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A b s t r a c t .  In this paper we obtain sufficient conditions for the bi-hartnonic differential 
operator A =  +  q to be separated in the space L~ (M ) on a  complete Riemannian
manifold (M ,g ) with metric g, where Д д  is the magnetic Laplacian on M  and q >  0 

is a  locally square integrable function on M . Recall that, in the terminology o f Everitt 
and Gicrtz, the differential operator A is said to be separated in L 2(M ) if  for all u  €
L 2(M ) such that A u  £  L 2(M ) we have A ^ u  G L 2(A/) and qu 6  W m
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1. I n t r o d u c t i o n

The separation problem for differential operators was first introduced in 1971 by 
Everitt and Giertz |10|, then this problem for different differential expressions was 
studied by many authors, such as Boimatove [4|, Brown |6-7|, Mohamed and Atia [16- 
17], Zayed et al [19], Atia et al [1-3], etc. In [14], Miiatovic has studied the separation 
property for Schrodinger operators on the Riemannian manifolds. Recently Miiatovic
[15], has introduced the magnetic Schrodinger operator of the form L  =  Лд +  q on 
a complete Riemannian manifold (M, g) with metric g, where А д is the magnetic 
Laplacian on M  and q >  0 is a locally square integrable function on Af . Sufficient 
conditions for the operator L  to be separated in L2 (M ) were obtained in [15]. Atia et 
al [2] have studied the separation property for the bi-harmonic differential expression 
of the form A 2e  + q with E =  0.

In this paper we generalize the results of [2] to the magnetic bi-harmonic differential 
expression of the form A =  A 2E + q, where E փ  0. Let (M , g) be a Riemannian 
manifold without boundary (that is, M  is a C°°-manifold without boundary and
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(gjk) is a Riemanniaii metric on A/), and let dimM  =  n. We w ill assume tlia t M  is 
connccted.

Throughout the paper we use the following notation. By dp. we w ill denote the 
Riemannian volume element of M, by L2 (M) we denote the space of complex-valued 
square integrable functions on Л/ with the inner product:

(1.1) ' (u,v) =  J (uv)dn,
M

and Ц-ll denotes the norm in L2 (M) corresponding to the inner product (1.1). We 
w ill use the notation L2 (A1T*A/) for the space of complex-valued square integrable 
1-forms on А/ with the inner product:

I I  W * W r - M T =  /  (W,T)<fo,
Ai

where for 1-forms W =  Wjdx* and Փ =  Фkdxk, wc define (W, Ф) = 
where {g* ) stands for the inverse of the matrix (gjk), and Ф =  4?kdxk. (We use 
the standard Einstein summation convention). By і|*||^з(л>г*аі) we denote the norm 
in L2 [A lT *M ) corresponding to the inner product (1.2). By C°° (A/) we denote 
the space of smooth functions on M , by C£° (A/) — the space of smooth compactly 
supported functions on A f, by f l1 (Л/) — the space of smooth 1-forms on M  and by 
Ղ1 (M ) — the space of smooth compactly supported 1-for ms on M.

Recall that a magnetic potential is a real valued 1-form E  € f t1 (A/), and note 
that in any local coordinates x 1. x2, . . . ,  xn, the form E  can be written as E — EJdxJ, 
where E j =  E j(x) are real valued Cx —functions of the local coordinates. The 
operator d : C°° (A f) —► f l1 (A/) stands for the usual differential and by dg : C°° (A/) 
-4 Զ 1 (A/) we denote the deformed differential defined by ժ ք (ս )  =  d u+ iu E , for every 
и € C°° (A /), where * =  y/—l. We denote the formal adjoint of ds by d*E : П1 (Af) —>■ 
C°° (M ) which is defined by the identity: (rf^u, w )l3(a*t*a/) =  (u- ̂ *Ew ), V u e  
C ~ (A /). w € П1 ( i f ) . By Дд = <rBdE : C°°(M ) -> C°°\m ) we denote the 
magnetic Laplacian on Af, with magnetic potential E. In this paper we consider 
the bi-harinonic differential expression:

(1.3) л  =  д !  +  <,,

where q € L2oc (A f) is a real-valued function, called the electric potential. Also, we 
use the notation

(1.4) D i =  {u  e L2 (A/) : Au g L2 (A /)}.
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D e fin itio n  1 .1 . Using the terminology o f E veritt and G iertz j l l j .  we say that the 
differential expression A = A% +  q is separated in the space X»2 (M ) i f  for a ll и € D \ 
wc have Д \m  € L2 (M) and qu € L2 (M ).

D e fin itio n  1.2. Let A be as in (1.3). We define the m inimal operator S in L2 (Al) 
associated w ith  A by the formula Su =  Au w ith domain Dom(S) =  C£° (M ).

R em ark 1 .1 . Since S is a symmetric operator, it  follows that S is closable (see [12], 
Section V.3.3). In what follows, we w ill denote by S and Sm the closure and the 
adjoint o f the operator S in L2 (M ). respectively.
Lem m a 1.1. I f  (M ,g) is a complete Riemannian manifold with a metric g and 
a jK>sitive smooth measure dp. and i f  0 <  q € L 2oc (M ) , then the operator S is 
essentially self-adjoint in L2 (M ) (see [5, 8, 13, 18j). Moreover, in this case we have
S =  S* (see խ , Ш І
D e fin itio n  1.3. The set of admissible parameters P  С i ?.3 is defined to be the set 
of parameters (a, /3,7 ) 6 Я՜1 satisfying the following three conditions: (1) 7  >  0; (2) 
0 >  0; (3) 0 <  a/3 <  1 or a =  0 =  1.

2. T h e  m ain r e s u l t  

The main result o f the present paper is the following theorem.

Theorem  2.1. Let (M .g) be a complete and connected C°°—Riemannian manifold 
without boundary, with a positive smooth measure dp and a metric g satisfying the 
following conditions:

(2.1) 0 < q(x) € Lie (M ), dq(x), <Pq(x) € Lfoc (M ) ,

(2-2) | |A ( * )  и (*)|| <  Ci ||<7-(ж) u (* ) ||,

(2.3) IIdq(x) гім(ж)|| <  Շդ ||(/^(.т) и (ж )|

fo r every x  € M  and и € Cc°° (M ) , where Ci >  0 and C2 >  0 are constants with 
Ci +  2(7շ € [0,2). Then the differential expression A defined by (1.9) is separated in  
the space L2 (M ) .
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Proof. Let (a, 0, 7 ) € P and и 6 С™ ( M ) . By the definition (1.3) o f the expression 

A, for every u € C *  (A f), we have

||Au||2 =  (A |tt +  qu, A |u  +  gu)

=  IIД  eu II* +  2R r (д е«! դ* )  +  I M I 2

=  ЦЛ^ііЦ2 +  2Re (A2Eu, Au -  & Eu) +  \\qu\\2 

=  -  Иձ ը ս \ \2 +  2Re (A |u , Au) +  \\qu\\2

= i (:2 0 ՜1 -  1) ||A|u||2 -  2 0 ՜1 (A|u, A|u) + 2Re (Д |и , Au) + \\qu f 

=  (2 0 ՜1 -  1) ||A |u ||2 ֊  2/3_1Re (A |t i,  Au -  gu) +  2Re (Д |и , Au) +  ||gti||2 

=  (2/3՜1 — 1) I) A ^ ti||2 +  2/3֊1Rc (A |;U , qu)

(2.4) +2(1 -  j0_1)Re (A  2Eu, Au) +  ||H |2 •

For any imaginary number z, we have

(2.5) - W < R e * < | z | .

Also, for any two positive real numbers a and b, we have

(2.6) ab < -a 2 +  ֊ & ,

where A; is a positive real number. Hence, applying the inequalities (2.6), (2.7) and 
the Cauchy-Schwartz inequality, we get

2 (1 -  /9_ l)Rc (A |« , Au) >  - 2 1(1 ֊ 0 ՜ 1) (A |m ,A u )|

=  —2 | l  -  ft~l \ | (A |u ,A u ) |  >  - 2 \ \ - 0 - l \ | |A |tt|| II/luII

(2.7) > - | ւ - / յ ՜ 4  (4 ||д н іа+ * -1и«іі2)- *

Since q > 0, by the definitions of dE and dE, we obtain

Re (A jg ti, qu) =  Re (qu, A | u) =  Re (AE(qu), A Eu)

=  Re ((<Pq)u +  2(dq){du) +  q( AEit), A  ք ս )

=  Rc ((d2q)u, A Eu) +  2Rc ((dq)(du), Д я «) +  Re (?(Д яи), A ^u )

(2.8) =  Re ((гі2</)м, Д Eu) +  2R.e ((dq)(du), A Eu) +  JJrya Д^-иЦ .
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Next, by using the Caucliy-Schwartz inequality, the inequalities. (2.5) and (2.6) with 
к = 7, and the conditions (2.2) and (2.3), we can write

Rc ((<Pq)u, Aeu) > -  |{(</2д)м, Acu)| >  ֊  ||(d2«)u|| ЦЛ І̂І
> -C i ||ց$ս|| ||AzHI =  -Сі ||ցս|| ||ց*A c u||

(2-9) >  - С ^  \\quf -  Ci-—  ||<7* AEu||2,

and

2Re ((dq)(du). A eu) >  —2 1(dqdu, Aem)| >  —2 ||dtfdu|| ЦА̂ иЦ

>  - 2 Օշ ||ց$ս|| ||Аь՝и|| =  —20շ ||ցս|| Цд^А^иЦ

(2.10) > -о2Т|МІ2 ֊  027՜1 ||<г* д*і*||2.

Taking into account (2.9) and (2.10), from (2.8) we obtain

Rc (AgU, qu) >  -  ( C i |  +  О27)  R jjf]  +  ^1 -  O i ^ ֊ -  О27՜ 1)  ||<F А яи|| , 

implying that

20-'քԱ(ձ.%ս,տւ) > ֊0՜կ(Շլ+2Շւ) IMI2
(2.11) 1 1 1  (2 1 Ш  -  2C27՜ 1) | | |  A f iu f  •

Taking into account (2.7) and (2.11), from (2.4) we get

( 2 . 1 2 )  ( 1  +  | 1 ֊ г ‘ |  * - ‘ )  H u l l 2  >  (1  -  r ' C i  7  -  2 4 І І Ш  И з ' Ш

■Hr1 (շ -  С о ՜1 -  2 С Л ՜ 1 )  ||?і д£и|а + ( 2 J3՜1 -1  - 11 -  Г 111  | | Д Н | а  .

If ар <  1, we choose к >  0 such that 1 +  |l -  0~l \k ՜1 =  (a/3)՜1, and multiply both 
sides of (2.12) by a/3 to obtain

| | ճ « ||2  >  a  ( 0  —  0 i 7  —  2 О 2 7 )  l |g u ||2  +  a  ( 2  —  О 17 ՜ 1  —  2 О 2 7 ՜ 1 )  j | g - A e u | J

(2.13) +a0 (20~l -  1 -  |1 ֊  Г 111 k) || A |u ||21 

Next, we show that the following equality holds:

(2.14) r*0 (2/Г1 -  1 -  |l -  Р~г\к) =  1 -  (1 -  a )2 (1 — a/3)"1.
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Indeed, since 1 +  |l -  0~l \k ՜1 =  (a/3)՜1, we have к = — L Hence, we can 
write

a 0 (2/Г1 ֊  1 ֊  |1 -0 ~ 1\k )= a 0  ( շ 0 ՜1 -  1 ֊  ^ І 1 ՜ ^ ՜ 1! \  
у l -  ар I

„  ( 20~1 -  2tt -  1 +  a0 -  a0|1 -  r ' | J\
I --------------1 -of) ------- 11

2ot -  2ot2P ֊<*$ + a2#2 -  а2/?2 (1 -  20֊* + ft՜2)
1 — aft

—a/3 — a2 + 2a  (1 — a0) — (1 — a)2 2 .
" -----------------------------1 ^ 0 -------= l - ( l - a )  (l-a /3) .

Now from (2-13) and (2-14), we get

\\Au\\2 >  а ( /и -С і7 -2 С а 7 )ІМ |2 +  о (2 - С і7 _ , -2 С 27 " І) М Д в «||2

(2.15) +  ( l  -  (1 ֊  а )2 (1 -  a/3)՜1)  ||ճ |ս ||2 .

If a  =  0 = 1, we can take any к >  0 in (2.13) to obtain

IliMI2 >  ( 1 ֊ С 7 і 7 ֊ 2 С 27 ) М |2 +  ||А 'Н Г

(2.16) +  (2 -  Ci7"1 -  2C27" 1) |խ*AEu f .

Prom (2.15) and (2.16), we obtain

(2.17) а||ди||2 +  ь | |^ Л £ « | + с ||Д |и ||2 <  ||ճս||2, 

where а =  а  {0 -  (Ci +  2Շշ)7) , ծ =  а  (2 -  (Ci +  2(7շ)7~!) and

_  f 1 -  (1 -  а )2 (1 -  а^)"1 if а0<1I \ і  if а = 0 = 1.

If Сі +20շ € (0,2), then there exists an admissible triple of parameters (a,0,y) € P 
satisfying the inequalities:

(2.18) 0 >  (Ci +  2C2)7, 27 >  Ci +  2C2, and a +  0 < 2 ,

which implies that а >  0, b > 0, and с >  0. If Ci =  C2 =  0, then from (7) and (8) 
we get d2q(x) u(x) =  0 and dq(x) du(x) = 0, for every x € Ad and u € C£° (Af) . 
Consequently, we have A e {qu) = Գ (Ae«) , and for every и € C£° (Af), we can write

(2.19) ||ճս||2 =  (Au, Au) =  (A%u +  qu, AEu + qu)
35



=  \\A 2e u\\2 +  2Rc (A 2Eu }qu) +  \\qu\\2 =  f e - u j f  +  2Rc {qu, A% u) +  U r f  

=  ЦАдіхЦ2 +  2Rc (A e (q u ), А & ս)  +  ||gu||2 

=  II A | M||2 +  2Rc (q (A  Et i) , A e u) +  M l 2

=  ||A£-ti||2 +  2 \qbAEu  I +  M l 2.
I t  follows from  (2.17 (2.19 th a t the inequa lity (2.17) holds fo r a ll u  G Cj!° (A / ) ,

w ith  a >  0, b >  0, and с  >  0 i f  C \ +  2Q> €  [0 ,2).

Now we proceed to  prove th a t under the hypotheses o f the theorem  the inequa lity 

(2.17) holds fo r a ll и  €  D \.  To th is  end, observe firs t th a t from  the completeness o f 

(M ,g ), i t  follows tha t the operator S is essentially se lf-ad jo in t and Dom(S) =  D \. Le t 

и €  D \,  then there exists a sequence {u „ }  in  C *  (M )  such th a t u „  —> и  and A u n -> 

Su in  L 2 (A/)  as n  - t  oo. A pplying (2.17) w ith  u  =  u „ -  um, we conclude th a t the 

sequences {g u „} . { A | u „ }  and {g i A ^ u ,,}  are Cauchy sequences in  L 2 ( M ) . Since 

ЦАет^Ц2 =  ( A Eu „ , A EUn) =  {A 2Eun,u n) <  ||A |.« f l || ||u „ ||, and { A |.« „ }  and { t t „ }  

are Cauchy sequences in  L 2 (M ) , i t  follows th a t { A f U „ }  is also a Cauchy sequence 

in  L 2 ( A / ) . Taking in to  account th a t the operator A e  is essentially se lf-ad jo in t on 

Cr°° (A f) (see [17]), we have

(2-20) А с и »  Ц  A g u .

im plying th a t

(2.21) q* A Evn Q* & e u  and A 2Eun A 2Bu,

in  L 2 (A f) as n -¥ oc.

F ina lly, taking  in to  account th a t {qun } is a Cauchy sequence in  L 2 (M )  and 

C£° (Л /) is dense in  L2 ( A / ) , i t  follows th a t

(2.22) qu,, Щ qu ,

in  L 2 (A /) as n -»  oo. Now, replacing и by u „  in  (2.17), passing to  the lim it as n  —> oo 

in  a ll term s, and using (2.20) (2-22), we conclude th a t the  inequa lity (2.17) holds for 

a ll u e  D ). Th is means tha t the d iffe ren tia l expression A  defined by (1.3) is separated 

in  the space L 2 (A /). T h is completes the proof o f the theorem . □
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