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A bstract.. In the present paper we study the Finslerian hypcrsurfftc.es of a  Finsler spacc with 
a  special (a ,0 )  metric, and examine the hypersurfaces of this special metric as a  hyperplane 
of first, second and third kinds.
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1. I n t r o d u c t i o n

We consider an n-dimensional Finsler space F n =  (M n. L ), that is, a  pair consisting 

of an n-dimensional differentiable manifold M n equipped with a Fundamental function 

L. The concept of an ( a ,0 )  metric, denoted by L (a , 0 ),  was introduced by M. 

Matsumoto [5], and later on has been studied by many authors (see [1 - 5, 8 - 9) and 

references therein). Well-known examples of (a . 0 )  metrics are the Rander’s  metric 

( a + £ ) ,  the Kropina metric and the generalized Kropina metric ^ - ( m  ^  0 ,- 1 ) .  

Recall that a  Finsler metric L (x ,y )  is called an (n ,0 )  metric if L  is a  positively 

homogeneous function of a  and 0  of degree one, where a 2 =  an (x )y iyi  is a  Riemannian 

metric and 0  =  6i(x)j/‘  is an 1—form on M n.

We consider a  special Finsler Space F n =  {M n,L ( a ,0 ) }  with the metric L [ a ,0 )  

given by

(1-1) L ( a ,0 )  =  a  +  0 +  .
( a - 0 )

Differentiating equation (2.1) partially with respect to a  and 0 ,  we get

F _  2a * + 0a -4a0 r 2n3-\ 02- 2a 0
Lri---- ’ Lc =  -  le-W '

r -----2$ ։  r ___ 2a3 r - 2a0
aa > L«/3 -  fa r # 3.

where
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т _ Of. т __ 0Г. r _ O La r  dLfi f  _ i)L ..
~  Ъ$՝ L*o -  TXT՝ -  Ж ’ La0 ~ Tit-

In the Finsler space F "  =  {M n.L ( a .0 ) }  the normalized element of the support

I, — d{L  and the angular metric tensor 1щ  arc given by the following formulas (see

Щ
I  =  c r lLnYi +  Lfibi,

tlij =  paij +  qobibj +  q-i(biYj +  bjYi) +  q-M Y j,

where Yi =  a ijy К  For the fundamental function (2.1) the constants p, qo, <j_i and

9-2 in the last equation are given by the following formulas:

I  Я  Tr _1 4a4 — /34 -  8a30 +  4a/?3(1.2) p =  LLaQ = -------— ---- — --------,
a (a  — p Y

. .  4a4 -  2a2/?2 2/?3 ֊  4a2/3
® = “ W = - (a_ ft4 • » - . = ^ 0  = ( a _ 8)<

И И  r -W —4a5 — 2a2/?3 +  8a4/? +  a-/?4 — /35
9 - 2  =  L a (Laa -  L0a  *) = ------------------------- ---- ---------- — -!-— .

a J (a — p)4

The fundamental metric tensor g^  =  | d jd jL 2 for Z. =  L (a , /3) is given by the following 

formula (see [4, 5]):

(1*3) Sij — Pa ij +  Pobibj +  p ֊i (b iY j  +  bjYi) +  p-tYiYj,

where

/ , >ч . 2 8a4 +  /?4 +  6a2/?2 — 8a3/? — 4a/33
(1.4) » - • + £ } - ------------------------------- ■

r _i r 2a/93 — 4a3# +  (2a2 +  ft՛2 -  2®?)2
P - i  =  9-1 +  ^  Р^Я  ---------------7֊ — ------------------,a (a  -  p)4

2r 2 2/34 +  8a2£2 1 6a£3 +  £
” - 2 = , ֊ a+P £ -------- -------------- --

The reciprocal teusor </'J o f </„ is given by the following formula (see [4, 5|):

C l-5 ) glj  =  p _1a ,J ֊  -  s _ j( 6V  +  Ы y l) -  s_ 2т/ V »

where i»’ =  62 =  а^Ь'Ы , aud

(1-6) s 0 =  — {ppo +  (pop-2  -  P -i)**2} ,rp

s - l  =  ---{p p -l +  (POP-2 — p -l)^ }»rp

5-2 =  — {pp ֊2  +  (pop-2 - P - l ) b 2}, 
rp

r  =  p (p  +  Pob2 +  p -i/?) +  (pop-2 -  P - i ) ( « 2fe2 -  Я
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The Av-torsion tensor C y *  =  5dkQij is given by formula (see (10)):

(1.7) 2pCijk — P - i  {h-ijvik +  hjkrm +  hkiTrij) +  71mtmJ m fc, 

where

(1.8) 7i =  P ^ j j  ~  3p_i«7o, m, =  6, -  c*~20Yi.

Here m-i is a  non-vanishing covariant vector orthogonal to the element o f support y'.

Let { ’ fc} be the component of the Christoffel symbol of the associated Riemannian 

space /?", and let y *  be the covariant derivative with respect to x k relative to this 

Christoffel symbol. Define

(1.9) 2E ij  =  bij +  ֊  bdi,

where bij =  Vjbi-

Let CT =  (r jj.. TJfc. r ’-fc) be the Cartan connection o f F " .  The difference tensor 

D ‘jk  =  r *£  — { ’-fc} of the special Finsler space F "  is given by

(1.10) D jk =  B 'E jk  +  F lB j  +  F ]B k  +  Bjbok +  B lbo j — bo„tg ,mB jk  .

֊q mA ?  -  C imA f  +  CjkmA?gis +  As (CjmC £  +

C i frtn s-tmsvi \ 
km'-'sj ^'jk'-'maJi

where

(1.11) B k = i> o b k + P - iY kl B i = g i jB j , F ։k =  g ^ F jit 

B ij =  \ {p - i ( a i j  -  a ~ 2YiYj) +  ^ m n u j } ,  B ?  =  gk*B jit

A f  =  B ?E o o  +  B mE k0 +  BkF™  +  B 0F fcm,

Am =  B mEo0 +  2 B 0F 0m, Bo =  B t f ,  

and 'O' denotes the contraction with y1 except for the quantities P0.90 and s 0.

2 . I n d u c e d  C a r t a n  c o n n e c t i o n

Let F n ֊1  be a  hypersurface of F ”  given by the equation x ՛ =  x l (un), where 

a  =  1 .2 ,3 ...(n — 1). The element of the support yl of F n is taken to be tangential to 

F ” ՜ 1, that is, it is given by formula (see |6j):

(2 1 ) 1 1  b ; ( uK .

The metric tensor gap and the /iv-tensor CQ̂  of F " ՜ 1 are given by 

9a0 =  gijB՝a B j0 , Cap-, =  C ijk B ։a B ^B y , 

and at each point (u‘*) of F n_1, a  unit normal vector N '{u , v) is defined by
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g ij{x (u , v ) .y {u ,v )}B inN i  =  0, ty{as(u , w),y(u,v)}iV’ iVJ =  1.

The angular mctric tensor hnp of the hypersurface is determined by formulas:

(2.2) h0p =  h ijB ifB ’p, hijB'a N j  =  0, h ijW W  =  1.

The inverse ( £ “ , N i) of (£ *,, N ')  is given by

Bf = Q^VijB^ BiB? = 6>l B“N< = 0, = o,
Ni =  QijW , B *  =  (]k jB jU B'nB «  +  N 'N j =  6).

The induced connection IC V  =  (r^“ , Gg, C$y) of F n՜ '  from the Cartan’s connection 

C r  =  (F * l ,  r ^ ,  C*/-) is given by formulas (see |6|):

+  r% B frB *)  +  A f|f f7f

Gg =  C f, = B°C'lkB’eB\,

where

and

The quantities M/j-v and 11$ are called the second fundamental D-tensor and the 

normal curvature vector, respectively (see [G]). The second fundamental /i-tensor I I ^  

is defined as follows (see (6)):

(2.3) HPl =  Ni(B%, +  r ; j .B jB * )  +  

where

(2.4) .  =

The relative /i— and v—covariant derivatives of the projection factor B'a with respect 

to IC Y  are given by

%  |  BaffN *, B'a y  =  M apN*.

It easily follows form equation (3.3) that Hpy generally is not symmetric and satisfies 

the equation

(2.5) II0y -  | L  =  MpHy -  Myl-Ip, 

implying that

(2.6) //o7 =  Hy, / /7 o =  Hy +  Myllo.

The following lemmas, due to Matsiunoto |6|, will be used in Section 4.
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L e m m a  2 .1 . The normal curvature Ho =  H gv^ vanishes i f  and only i f  the norm al 

curvature vector H$ vanishes.

L e m m a  2 .2 . A hypersurface is a  hyperplane o f the first, kind with respect to

the connection C'T i f  and only i f  H a  =  0.

L e m m a  2 .3 . A hypersurface F^n ֊1 * is a hyperplane o f the second kind with respect 

to the connection O F i f  and only i f  I IQ =  0  and H Qtj =  0.

L e m m a  2 .4 . A hypersurface F (n ֊1 )  is a  hyperplane o f the third kind with, respect to

the connection C T  i f  and only i f  H a  =  0  and H a p =  M a g =  0.

3 . A  HYPERSURFACE F ( n ֊1 ) (c )  O F A SPECIA L F lN S L E R  SPACE

2
Let. us consider a  Finsler space with the m etric L  =  a  +  ft +  where the 

vector field bi(.r) =  is a  gradient o f som e sca lar function b (x). Now we consider 

a  hypersurface F^r a ֊, ^(c) given by the equation b(x) =  c,. where c  is a  constant (see

[10]). From the param etric equation x l =  x ։ (u՛1) o f  F ”  (e) we get

|  o.
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f M S !

S11
showing that bi(x) is  a  covariant component o f a  norm al vector field o f the hypersurface 

F n - 1(c). Further, we have

(3.1) •• b jB la  =  0 an d  biy* =  0, th a t i s ,  ft =  0,

and the itiduced m atric L (u . v) o f F ” ~ l (c) is given by

(3.2) L(u, v) =  a a p v ° v (i, a Qp =  a ij B ta B 3p , 

which is a  Riem annian metric.

Taking ft =  0 in the equations (2 .2), (2.3) and (2.5) we get

(3-3) p  =  4, 9o =  4 ,  g _ i = 0 ,  9-2 =  - 4 a ՜ 2,

Po =  8. p_j =  4 a ՜ 1, p _2 =  0, t  =  16(1 +  62),
1 1 H P

.1/1 ■ L9N* g-1 =  - 8 -2  =
4(1 +  62)’ 4 a ( l  +  fr2)'՜ J  4 a 2( l  +  62) '

From (2.4) we get

(3.4) g ij =  - a i j ------ ------b'b1 _______ -____ (& V  +  & V )  + _____-_____ vivi
4 4(1 +  ft2) 4 a ( l  +  b * y °  *  +  V ] +  4 a 2( l  +  62) y

Thus, from (4.1) and (4.4), along F , , ֊1(c) we obtain
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* * * * * =
Therefore we have

(3 .5 ) W ) ) - l -2 =  a « M j ,

where 6 is the length o f the vector 6*.

N ext, from (4.4) and (4.5) we get

(3.6) y = a %  =  ՝ p j g p  +  (,a>
1 ]] { l  +  b H m a 2)}2 1 +  62 (1- a 2) '

T h us, we have the following result. _

T h e o r e m  3 .1 . In  a  special F insler hypersurface F^n_1, (c). the induced Riemannian  

m etric is  given by (4-2) and the scalar function b(x) is given by (4-5) and (4-6).

Now, observe th a t the angular metric tensor h ij and the metric teusor gtJ o f F "  

are given by form ulas:

՛ 4 4(3.7) hij =  4aij +  4b ib j---- jViV} and gi} =  4atJ- +  8bibj +  —(6jVj +  bjYi.
a *  a

.<«) 
atiFVorn equations (4.1), (4.7) and (3.2) it follows that if h * l  denotes the angular metric 

tensor o f  the Riem annian (iij(x ), then along F"rJ l we have hnfi =  fcW. Thus, along

1 we have and hence from equation (2 .6 ) we get

I f  =  i l l  m i =  bi.

Therefore, in the special Finsler hypersurface F ^  the /?v-torsion tensor becomes

(3.8) C ijk  =  - —{hijbi,. +  hjkbi +  hkibj) +  —6, 6̂ 6* .

N ext, it follows from (3.2), (3.3), (3.5), (4.1) and (4.8) that

(3.9) an d  " - = ° -

Therefore, it follows from equation (3.6) th at Ha0 is symmetric. Thus, we have the 

following result.

is  given by (4-9) and the second fundam ental h-tensor H a p is symmetric.

T h e o r e m  3 .2 . The second fundam ental i ’-tensor o f the special F insler hypersurface
r (n- 
(«)

Now, from  (4.1) we have biB'a =  0, and hence

+ Iflf! |/9 = 0 .
43



Therefore, using the equality 6j|«# =  fr,|\jB^ +  bt\jN^ H $y from (3.5) we obtain

(3.10) bi\jBlnB jp +  bi\jBlnNJHp +  biHagN' =  0.

Since bi\j =  -bhC-j, we get b,\i B ,n Nj  =  0. Therefore, taking into account that frp  is 

symmetric, from equation (4.10) wc have

(3.11) y  4 iT T P j//" 9 +  =  °-

Next, contracting (4.11) with and using (3.1), we get

V. K. CHAUBEY AND A. MISHRA

Again contracting by va  the equation (4.12) and using (3.1), we have

| p >  /  i ( iTpj tf“+ I  °- ■

It follows from Lemmas 3.1 and 3.2 that the hypersuface is a  hyperplane of

first kind if and only if H0 =  0. Thus, in view o f (4.13), it. is obvious that. F ^ 1 is 

a  hypcrplane of first kind if and only if fr,|j!/'?/J  =  0. On the other hand, fr̂ u being

the covariant derivative with respect to CY  o f F n is defined on y \  but fry =

is the covariant derivative with respect to Riemannian connection { ’-*} constructed 

from Uij(x). Heucc fry docs not depend on y*.

Below we consider the difference fr,u — fry, where fry =  V.7fri- The difference tensor 

D jk =  Tyk — {՝jk } is given by (2.10), and since fr, is a  gradient vector, then from (2.9) 

we have £,-/ =  fry, F y = 0  and  F j  =  0. Thus, (2.10) reduces to the following

(3.14) D jk =  B'hjk  +  Bjbok +  B'kb()j — bom9 imB jk  — C jmAk‘ —

CiuAT + C]kmA'?g'* + + C iM S -  <?%(&,),
where

(3.15) Bi =  8fr,- +  4 a ~ 1Y'i , =  +

Xm =  B mfroo, B y  =  ֊( a y  ֊  ^ )  +  -fr .fr., 
a  a '  a

(1 +  6fr ) y j  . ,n T37H1 , Dmt
2o 2Cl + fr2) ՝ k ~  k 00 fc0՜

In view of (4.3) and (4.4), the relation in (2.11) becomes to by virtue of (4.15) we 
have B j  =  0, B i0 =  0 which leads A tf =  B mfr00.
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Now contracting (4.14) by yk we get

Djo =  B'bjQ +  Bjboo -  B mC tjmboo-

Again contracting the above equation with respect to yi we obtain 

D'oo =  B lbm =

111 
(C)

HYPERSURFACES OF A FINSLER SPACE ...

In view of (4.1), along F, "  1 we got.

Now we contract (4.1G) by y-> to obtain

(3-17) 6i£,» o = ( r T F j ^ -

Prom (3.3). (4.5), (4.6), (4.9) and M „ =  0 we obtain

bibmq mB i  =  b2Ma  1 0 .

Thus, the relation i/£|7- =  btj  — brD '֊j and the equations (4.16), (4.17) give 

bi\jylyi =  boo — brD'm) =  y f̂pfeoo- 

Consequently, the equations (4.12) and (4.13) can be written as follows:

(3‘18) P  4(1 +  b2) ̂ a +  1 +  62'

b2 1
■Ho +  , --,-zbao =  0.

4(1 + b 2) 1 + b 2

Thus, the condition IJo =  0 is equivalent to boo =  0- Using the fact that 3  =  biy' =  0 

the condition boo — 0 can be written as b^y'y3 =  biy'bjy3 for some Cj(x). Therefore, 

we can write

(3.19) I 2bij =  biCj +  bjCi-

Now from (4.1) and (4.19) we get

boo =  0, b ijB ^ B i =  0, bi3B'a yj =  0.

It follows from (4.18) that Hn =  0, and hence in view of (4.15) and (4.19) we get 

bio# =  Am =  0, -4‘ B j  =  0 and B ijB ixB J0 =
Next, we use the equations (3.3), (4.4) (4.6), (4.9) and (4.14) to obtain
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Thus, the equation (4.11) reduces to the following

I ft2 „  ft2(4 +  3fe2) ,
(3,21) у 4(1 +  ft2) ^ 16o'(l +  b2)2 ^ ~  ' : ՛ / • ՛  A

a n d  hence the hypersurface is umhilic. Thus, we have the following result.

Theorem 3.3. A  necessary and sufficient condition for to be a hyperplane of
first kind is (4-19). In this case the second fundamental tensor of is proportional 
to its angular metric tensor. 

N ow . taking into account that by Leinina 3.3, F̂ t" ^ is a hyperplane of second 
k in d if and only if Ha =  0 and Hnp =  0, from (4.20) we get cq =  c,(x)y* =  0. 
Therefore, there exists a function t/>(x) such that с,- (x) =  0(x)ftj(x), and, in view of
(4 .19 ), w e get 2fty =  b i(x )t i> (x )b j(x )  +  b j(x ) i f i (x )b ,(x ) .  The last equation can also be 
w ritten  a s  follows 6 y  =  i j:(x )b ib j. Thus, we have the following result.

Theorem 3.4. A  necessary and sufficient condition for a hypersurface F/^~ to be 
a hyperplane of second kind is (4-21).

Putting together Lemma 3.4 and formula (4.9), we conclude that. F£̂ ~1 is not a 
hyperplane of third kind. Thus, we have the following result.

Theorem 3.5. The hypersurface Fm ~ is not a hyperplane of the third kind.
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