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Abstract. Lo t G be n homogeneous g roup, and le t X\, ճ շ ,  ■ • • . * я о  be le ft- in va ria n t

real vec to r fie lds on  G th a t  are homogeneous o f  degree one w ith  respect to  the  d ila t io n

g ro u p  o f  G and  sa tis fy  H o rm andcr's  co n d itio n . We establish a  re g u la r ity  resu lt in  the
PO

O rlic z  spaces fo r  th e  fo llo w in g  equation : Lu(x) =  £  aij(x)XiXju(x) -  / ( :r), where
j= i

a ։ j (x) are rea l valued, bounded m easurable func tions  defined on G, sa tis fy in g  the  u n i

fo rm  e ll ip t ic ity  c o n d itio n , and be longing  to  the  space V M O (G )  (V an ish ing  Mean 

O s c illa t io n ) w ith  respect- to  th e  s u b e llip tic  m e tric  induced b y  th e  vecto r fie lds X \ , ճ շ ,
• • •, Лр0.

M SC2010 numbers: 35R03, 49N60.

Keywords: O rlicz estimate; homogeneous group: non-divergence degenerate elliptic 
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1. I n t r o d u c t i o n  a n d  m a i n  r e s u l t s

L e t1 G  be a homogeneous group, and le t X \ , X  form  a system o f Г "*

real vector fields defined on R  v  (p« <  N ),  which are le ft iuvariant w ith  respect to  the 

left translations on G  and are homogeneous o f degree one w ith  respect to  the d ilation 

group o f  G. Also, assume tha t they satisfy the fin ite  rank condition at every point of 

R ,v, th a t is,

тапЩХ ......... XpoXx) = N, X e Ш*,

where £ ( X i , . . . ,  Xp^) denotes the Lie algebra generated by the fields A ' i , . . . ,  Xp,,.

1This w o rk  was supp orte d  by th e  N a tio n a l N a tu ra l Science F ounda tion  o f  C h in a  (G ran t Nos. 
11271299 and  11001221), th e  M ath e m a tica l T ian yu a n  F ounda tion  o f  C h in a  (No. 11126027), N a tu ra l 
Science F bu u d a tio n  o f  S hanxi P rovince  (N o. 2014021009-1) and th e  S c icn tific  and Ttechnologial 
In n ova tio n  P rogram s o f  H ig h e r E du ca tio n  In s titu tio n s  in  S hanx i (N o . 2015101).
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Our aim is to establish regularity results in the Orlicz spaces for solutions o f the 

following equation
Po

(1.1) Lu(x) =  5 3  <4 j(x )X iX ju (x ) =  f  (s), X 6 G,
i,i=  І

where po <  N , A  =  (а у (х )| are real valued, bounded measurable functions defined 
in  G. satisfying very weak regularity conditions, namely, they belong to the class 

VMO(G) defined w ith respect to the homogeneous distance. Also, the m atrix (ay(x)) 

is assumed to satisfy the condition:
Po

a tj =  tt ji, I / " 1 ІСІ2 <  £  « y ( * ) 6 6  <  ИСІ2 ,
ijm  1

for every i , j  — 1,... , po, Հ 6 R,,n; v >  0 and a.e. x € G-
In 1967, Hormander [12] investigated the operator L \ =  +  -^o. and

pointed out that the finite rank condition implies the hypoellipticity o f L \. In [8|, 
Follaud proved that homogeneous hypoelliptic operators on nilpotent groups have 

homogeneous fundamental solutions. Later, Dramanti and Brandolini [4| have obtained 
V ' estimates for the operator L on homogeneous groups. The Orlicz spaces originally 

introduced by Orlicz [17] as generalizations of Մ  spaces in  Euclidean groups, have 

been extensively studied in the literature (see |1, 13, 14, 22] and references therein). 
The theory of Orlicz spaces plays a major role in a wide range o f areas (see (IS]). A 

number o f papers are devoted to regularity theory o f e llip tic equations in the Orlicz 

spaces (see [2, 13, 21]. C riteria of weighted inequalities in Orlicz classes for maximal 

functions defined on homogeneous type spaces were obtained by Gogatishvili and 
Kokilashvili in |10|.

D e fin itio n  1.1. For a measurable function f  Հ  l Lc(g ) ՛ denote

(1.2) n /W  =  sup T—  /  I /M  -  f Br\ dy, Я >  0,
BrCG  \oT\ JBr

where fe r ** the average of f  over Br . A function f  is said to belong to the class 
В M 0(G ) (Bounded Mean Oscillation on G). i f  ||/ ||, :=  sup3jT//(3?) < +oo, while we 

say that f  € VMO(G) (Vanishing Mean Oscillation), i f  1ітя->о т//(3і) =  0.

The class o f a ll functions ф : [0, oo) —» [0, oc) which are increasing and convex we 
denote by Ф.

D e fin itio n  1.2. A function ф € Ф is said to be a Young function i f

# )  _  i:_ І
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D e fin itio n  1.3. A Yount/ function ф € Ф w said to satisfy the global V 2 condition, 
denoted by ф e V 2> i f  there exists a number a >  1 such that Փ(է) <  for every 
t >  0.

D e fin itio n  1.4. A Young function ф € Ф is said to satisfy the global Д2 condition, 
denoted by ф e ձ շ ,  i f  there exists a positive constant К  such that fo r every t >  0

(1-3) Փ(2է) <  Кф(1).

Lem m a 1.1 ([6]). Let ф be a Young function. Then ф € V 2 Ո  Д 2 i f  and only i f  there 
exist constants A2 >  A \ > 0  and orj > q2 > 1 sucbJhat fo r any 0 < s < t

Moreover, the condition (1.2) implies that fo r 0 < 9 լ < 1 < 9 շ < օ օ

(1.5) $ Ш )  <  А2Ѳ?ф(І) and ф(Ѳ2І) < ձ ^ ^ 'Փ ( է ) .

A simple example of functions Փ(է) satisfying the Д 2 Ո  V 2 condition Ls th e  power 

function Փ(է) =  tp w ith p >  1. Moreover, we remark that the Д2П V 2 condition makes 
the function grow moderately. For instance, Փ(է) =  | t |p ( l  +  | log |i11) e Д 2 Ո  V 2 fo r 

p >  1.

D e fin itio n  1.5. Let ф be a Young Junction. The Orlicz class K*(G ) м defined to be 
the set of measurable functions g satisfying the condition:

I  l l i i B  <  с»,
J g

and the Orlicz space L*(G ) is defined to be the linear hull of К *{С ).

In  this class we consider the following analog of the Luxemburg norm:

(1.6) |խ||* = in f{*  > 0 : Լ փ  < 1}.

Observe that, in  general, К *  С Լ փ. However, i f  ф satisfies the global Д 2 condition, 
then we have К ф =  Լ փ. Moreover, i f  g 6 L*(G), then / G 0(|.9|)rfa- can be written in 
the form (see [21]):

(1.7) Լ  ф{\д\)вх =  J J 31{* 6 G : խ | >  A}|d[0(A)].

Lem m a 1.2 ([6]). Let U be a bounded domain in G and ф 6 V 2 Ո  Д 2. Then 

L a'(U ) С Լ Փ{Ս )  С Լ 1'Հ Ս )  С Լ Հ Ս ) ,  

where £*ւ >  а2 >  1 are as in Lemma 1.1.
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For p € [1, oo] we define
Po Po

11 -0ս ||ձ» .(օ =  Л  IIa ’j u IU " (g ) .  I | 0 2m |I/> (g ) =  5 3
յ ա  1 » , j= l

Similarly can be defined ||Z>mu||* for m =  1,2.

D e fin ition  1.6. Let ф be a Young function. The Orlicz-Sobolev space S2,*(G) is 

defined to be the set of those functions и € L*(G) whose derivatives D h и also belong 

to Լ Փ{Շ ) fo r all 0 < h < 2 such that |M|s2.«-(g) =  Ц-О^иЦ  ̂ is finite.

As in the case of ordinary Sobolev spaces, (G) is defined to be the closure of 

Cq°(G) in Տ2՝Փ(Շ).
In this paper, by using the same techniques as in (20, 21], an approximation 

argument and the reverse Holder inequality, we obtain Orlicz estimates for solutions 

of equation (1.1). The main result of the paper is the follovnng theorem.

Theorem 1.1. Assume that ф € Ф is a Young function and ф € Д г Ո  ^7շ. I f  f  6 

L*{G) and и € S2,*(G) is a solution of equation

Lu — pu — f  in  G,

then there exist positive constants po and с such that fo r any p  >  po, we have

(1.8) J  (̂|D2u|) + Փ(\ռս\) + ф(\и\№х < сԼփ(\ք\)ժո,
where the constant c. depends only on G, v, po and ф.

The paper is organized as follows. In Section 2, we introduce the notion of homogenous 

groups. In Suction 3 wc derive several lemmas, which are used to prove the main result. 
Section 4 is devoted to the proof of the main result - Theorem 1.1.

2. H o m o g e n o u s  g r o u p s

Given a pair of smooth mappings:

[(x,y) H j o y ] : R w x R v - t  Mw; [x -► я ՜1] : R * -> R *.

The space R^ together with these mappings forms a group with the identity being the 
origin. Next, assume that there exist 0 <  ա\ <  աշ < . . .  <  и  ի/, such that the dilation 
D(e) ՛■ (хі,...,®лг) >-» ( fp 'x i , . . . ,qwnxn ) is a group automorphism, for all g >  0. 
The space R^ with this structure is called a homogeneous group and is denoted by 
G. For more details on the subject we refer to |4, 19].
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A homogeneous norm || • || on G is defined as follows. For any x € G \{0 } we set

||x|| =  p ~ |D ( l /p ) x |  =  l ,

where | • | denotes the Euclidean norm, and also let ||0|| =  0. Then we have

(i) ||D(p)x|| =  p||x|| for every x 6 G, ջ  >  0;
(ii) there exist constants c i,c2 >  1 such that for every x. у € G,

I I* ՜1 I I1  ci INI;

||х о I/ll <  c2(||x|| +  lli/ll)- 

In view of the above propei^es, it  is natural to-clefme the quasidistance d(-. •) by

(2.1) d(x,y) I  ||y֊1 ox||.

We denote the ball with respect to d by

(2.2) Br (x) =  { y e G :  d(x, y) <  r }  .

Note that B (0 ,r) =  D (r)D (0,1) and

(2.3)

where x € G, г  >  0, and

(2.4) Q  =

which is called the homogeneous dimension of G. By (2.3). the doubling is valid, 

that is. |£ (x ,2 r)| <  c|i?(x, r)|, x  € G, r  >  0, and therefore (G, dx, d) is a space of 

homogenous type.

In what follows, we w ill define another homogenous group S. whose underlying 

manifold is Rw+1, endowed with the composition law

(x , t )© (y ,r )  =  (tco y , t  +  r ) ,  (x ,*)"1 =  ( x ՜ 1, - t )

for any (x ,t) ,(y ,r )  6 RjV+1. The dilation on R^ 4՜1 is defined by 'D(g) : (x, t) 

{Щ б), Qt) for all g >  0.

Exam ple 2.1. Consider the Heise.nberg group (7(R3.o ,D (A ))t where

(a-'bJ/iiii) ° (xi,2/i,4i) =  (xi +  x2,y i +  շ/շ, £ւ +  t2 +  2(x2yi - x i y 2)),

D(A)(x, y, t) =  (Ax, Ay, X2t).
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It is easy to check that X U X 2 are left invariant with respect to the left translations 
on G and a ir homogeneous of degree one with respect to the dilation group of G. 
Moreover. they satisfy the finite rank condition at every point of R3, that is,

3. So m e  l e m m a s

For convenience, in thus section we assume that и € Cq°(B r0) w ith some constant 

Яо > 0 is a solution of equation (1.1). Let p =  (1 +  օ շ ) /2  >  1. In fact, in the 
subsequent proof we can choose any constant p with 1 < p <  օւշ. Now we define

where M  >  1 is a large enough constant to be determined later. For any Л >  0 we set

and observe that u\ still w ill be a solution of equation (1.1) w ith  f \  instead of / .  
Next, for any ball В  in G we define

and Ex{\)  =  {x  € G : \D2u \\ >  I} .  Since |D 2«a| <  1 for x  € С \£ д (1 ), we focus on 

the level set E \( l) .

By using methods similar to that of applied in [21], we can prove the following 
three lemmas.

Lemma 3.1. For any Л >  0 there exists a family of disjoint balls {B Pi (x ,)},> i with 
Xi € E \(  1) and pi =  p { i i ,  A) > 0  such that

Л [В л (хі)] =  1, Л [Яр(хі)] < 1 for any p >  pi:

raiikC(X i ,  AT2)(x) = 3 , x € R3.

(3.1) »л =  «/(А0Л), Л  =  / / (А 0А ) , \

and

b ( i ) c U « » » , W u  negligible set.
<21

Lemma 3.2. Under the conditions of Lemma 3.1 we have

{т<=ПРІ( т ,) : \и \> 1 /(2  M )
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Lemma 3.3. I f  ф € Ф satisfies the global A 2 Ո Հ7շ condition, then fo r any Ել, b2 > 0  
we have

[  ֊  ( [  Н и <  С{Ьі ,Ь2,Ф) f  | И я .
J0 /  | G

Lemma 3.4 ([9]). Let g G L q( :B 2R)  fo r some R  >  0 and q >  1, and let f  € Lr (B2R) 
fo r r  >  q. Assume that the following estimate holds

ա I p - с[ т к я,ьУ + \к\ I f*+Й L  »**■
where с >  1 and 0 < 0 <  1. Then there exist С  =  C(G, c, g, r. 0) and e =  e(G, c, q, г, Ѳ) 

such that g G L P(B i)  /o r p G^g, g +  e) and

Lem ma 3.5 (|4|). Z.ef Cl be a bounded domain in  G and Ղ ՛ CC f2. I f  и G S2'p(Cl) 

and L a G /от* some positive integer к, 1 < p < oo and s > Q/2, then

ІМІлк-п(іі') ^ <;|l!^wl)֊vfc-r(«) +  ІМІычП)Ь 
wlier'e r  =  max(p, s), a  G (0,1), с is a positive constant and Q is as in  (2.Հ).

Lem ma 3.6 ([7)). Let p  >  1 and и G S2p(Br ). and let ՚?2 be the class of polynomials 

of homogeneous degree less that 2. Then there exists a polynomial P  G To such that

(3.2) ( \ Щ І в ՝ы ~ р т ՝ ^ ) ՝ ' ' - ^ { \ h J  Й и(і)Н |  ՛
fo r all 1 <  p <  % and q =  մՅշ՜բ > where Q is as in  (2.4) and с is a constant

independent o f Br and u.

Lem ma 3.7. For any s >  0 there exists a small enough number 6 =  6(e) G (0,1) 

such that i f  и G Cq°(B r0) is a solution of equation (1.1) in G, and

(3-3) \ h L lA- ABAdx֊ s՛
1S £ l

then there exists N i > 1 snc/i </ia£

(3.4) [  \D՝2(u -  v)|pAr < e
J b 2

and

(3.5) sup|Z)2v| <  N i,
ВI

REGULARITY IN ORLICZ SPACES FOR NON-DIVERGENCE ...
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where v is a solution of equation Y l i j=1 (a»j) X•X jv  — 0 in B \.

Proof. We first consider the following Dirichlet problem

Г =  - /  +  ES-i(«h>(®) -  M o J X iX ju ,  i f  *  6 b 4i
Լ w(x) =  0, if  ® € dB4.

In the paper |3], J. Bony proved that there exists a solution for the above problem. 

Then V =  и +  w satisfies

(3.7)
Г Z Z =1(<4j)B<XiXAx) =  0, i f  X € B4j
\  v(x) = u{x), i f  ж € 0B4.

Applying the Մ  estimates given in |4) to (3.6), we can write
r n го

/  \D2w\pdx < \ ֊ f + Y  (<4,0*0 -  {<4 j )B i)X iX j u\t’dx
J d3 J b< щ і

(«■») < c (  f  \ f \pdx +  £  f  \ (а ц (х \- (а ц )ь 2) Х ^ и \ Ч х
\ J b< -щ і  §BA

< с +  J \D2u\vdx^ < c.

Let P  € 7շ. By using the local Lp estimates given in [4], we obtain

1 в  Si5 ճա1՚“ I IMS(3.9)
<  Cr^-T f |u -

\B*\ Jba
P\pdx +  cSp.

By Lemma 3.6, for 1 < p < we get

(310) Ш * ' л- РГ* Т * ет і ' * * *
while for p >  we have

(311) И Լ 11 /P *c Լ  |յ|||8 П •
Hence we obtain the weak reverse Holder inequality

(3i2> (ա ւ  ,d2,h i/p £ c fe L  *  ■
In view of (3.9)-(3.12) and Lenuna 3.4 we conclude that there exist positive constants 
eo and С  such that

(313) HԼ іШ ^ Լ |ЛНГ+rfPsc- ;
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Next, it  follows from (1.2) and (3.3) that

REGULARITY IN ORLICZ SPACES FOR NON-DIVERGENCE ..

(3.14) а »(|Ччп) \  P+»0
t l° tf(* )  ~  (ау)взі '° f c j

. p(p+c»)-cii /  f  \  P+«0 en
<  (2 i/)  p+«u |u<j(a;) -  ( а # ) д а |cfccj <  5 * + 'օ .

Hence by (3.8) and (3.14) we can write

f  \D2w\vdx < c \  f  I / I  " d x + Y ,  f  |(а у ( і)  -  ( а ц Ю Х . З Д - Н  <  
Jbj \ J b4 іЩ  Jb< I

P+*0

|  Լ  І М 1)*"  (“ У )в« I P(,*°4D) t e j  Q f  \$ 2u\p+e°dx^j

< I  h  + 1 "+"o 11

which implies that (3.4) holds by choosing с (б* +  S ^ o 'j  <  e.

Next, we show that (3.5) is valid. Indeed, let P  6 У2 be chosen so that (3.2) holds 
for 1? =  u -  P. Then satisfies the equation (а,,-)в4 X-iXyv =  0 in Note

that G Cao(B4 ), and using Lemma 3.5 for к  =  2 and Z?i =  f t ' CC £2 =  £ 2, we 
obtain

(3-15) ІИ Іл2-**(Оі) <  cll^lli,p(D2)»

By (315) and Lemma 3.6, we get

l |0 2t;|U ~(«,) <  Ці̂ Цл2-» ^ ,) <  с||і?||/ѵр(в;г)
(3.16) I  1 I  ЧІ /Р

with a constant с independent of v. Finally, it  follows from (3.4), (3.16) that (3.5) 
holds, and N i is independent of v . , □

By applying the scaling method on homogenous groups, from Lemma 3.7 we can 
deduce the following result.

Lemma 3.8. For any e >  0 there acists a small enough number S =  6(e) € (0,1) 
.such that i f  и € Сц°(Впп) is a solution of equation (1.1) in  G, and

5  L . , m  1 1  s  *

Щ ^ i L J n ՝Pdx—
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then there exists N \ >  1 such tha t

(3.19) f  |Х?2(«д — i/ j j |pdx <  e, sup \D *v \\  <  Л ,
JBu,rt{xi) Вь,Лч)

where v* €  S2,v(։B 2oPi(x i) )  is  a solution o f equation {а*э)вы РіX iX jV  =  0 in

&20բէ (*«)■

Proof. Denoting

| n I I f B { °  ( Դ ) I  • -  л  I H I . B j  - 1 1  n
we can use the Arguments of the proof of Lemma 3.7 to complete the proof.

Lem m a 3.9. Let ф €  ճշՈՀ7շ and f  6  L? (G ). Assume tha t и  €  С о°(В ц „) w ith  some 

constant До >  0 is a solution o f equation (1 .1). Then there exists a  positive  constant 

с such that

/ * ( | I > 2u | ) d x < c /  0 ( | / | ) d x .
Jg  Jg

Proof. Since оц  €  V M O {G ), we can choose pt small enough such that (3.17) holds.
By Lemma 3.2, it is easy to see that, (3.18) is valid. It, follows from (3.1), (3.19) that
for any A >  0

|{x € B5p,(n): |XAi| > 2N,AAo}| = |{x € В5(ЧЦ  : \D*uk\ >  2W,}|
<  I t *  €  Bip.(xi) : |D 2(ua -  » i ) |  >  A fi> | +  | { i  6  » , „ , ( * , ) : |D Ju | >  Я  

= H* € B5ft(n ) : |D2(u* ֊  Հ ) |  > ЛГ,}| < 4 ,  f |DJ(ux -  ei)|»dx

<  ce|BPi(®i)|.

Setting /ւ — AAo, we can use Lemma 3.2 and (3.1) to obtain 

| { x  €  Вър, (x 4)  : |D au | >  2 N ip } \

( [  \D 2u\i>dx +  M p f  |/|Pdx
\ J  {*€ В „Д х ;) :|0 аи |> ,//2 } • ' l * 6 B n (*« ):|/|> M /(3 M )>

Then recalling the fact that the balls BsPt{x i)  are disjoint,

U  # 5p*(*i) U negligible set Э £x(l) =  (x € G : \D2ux\ > 1},

and that E \{N )  С £ * (  1) for any N  >  1, we obtain

|{x  €  G : \D 2u\ >  2 N m }\ <  5 2 | { x  €  BeP,( * i )  : lD2tt| >  2N m }\
І

*  ^ [ f ______ 1 D ’ uFdx +  M ' f  \ f \ v A

X. FENG
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Furthermore, recalling (1.7) and Lemma 3.2, we can write

/  0(|D 2ti|)dr =  Г  \ { x € G :  \D 2u\ >  2 N ^ }\d ^ {2 N lf i) ]
J G Jo

I  «  Г  ՀՏ  I /  \D 3u\” dx I гі[#(2ЛГіД)|Jo P  \J * e a .\D au\>n/2

REGULARITY IN ORLICZ SPACES FOR NON-DIVERGENCE ..

+cM” Г  МШ І/Г̂) Ф(2ЛГк*)|Jo  М" \JxeG :\f\> ,i/{2M ) J
<  cje f  <}>{\D2u\)dx  + c2 f  0(|/|)dz,

i/'G JO
where ci =  ci(G ,ф ) and c\ =  ся((7,ф ,e, M ). -  —

Finally, choosing a suitable e such that cj£ < 1/2, we obtain

f  Փ{\Թ2ս \) (Խ  < c  f  & {\f\)d x .
Jg Jg

4. P r o o f  o f  t h e  m a in  r e s u lt

In order to prove our main result, we first establish a lemma by using the method 
applied in [15, 16].

Lem m a 4.1. Let the functions ф and f  be as in  Theorem 1.1, and le t и €  C o °(B jv 2) 
be a solution o f equation Lu — fiu =  /  in  G . Then there exist positive constants /t0 
and c, depending only on G , Ф, v, Rq, such that

V ? ' f  *(|u|)<fc +  *i“ a/2 f  *( |V ti|)dx+  [  ф(\D 2u \)dx
(4_n Jg  Jo  Jo

<  с [  Փ (\Լ ս  — fiu \)d x  =  с f  Փ (\ք\)<Խ
Jg  Jg

for any Ц > цо, where аз is as in  (1-Հ).

Proof. Define й(г) =  u{x,t) =  u(x)<p(t)cos(y/j!t), Lu(z) =  Lu(x) +  where 
<p € С П -Д о /2 , До/2) ^  a cut-off function. It  is easy to check that, the coefficients 
matrix of the operator L

A — ( ^ **хпA(n+l)x(n+l) — I Q j )

satisfies (1.2) and the VMO condition. Moreover, we have Lu{z) =  / ,  where

/  =  tp (t)co e (y /iit)(L  - f i ) +  u (x )ip "(t)c o s (y /jit) -  2уД іи(х)ч?(t)s in {y /jit) .

For convenience, we denote D 2zii{x , t) =  {D 2H(x), (X u )t,H tt), where

Ш I  -  I X iX ju } ^ ,  (X u )t 1  {(JftoW jL ,.
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I t  follows from  Lemma 3.9 that

(4.2) Լ փ ( |0 ? ,fi|)d s  <  շԼ փ (\ք\)ժ Յ , 

where dz =  dxdt. According to  (1.5), we get

0(|Z?2u(x)|) <  K(\ip(t)coa{y/Jlt)\)~a ^(\<p(t)cos(y/ilt)D2u(x)\).

Since X iX ju  =  <p(t)cos(y/Jlt)XiXju(x) and cost is a periodic function, we have

(4.3)

f  ф{\02и(х)\)<іх 
Jg

=  ( ֊  Լ M t)c o s(r fI t) \r ՝d t^  J  ± {№ )c o s(y /jit )\)a ^ ( \D 2u(x)\)dxdt

<  С  J  Փ(\ւք(է)շօ8(^/յ1է)07ս{ւ)\)ժ.էժէ =  С  J  ф{\D2xu\)dz <  С  J  ф(\D2xxu\)dz,

where the constant С  depends only on N, ф. S im ilarly, we can obta in

J  d(|£)u(x)|)dx <  С  J  Փ(\փ(է)շօտ(,/յ1է)Օս^)\)<ե:ժէ

< С ^  J  Ф ^-— \Xiu)t(z) — X iv t f  [$co8{yfpt)\^ dxdt

-  ~£ki2 Ա տ Ф(\й-ті(,г)\)(1г +  Լ  Ц[Ояи\)&с^ ,

which impUes tha t

(4.4) ца>'2 Լ  tf(|Z>u(x)|)dx <  С  J^ {\{X u )t{z ) \)d z  <  С  J ^ ( \ D 2gtu(z)\)dz. 

Since

[  <K|u(x)|)d®
Jg

~  C  ~  w^c^ //W 0£W(-v ^ )  ՜  Чу/^Р՛{t)8in{y/Jit)\)dxdt,

then by choosing ц >  Ho large enough we obtain «

(4.5) Aift2 /  ф(\Ои{х)\)<1х < C  [  ф(\D2xu{z)\)dz.
Jo Js

Combining (4.2)-(4.5) and taking ц >  д0 >  0 large enough, we conclude th a t

fia* I  ф(\u\)dx +  n ° * '2 f  0 ( |V u |) ( te +  f  ф{\В2и\уіх 
Jc  Jg Jo

<  C  f ^ ( \ D 2։ ։ u{z)\)dz <  С  J  0( \f\)dz.
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Moreover, noting tha t

=  u(x)({<p\t)coa(y/iit))t -  4>"(t)cos(y/jIt)),

we have

J  Ф Ш * г  <  С  Q f  Փ(\Լս ֊  ,m \)dx +  Լ  * ( |u |)d r  J  .

Finally, combining the last two inequalities, and taking /1 >  բօ >  0 large enough, we 

complete the p roo f o f Lemma 4.1.

To prove Theorem 1.1, we also need the following result from  [5].

Lemma 4.2 ([5]). Let [X . d $ i) be space o f homogenous type. Then fo r every rp >  0 
and X  >  1 there exist շ  € (0, r0) a positive integer M and a sequence o f points 

С X  such that
00 00

U 0) ~ Xi $3 XB(*,,**)(*) < ЛС, V *  6 X .
ІЖ1 I«1

P r o o f  o f  T h e o re m  1.1. For *0 €  G  le t p €  C g°(B/f0/ 2(20))- Denote

v (x ) =  u(x)p(x).

I t  follows th a t

L v (x ) -  pv{x) =  fp  +  2 o ijX iu X i +  O iju X iX j =  g.

Assume th a t ц >  բ 0 >  0. I t  follows from  Lemma 4.1 tha t

/ i“ a f  ՓԼ\v\)dx +  p.0* '2 f  tf(|V v |)d x  +  f  ф{\D 2v \)d x < C  [  <KI$l)d*
Jc  Jg  Jg  Jg

<  C (JG <K\fXBHoM *o)\)<b +  Լ  <t>(.\uXBltoM r n)\)dx  +  Լ  0( |D u xB „o/2(x„)|)(ir). 

Taking in to  account tha t

I  0 ( |p D u |)d i<  I  0(|D u |)dx  +  f  Փ {խ Ձ թ \)(Խ ,
Jo  Jg  Jg

Լ  \PD 2u\)dx < ° Ա  4{\D 2v\)dx +  Լ  Փ (\ՌսԸբ\)(Լ%  +  Լ  Փ (\սԹ 2 р\)<Ь^ , 

we obtain

/і“а I  ф(\ѵ\)<Ь +  ца* '2 f  ф(\pDu\)dx +  f  ф{\pD2u\)dx
jg  Jg Jg

m i  *М ХВпа»(*о)\)<Ь +  ІЛаз/2 Լ  ф( \uXBRoMxo)\)dx +  Լ  0(Р«ХВЛо/а(хо)|)(^).
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Hence, using Lemma 4.2, we can write

/хвз [  0 (M )< ix  +  //“ շ/2 [  ф ф ѵ$)(Ь  +  I  Ф № 2и \)(Ь  
J g  Jg  щ

=  na* [  (f>l\u\)dx +  ււ°*/2 I  <f>(\Du\)tlx
A j,“ i  в(*«.л,/а) J\j?= lB(Xt.Rc/2)

+ [  <P(\D2u\)dx
A j £ i  В (х ( ,Ло/2)

< V  /1° 2 f  4>(\u\)dx +  5 2 » a*/2 f  <t>(\Du\)dx
Հ ձ  JB(x t,Ro/2) i= l JB(xitRo/2)

+  У ) [  <j>(\D2u\)d i
Հ Հ  J b ^ .IU /2 )

< С У ] ( [  <j,(\f\)dx +  ք Ր * '2 f  4>{\u\)dx+ f  4>{\Du\)(b)
r r [  Jb{zi.R«) JBlxi.Ro) JB&i.Ro)

< C M (J  <t>(\f\)dx + /iV 2 Լ  Փ(\ս\)(հ +  Լ  ф(|Duf)dx).

By choosing ц  >  но >  0 large euough, we conclude th a t (1.8) is valid. □
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