1՜ 71 ft՜ 72
7i ( 1 1 72) n *r j (1 -  7i)72 "»0՜

+ — -----— a ՜ 71̂ ՜ 7*^  =  C V Y ՝  —1— m7' s j 2 <  + 00,
7i72 n^rj /

where C  =  A2 • m ax } •

The next statem ent supplements Theorem 2.1, and gives conditions under which 

the integral

* / *  GA„Aa ( * ’ */)IIJ o  Jo X՜1՝ y p

is convergent for 71,72 6  (0, 1) and p =  2 ,3 ,. .

dxdy

T h e o re m  2 .3 . I f  p  =  2 ,3 , . . .  and  7 1 , 72 6  (1 — p. 1), then the integral

IB H
xTi |/7a

convergent provided that the series
OO 00

/ f ֊֊֊֊d x d y  
Jo  Jo
g se r ie s

■ H  *=i i=i ‘ J
1 l - i ( l - 7 i )  l- i(l-T a )

1
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is convei'gent.

Proof. Using a  similar technique as in the proof Theorem 2.1 we have

M  A{  N  N  -r «

(2.8) -  e  ՛ ՛ ■ £  £  ■ ■ ՛ £  /  /  yTT՜ ^ ^ 1 ^  ■ ՛ ՛ u<p ^
*1=1 *p= l  Jl= l Jp= l ®

for all p =  2, 3 , . . . .  and natural numbers M , iV.
Again we split the square [0. tt] x  [0, jt] into the rectangles [0, a] x  [0,0\, [0, a] x [tt. 0], 

[a. ?r] x  [0,0] and [a .«] x [/9,ir], where a  and £  are determined as in Theorem 2.1.

Using the estimates (1.3) and taking into account that 71V72 €  (1 — p, 1), we can 

write

\
(x) • - ■ Uip(x)Uj, (») • • UjV (y ^ d y

< a p _ f c . . .51111
Jo Vo « „  n»p Tj, r>p

r2 S ) Sj- a ' ՜ ՜ " ? ' ՜ ™
n<! « i p (1 ֊  7 i ) ( l  -  72) ■

L  [ i ^  "  Uî Ujl | j j j  ‘ ' uiv̂ y)dxdV

<aiv r  r mil m " 1 dxdy
~  Jo Ji9 nU nip rh  ■•■rjp

-(2jQj--------------- <  S  ® p  >l2p a ^ 0^ ֊P
nh nip • • •rj. (1 -  7i)(72 +  P -  1)

L  Jo ' ' '  Ui'-№ ni՝ M ' ՛ -uiv{y)dxdy

< A*v r  f  1 sh  9J,. dxdy
Jo Jo nix- - - n ; r , r ,  X̂ -i-Vy

(2.11) <  A՝ p a1՜ ^  " 7>̂ 1" 73
74, ■ • • n ip rit rjp (71 +  p  -  1)(1 -  72|  ’ 
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and

L I  x̂ ĥ Ui> M  • uip(v)dxdy

ON /^-INTEGRABILITY OF A SPECIAL DOUBLE SINE

< a * *  r  r  1 1 ^ dvJa Jb Hi, • • • njp rjt • • • Tjp xTi+Piyla+P
A 2p /v l-7 i-P f ll~ 7 a  “ P

(2 .12) “
n i| • ■ • n i P r j i  • • • ri, (71 +  P  -  1)(72  +  P  -  1)  ’ 

The above estimates along with

-y and 0 m |
(m*, • • •m*(()i> ( • * * * * « * , ) ’

imply

i a = l  i , . = l j i = l  jp - 1  * *

where 4̂(p, 71,72) is a constant that depends only on p, 71, and 72. 
Hence,

✓ „  „  \  H

1- 5 (1- 71) l ֊j ( l ֊7 2 ) ՝
t o .- s .

Finally, the use of the double version of the Levi’s theorem implies the statement of 
the theorem. { H

It is clear that the conditions 71,75 ■> 1 — p in Theorem 2.3 are essential, therefore 
in the next theorem we examine the boundary case 71,72 = 1 — p.

Theorem 2.4. If  p =  2,3,... and 71,72 =  1 -  p, then the integral

r*  r

is convergent provided that the series

L1 teY  53 — (log m,)(logsj)
i= 1 j - 1 n iT j

is convergent.
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Proof. Observe first that in this boundary case the equality (2-8) reduces to the 
following:

(2 i3 )

M  U N  N  r n  r n \

=  E - E E - E /  /  ( * ) - '  W ; • • «*(*)<*»% •
*1= 1 *p= i i i = i  jp = i  

Also, for 71,72 =  1 — p the estimates (2.9)-(2.12) take the following forms:

/  /  (ry)T-PU,‘N‘"“i p ^ M>p1%̂
m*. sj p j j  A2vmi, mip sjt sjp (afi)*

**i» Vi? rii riP P2
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< A 2p r  r — ------^ . . . ! ^ ^ . . . ^ d x d y  =  A 2p7^
Jo Jo (xy)l~p mi nip rh rjp nh

L I  (x) ՛՛ ՛uiv ̂ uji ̂  ՛ uĵ y)dxdy
<  4 2P [ “  f n m «» . .  . m ՝v *  d x d

Jo J d rn, "  ' nip Tjx ■ • • rjp (TVy-P  ntI nf)> r7-, • • • rjp p
miv 1 dxdy mi, rr^, A2p loS  f

n /9 1

(x^i-P^1 ̂  '^ I r ^ 1 ̂  '"  uovi.y)dxdV
<  A2V [ *  [ P 1 sjt sjp dxdy <  A2p 8jl sjv Pp\ogi  

Ja  Jo  n U ■■■ni p Tjl ՛" T jp (Xy)1" p Tlfl ■ • • Tlip T j , rjp p

n
*  1

( ),-=?«*. (*) (*)ui. (I/)**' uiP W xdy

< A » r [ ' — ±_______L _ 7i ^ - < -------^ ---------log — log
J a  Jf) n it • • • n i(, r j ,  • • - Tjp ( X y y - p 71*, ■ • • n ^ r j ,  • • • T jp OL ft

respectively.
Next, specifying a  =  (rnj, • • -rrt,(,)՜'՛ and /3 =  (s,-, • • • Sjp)~՞  we obviously have

log q =  ^ g ^  +  p l°g(m*« ’ ' ’mip) and log ^  =  logTr +  ֊  log(sj, • • • sjp).
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Using these equalities, the above estimates and the equality (2.13)), we obtain 

P  / • *  1 ( M  N  \ P

11  l l | t u<(x)ui(y)) * *

<

*1 =
E - E E - E ---------- — -----------{ ( - + log  it V

(-3 + log 7Г] f 53 log(m,„) + 53 log(sjM)] + 4  53 53 lo6("1̂ ) l°g(sjM) j  •
\P  /  l „=1 u=l J i/=l u=l '

Therefore, we have 

Г Г  Сд,.л,(?.»)
j o  J o

oo

<  KA2p E ■ E  E ■ ■ E ^  . . . . .  E E b s t m i j i o g K )
ii=l i.=li,=l ?y=l "  p 3i Jp u=l /1=14  =  * J i = * Jp*

p - l

1 \ v ՝  log(mi) log(sj)^  E E — EE
\ i = l j = l n >r j J  i.=  l i = l

ГЦГg

where Щ is an absolute positive constant. The proof is completed.
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